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1 | 


I. Arithmefick, Vulgar and Decimal, with all the uſeful Rules; 
And a General Method of Extracting the Roots of all Single 


Powers. 


II. Algebza, or Arithmetick in Species; wherein the Method of 


Railing and Reſolving Equations is rendred Eaſy; and 
Illuſtrated wich Variety of Examples, and Numerical Queſtions, 
Alſo the whole Buſineſs of Interett and Ammities, 6c. per- 
form'd by the Pen. 

III. The Elements of Geom-try, Contracted, and Analyti- 


cally Demonſtrated ; With a New and Eaſy Mechod of finding 


the Circle's Periphery and Area to any aſſigned ExaQneſs, by 
one Æquation only: Alſo a New way of making Sines and 
Tangents. 
IV. Tonick Sections, wherein the Chief Properties, Ge of the 
Ellipfis, Parabola, and Hyperbola, are clewly Demonſtrated. | 
| V. The Arithmetick of Infimtcs Explaind, and render ; 
Eaſy ; with its Application to ſuperficial and ſchd Geometry. 


With an Ap PEN DIxX of Pzactical Gauging. 
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The Six TH EDITION, carefully Corretidd; and New 


Fables of Compound Intereſt at I've per Cent. Caiculaled, \ 


and Added by the Author, | | 
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To the HoxourR ABLE 


Sir Richard Groſvenor, of Eaton, 
in the County Palatine of 
Cheſter, Baronet. 


SIR, 


HEN requeſted by ſome Bookſellers in 
London, to Reviſe and Prepare this 
Treatiſe for a New Impreſſion, and 
once reſolved to Anſwer their Demands ; I was 
not long conſidering at whoſe Feet to lay it, 

My Memory may indeed be impair'd w Age, 
Misfortunes and Accidents ; nay I am ſenſible it is 
ſo; But it mult be entirely loſt, when J am for- 
getful of the great Obligations 1 lie under to 
Sir Richard Groſvenor. 

Your Hoſpitality and Generoſity make you ſtand 
unenvied in the Abundance of Fortune. Any Up- 
ſtart may contrive to ſpend a Great Eſtate ; But it 
is a Felicity almoſt peculiar to Great Birth to be- 
come One. 

Were I now to deſcribe Liberality without Pro- 
fuſeneſs; Steadinels in Principles, without any pri- 
vate View; Candor and Affability, Good Nature 
join'd to ſound Judgment, and a Serenity of Tem- 
per, which your Enemies will always find the 

Companion of true Courage ; And then pronounce 
A 2 that 


oY 
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hor you are poſſeſſed of all theſe good Qualities 
in as high a Degiee as moſt Men living; No 
Gentleman that knows you well, would think I 
flatter'd you. 

Sir, Give me Leave to ſay, I Honour your Cha- 
racter, and Love your Perſon; My Expreſſions 
are uncourtly, my Stile unpoliſh'd, and therefore 
more proper to be prefix'd to a Work wherein the 
Matters related are indeed clad in a plain and 
homely Dreſs ; but they are True, and deſigned 
to propagate Mathematica] Learning among ſuch 
as deſire to be introduced into that Sort of Know- 
tedge ; And I am extreamly pteas'd they are per- 
mitted to be ſent into the World under your Pro- 
tection. 

That you may long Live, to promote the Good 
of your Country, and that City i in whoſe Intereſt 
you have ſo heartily engag'd your Self; And that 
you may ever ſucceed in your own private At- 
fairs, and live to enjoy all the Bleſſings that at- 
tend a quiet prudent Lite, 1s the earneſt Prayer 
of, | 


Honoured STR, 
Jour moji Olliged, Hen ble, 
aud Obedieat Servait, 
J. MAR D. 
To 
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To the READER. 


; I Think it Needleſs (and almoſt Endleſs) fo run over all the 

I Uſefulneſs, and Advantages of Mathematicks i» General; 
and ſhall therefore ou touch upon thoſe Two Admirable 
Sciences, Arithmetick and Geometry; which are indeed the N 
| Two Grand Pillars (or rather the Foundations) #por which 

all other Parts of Mathematical Learning depend. 9 
| As to the Uſefulneſs of Arithmetick, Tis well known that 
ro Buſineſs, Commerce, Trade, or Imployment whatſoever, even 

from the Merchant to the Shop. keeper, &c. can be managed and 

carry d on, without the A ſfſtance of Numbers. ; 

And as to the Uſefulneſs of Geometry, 'Tis as certain, that 
#0 curious Art, or Mechanick-Work, can either be invented, 
improved, or performed, without its afhifting Principles; tho 
er the Artift, or Workman, has but little (nay, any) 

nowledg: in Geometry. | 

Then, as to the Advantazes that ariſe from both theſe Noble 
Sciences, when duly join d together, to affift each other, and then 
Apply'd to Prattice, (according as ion requires) they will 
readily be granted by all who confider the vaſt Advantages that 
Arcrue to Mankind from the Bn fineſs of Navigation only, As 
alſo from that of Surveyirg and Dividing of Lands berwint 
Party and Party. Beſides the great Pleaſure and Uſe there 
is from Time-keepers, as Dials, Cloiks, Watches, &c. All theſe, 
and a great many more very uſeful Arts, (too many to be enu- 
merated here) wholly depend upon the aforeſaid Sciences. 

And therefore "tis zo Wonder, That in all Ages ſo many 
TIrgenious and Learned Perſons have taiployd themſelves in 
writing upon the Subje# of Mathematicks; hut then moſt of 
thoſe Authors ſeem to preſuppoſ- that their Readers had mad- 
ſome Progreſs in that Sort of Learning before they attempt-d to 
Peruſe thoſe Books, which are generally Large Volumes. written 
in ſuch abſiruſe T-rms, that young Learners were really afraid 
of looking into thoſe Studies. 

Theſe Con ſiderations firſt put me (many Years ago) ap the 
Thoughts of Endeavouring to Compoſe ſuch a plain and famitiar 
Introduftion to the Mathematicks, as might Ezcourage thoſe 
that were willing (to ſpend ſome Time that Way) to venture 
and proceed on with Chearfnineſs ; Tho perhaps thy weve 

| | | Wwao!'y 
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wholly ignorant of its firſt Rudiments. Therefore I began with 
their firſt Elements or Principles. 

Tot 74, I began with an Unit in Arithmetick, and a Point 
in Geometry; And from theſe Foundations proceeded gradually 
or, leading the young Learner Step by Step with all the Plain- 
zeſs can. &c. 

And for that Reaſon I publiſhed this Treatiſe (Anno 1707) 
ty th: Title of the Young Mathemartician's Guide; which has 
Anſwer d the Title ſo well, that I believe I may truly fry 

e 


(wichour Vanity) this Treatiſe hath prov d a very helpful Gui 
to zear five thouſand Perſons ; and perhaps moſt of them ſuch as 
Wola nt ber have look d ito the Mathemaricks at all but for it. 
And wot only fo, but it hath been ver wel] received among ft 
the Learned, ard (I've been often told) ſo well Approvd on 
at the Univerſities, in England, Scotland, and Ireland, that it's 
Order d to be prblickly rend to their Pupils, &c. 
- The Title Page gives a ſhort Account of the ſeveral Parts 
tremed of, with the C rrections and Additions that are made to 
this Fiſth Edi ion, :hich 7 ſhall not inlarg? upon, but leave 
the Book to ſpeat for it ſelf : and if it be not able to give Satis- 
Faction to th: Reader, Im ſure all I can ſay here in its Behalf 
will never re-ommend it: But this may be truly ſaid, That 
whoever reads it over, will find more in it than the Title doth 
promiſe, or perhaps he expetts : 'Tis true indeed, the Dreſs is 
but Fain and Homely, it being wholly intended to Inſtruct, 
and not to Ammſe or Puzzle the young Learner with hard Word's, 
and of frrire rms: However, in this 1 ſhall always have the 
Sat igſaction; That I've ſincerely aim d at what's uſeful, tho in 
one of the mzaneſt ways; 'Tis Fionour enough for me to be 
acromnted ns one of the es ones in Clearing the Ground 
a liitle, and removivg ſome of t he Rubbiſh that lay in the way 
to this Sort of Knowledge?. How well I have perform d That, 
muſt be left to proper Judges. | 

Jo be bri; As I am not ſenſible of any Fundamental Error 
in this Treatiſe, ſo I will net pretend to ſay it is without 
Impirfectious, (Humanum eſt errare) which hope the Reader 
will excriſe, and paſs over with the like Candor and Good I ill 
that 7t was compoſed for his Uſe ; by his real Well-wiſher, 


«+ ; J. W A R D. 
London October 10th, 1726, 


Correct: d. Ec. at Cheſſer, 
+, January 20th, 17 22. 
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INTRODUCTION 


TO THE 


/ 


Præcognita. 
1 HE Buſineſs of Mathematicks in all its Parts, bot 


Theory and Practice, is only to ſearch out and deter- 

mine the true Quantity ; either of Matter, Space, or- 

Motion, according as Occaſion "ys NN. 

By Quantity of Matter is here mant the Magn 

ne ſs of any viſible 125 whoſe Length, Breadth, aud Thickneſs 
7 


wes. : 
Magnitude 6# Big- 


may either be menſured, or eſtimated. e 
By Quantity of Space is meant the diſtance of one thing from 
another. | Beg 3 
And by Quantity of Motion is meant the ſwiftneſs of any 
thing —— from one place to another. 5 
The con ſideration of th ſe, 8 as they may be propoſed, 
are the Subjects of the Mathemarticks, but chiefly at of Matter. 
Now the confideration of Matter, with re ſpett ho its Quantity, 
Form ard Poſition, which may either be Natural, Accidental, or 
Deſigned, will admit of infinite Varieties ; But all the Farieties 
that are yet known, or indeed poſſi ble to be conceived, are wholly 
compriſed under the due confideration of theſe Two, Magnitude - 
and Number, which are the proper Subjects of Geometry, 
Arithmetick and Algebra. All other Parts of the Mathematicks 
being only the Branches of theſe three Sciences, or ratijer thetf 


Application to particulay Caſes, 3 
B | Geonittryp 
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Geometry zs a Science by which we ſearch out and come to 
know either the whole Magmitude, or ſome part of any propoſed 
Quantity.z and is to be obtained by comparing it uith another 
known Quantity of the ſame kind, which will always be one 
F theſe, viz, A Line (or Length ozly) A Surface (that 15, 
Length ad Breadth) o a Solid (which hath Length, Breadth 


and Depth, or Thickneſs) Nature admitting of no other Dimen- 
; frons but theſe Three, 


Arithmetick 75 a Science by which we come to know what 
Number of Quantities there are (either real or imaginary) of 


any kind, contained in another Quantity of Ihe ſame kind : Now | 
this Con ſideration is very different from that of Geometry, which | 
zs only tb find out true and iy wn Anſwers to alt ſuch Queſtions | 


as demand, how Long, how Broad, how Big, &c. But when 
we are to con ſider either of more Quantities than one, or how 
often one Quantity is contained in another, then we have recourſe 
10 Arithmetick, which is to find out true aud proper Anſwers to 
all ſuch 24. — as demand how Many, what Number, or 


— Multitude of Quantities there are. To be brief, the Subject of 


Geometry 7s that of Quantity, with reſpect to its Magnitude 
only; and the Subject of Arithmetick is Quantities with reſpect 
10 their Number o. 

Algebra is a Science by which the moſt at ſtruſe or difficult 
Problems either in Arithmetick or Geomerry are Reſolved and 
Demonſtrated, that is, it equally interferes with them both; 
and therefore it s promiſcuouſly named, being ſometimes called 
Specious Arithmetick, as by Harriot, Vieta, and Doctor Wallis, 

co And ſometimes its called Modern Geometry, particularly 


the ingenious and great Mathematician, Mr. Edmund Halley, 


Savilian Profeſſor of Geometry in the Univerſity of Oxford, 
giving this following Inſtance of the Excellence of our Modern 
Algebra, writes thus, + | 

© The Excellence of the Modern Geometry (ſaith he) is iu 
© nothing more evident, than in thoſe full and Adequate Solutions 
© it gives to Problems; Repreſenting all the poſſ; ble Caſes at one 
© view, and in one general Theorem, many times comprehending 


© whole Sciences; which deduced at length into Propoſnions and 


demon ſtrated after the manner of the Ancients, might well 
© become the Subjects of large Treatiſes : For whatſoever 'L'heorem 
* ſolves the moſt complicated Problem of the kind, does with a 
gas Reduction reach all the Subordinate Caſes. Of which he 
gives a n0talle Iſtauce in the Doctrine of Dioptricks for finding 
{2 [oc of Oprick Glaſſes 227rorſally, (vide Philoſophical Trant- 
adlions, Nun. 205. . | 

This 
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Thus you have a ſhort and general Account of the proper 
Subjects of thoſe three Noble and Uſeful Sciences, Arithmetick, 
Geometry aud Algebra. 7 ſhall nom proceed to give a particular 
Account of each; and firſt of Arithmetick, which is the Baſis or 
Foundation of all Arts, both Mathematick ard Mechanick ; and 
therefore it ought to be well underſtood before the reſt are modled 
withal. | | | 


—ͤ— 
— 


CHAPEL: 


| Concerning the ſeveral Parts of Arithmetick, with the Defini- 


lion of ſuch Characters as are uſed in this Treatiſe. 


A Bithmerick, or the Art of Numbering, is fitly divided into 
three diſtinct Parts, two of which are properly called Vata - 
ral, and the third Artificial. . 3 

The firſt being the moſt plain and eaſieſt, is commonly called 
Vulgar Arithmetick in whole Numbers; becauſe every Unit or 
Integer concerned in it, repreſents one whole Quantity of ſome 


Species or thing propoſed. - 


The ſecond is that which ſuppoſes an Unit (and conſequently 
the Cuantity or thing repreſented by that Unit) to be Broten or 
Divided into equal Parts (either even or uneven) and conſiders 
of them either as pure Parts, viz. Each leſs than an Unit, or 
elſe of Parts and Integers intermixt. And is uſually called the 
Do+trine of Vulgar Frattions. | | TINS 

The third, or Artificial Part, is called Decimal 'Arithmetick ; 
being an Artificial Invention of managing Fractions or Broker 
Numbers, by a much more commodious and eaſy Way than that 
of Vugar Frattions : For the ſeveral Operations performed in 
Decimals, differ but little from thoſe in Whole Numbers; and 
therefore it is now become of general Uſe, eſpecially in Geome- 
trical Computations. 

Arithmetick (in all its Parts) is performed by the various 
ordering aud Gipating of Ten Arabick Characters or Numeral 
Figures (which by ſome are called Digi ts.) 


4 Two Three Four Five Six Seven Fight Nine Cypher 
VVV 1 
The uſe of theſe Characters is ſaid to be firſt introduced into 


England zear fix hundred Years ago, viz. about the Year 1130, 
vide Doctor Wallis s Algebra, * 2. 15 
| E 2 Ine 
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The firſt, of theſe CHaracters is called Unity, and. repreſents 
one of any kind of Species or Quartity. As one World, one 
Star, one Man, &c. 7 7 7 5 8 | 
Vis. Unity is that by which every thing that is, is called one 
(Euclid 7. Def. 1.) and is the beginning of all Numbers. That 
is to lay, Number is a Multitude of Units. Euclid 7. Def. 2. | 


For, one more one, makes Two; and one, more one, more 


one makes Three, &c. Which is the firſt and chief Poſtulate, or 
| Rather Axiom tq Atithmetick. En 


That 2. 22. * 
Pd e er 


Nine of theſe Figures were thus compoſed of Unzts, and 
differently form'd to repreſent ſo many Units put together into one 
Sum, as was intended each ſhould. denote : Nixe being the greateſt 
Number of Units that was then thought convenient to be expreſſed 
by one ſingle Character; the laſt of the Tum is only a Cypher, or 

(as ſome phraſe it) a Nothing, becauſe of it ſelf it ſignifies 
nothing ; for if never ſo many Cyphers be Added to, or Subſtracted 
from, any Number, they can neither increaſe nor diminiſh that 
Number ; but yet as a Cypher (or Cyphers) may be placed, the 
other Figures will become of different Values from what they 


were before, as will appear further on. | 
For che more convenient ordering of the aforeſaid Numeral 

Figures, according to the ſeveral Varieties that happen in 

Computations; I do adviſe the young Learner to. acquaint him- 
ſelf with the Signification of the following Algebraick, Signs or 
C hats, which he will find of excellent Uſe, as being a much 
ſhorter, better and more ſignificant, way of, denoting what. is to 


be done (in moſ}, Operations) than can otherwiſe be expreſſed | 
in Words at engt. | W 


| * Plus or underſtood when ſeveral Numbers are connected 
5 more. Jtogether with the Sign * EY theſe 
bes -22+-9-+45, Oc» Genoteg tele are 
Ad in peg, OY 
| The 


Era :- "Of Tharanors, : 
| ; : The Sign of Sub/trattion.; as-9—6 is 9 leſs 
| I I. 6, and Ges that 6 is 10 be taken from 9, 
2 or leſs. Q that fo their Difference may be found. 

| 43 | | 


The Sign of Multiplication; as 9Y6, is 9 
into 6, and ſignifies that 9 is to be Multiplied 
Cinto or with 6. | | 


= Into or 
X f 1 with 


| The Sign of Diviſion ; as 82, is 8 by 2, 

> 4 B and ſignifies that 8 is to be Divided by 2, alfo 
* Js thus 2) 8 (4 or thus + each ſignifying the fame 
; thing, to wit, 8 Divided by 2. | 


The Sign of Equality or ation, viz. 

whenever this Sign S is placed bent Numbers 

* 1 Equal (or Quantities) it denotes them to be En, 

2 Jas 9=9, or g- ==, or 9—6=3, Sc. Thar 

| is, 9 is Equal to 9, or 9 more 6 is Equal to 15, 
and 9 leſs 6 is Equal to 3, Sc. | 


Ihe Sign of Proportion, or that commonly 
Cote the Golden Rule, or Rule of Three, and 
3 þ 80 is :: is always placed betwixt the TWO middle 
4 1 Arm, or Nuinbers in Proportion. Thus 
2:8 :: 6: 24 To be read thus; as 2, 
s Is to 8; So is 6, To 24. 

Theſe Signs and their Sigxifications, being perſectly learnt 
Iwill help 2 the Work. 4 ; 2 AE ; 


— — ä 


—_ n 9 — CI. — 0 — 
2 . 


CHAP. II. 


Jo 
- 
a 
5 
1 
„ 
4 
7 


Concerning the Principal Rules in Arithmetick, and how 
My they are performed in Whole Numbers. 


3 1 Rules by which Numerical Operations are perform d 
1 in all the Parts of Arithmetick, are many and various, 
ſeveral of them being form d and raiſed as Occaſion requires, 
when applied to Practice, yet they are all comprehended within the 
due Conlideration of theſe Six, x. umtration (or Notation) 
7 5 Addition 
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Addition, Subftraction, Pultiplication, Diviſion, and Gvo⸗ 
lution, or Extraction of Roots. 


_— 2 6 * ä * 4 . 
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Sect. 1. Of Humeration or Notation, 


Numeratton or Notation, teacheth to Read or Expreſs the 
true Value of any Number when writ down; and conſequently to 
write down any propoſed Number according to its true Value when 
ic is named: And this conſiſteth of T'wo Parts. 


1. The due order of placing down Figures. 
2. The true valuing of each Figure in its place. 
Both which are plainly exhibited in the following Table. 
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By this Pumeration Table it's apparent, that the order of 
Places is reckoned from the Right-hand towards the Left; the 
firſt place of any Number being always that which is the uppermoſt . 
Figure to the Right-hand ; and whatever Figure ſtands in that 
place, doth only ſignify its own ſimple value, viz, ſo many Units 

as that Figure repreſents. | we 1 

The ſecond place is that of Is, any Figure ſtanding in that 

place Tiguitierh fo many Tus as that Figure repreſents 1 5 


3 — 5 
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The third place is Hundreds, the fourth place Thouſands, &c. 
That is, each place towards the Left-hand is Iv times the value 
of that next it towards the Right. 


For Inflance, ſuppoſe. 759 were propoſed to be read or pro- 
® nounced according to the Value each Figure as they now 


ſtand. The firſt Figure in this Sum is 9, becauſe it ſtands in 
the place of Units, and therefore ſignifies but its own ſimple 


Value, to wit, 9 Units, or 9. The ſecond F igure 5 ſtands in 
the place of Ius, and therefore ſignifies Five Ins or Fifty. The 
Figure 7 ſtands in the third place, or place of Hundreds, and 
therefore it ſignifies Seven Hundred; and the whole Sum is to be 
xead or pronounced thus, Sever Hundred Fifty Nine. 

Note, Although the Figure 7 ſtands in the third place (ac- 
cording to the order of Numbering) yet when the whole Sum 
comes to be read, it's firſt pronounced; the reading of Numbers 
being perform'd like that of Letters or Words, always beginning 
with the outmoſt Figure towards, the Left.hand, and ſo many 
Figures as are placed together without any Point, Comma, Line, 
or other Note of Diſtinction between them, are all but one Sm, 
and muſt be read as ſuc n. 

For Example, 763596 is but one intire Sam or Number, not- 
withſtanding it conſiſts of ſix places of Figures, and is thus 
read; Seven Hundred Sixty Three Thouſand, Five Hundred 
Ninety Six. : | 

The like is to be obſerved in reading or expreſſing the true 
Value of any Sum or Rank of Numbers conſiſting of Sever, Eight, 
Vine, or more places of Figures, each Figure being to be vaiued 
according to its diſtance from the place of Unity: As in the 
foregoing Table. ; | 

Now ſuch Values may as well ariſe by Cyphers, as by other 
Figures; for inſtance, 6 ſtanding by it ſelt, repreſents but Six 
Units: But if a Cypher be annext to it thus, 60, then it becomes 
Sixty; tor the Cypher poſſeſſing the place of Uzits, hath thereby 
removed the 6 into the place of Teng; and another Cypher more 
would make it 600, Six Hundred, cc. 

Whence it may be noted, that — a Cypher of it ſelf ſignify 
nothing (as hath been ſaid before) yet being plac'd on the Right- 
hand of any Figure, it augments the Value of that Figure by 
advancing it into a higher place than otherwiſe ic would have 
been, had not the Cypher been there. 

Take one Example more in Numeration, if you pleaſe, that 
in the Table, v/z, 678987054321, which is, according as is 
there ſignified. = 


Liv 


— i 
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Six Hundrtd Seventy Eight Thouſand Milliors, 
Mine Hundred Hig 21 Seven Millions, 

Six Hundred Fifty Four Thouſand, | 

Three Hundred 'y One Units. Of any propoſed Species 1 
or Quantities whatſoever. 5 

And here it may be obſerved, that every third Figure from 
the place of Units, bears 1 Naive of _— ach hw þ F 
2 Ni t Sum ed, or rather * into 

ods, of Three Figures * each Period (as in the for egoing l 

Tale) it will be of 2 uſe to OE the young 4 in the 


eaſier valuing and expreſſing that San ; - — Wi 
l Of icon,” 1 


Poſtulate or Petition. 


T bat any given Number may be increaſed or made more, by 
putting another Number 0 it. 


* Addition is chat Kule by which ſeveral Numbers ate eol- 
* lected and put together, that ſo their Sum or Total Amount 
may be known. 

this Rule Two things being carefully obſerved, the Work 
will be eaſily performed. 

1. The firſt is the true placing of the Numbers, fo as that each 
Figure may ſtand directiy underneath thoſe Figures of the ſame 
Value, viz. place Units under Units, Texs under Tens, and | 

Hundreds under Hundreds, &c. 

Then underneath the — Rank (always) draw a Line to 
ſeparate the given Numbers from their Sum when it's found. | 

Example. If theſe Numbers 54327, and 2651, were giyen to | 
be Added together, they muſt be placed f 


Thus, 1] 54327 


2. The ſecond thing to be obſerved is the due Collecting or | 
Addi together each Row of Figures that ſtand over one ano- 
ther o — ſame Value: And that is thus performed. 


Rule. 


Always be Jour Addition at the flace of Units, and Ada 
together Pai t 1 gures that ſtand in that place, and if their Sum 
e under Ten, [ut it down below the Line underneath its own 
Place ; but if their Sum be more than Ten, you muſt ſet dow 
only the over plus, or odd Figure above the Ten (or Tens) and ſo 
nary Teus as the Sum of thoſe Units amount to, you muſt carry 
70 


metick. _ 5 
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to the place of Tens; Adding them and all the Figures that 
Hard in the place of Tens tog?ther, inthe ſame manner as thoſe 
of the Units were Added; then prbcetd in the ſame order to the 
Place of Hundreds, and ſo on to each place until all is done. 
The Sum ariling from thoſe Additions will be the Total A- 
mount required, 


| Example I. 
Let it be required to find the Sum of the aforeſaid Numbers, 


s.; 54327 
4 wat 2651 


56978 the Sum required. 

Beginning at the place of Urits, I fay 1 and 7 is 8, which 
being leſs than 10, I ſet it down (according to the Rrzle) under- 
neath its own place of Units ; and then proceed to the place of 
Tens, ſaying 5 and 2 is 7, which being leſs than 10, I ſet it down 
underneath its own place of Tus, and proceed to do the like at 
the place of Hundreds, and then at Thouſands, ſetting each of 
their Sums underneath their own reſpective places: Laſtly, 
becauſe there is not any Figure in the lower Rank to be added 
to the Figure 5, which ſtands in the place of Te Theuſands, in 
the upper Rank, I therefore bring down the ſaid 5 to the reſt, 
placing it underneath its own place, and then I find that 
5432772651 256978, the true Sum required. 


Example 2. 


Suppoſe it were required to find the Sum of theſe Numbers, 
3578 +496+742+184+95. Theſe _ placed, as before 
irected, will ſtand as in the Margin. Then beginning (as before) 
at the place of Units, ſay 5 and 4 is 9, and 2 is 11, and 
6 is 17, and 8 is 25 ſet down the 5 Units underneath its 3578 


own place of Units, and carry the 20, or two Jens, to the 496 


place of Tens (at which place they are only 2) ſaying, 2 742 
and 9 is 11, and 8 is 19, and 4 is 23, and 9 is 32, and7 184 
is 39; ſet down the 9 underneath its own place of Rus, 95 
and carry the 30, or three Tus (which indeed is 300) 
to the place of Hundreds, at which place they are but 3, 5095 
faying, 3 I carry and 1 is 4, and 7 is 11, and 41s 15, and | 
5 18 20; here becauſe there is no Figure overplus (as before) I ſet 
down a Cypher underneath the place of Hundreds, and carry, the 
2 Tens (or rather the 2000) to = place of Touſands, "For 
4. | as 


5 : | 3 
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(as before) 2 I carry and 3 is 5, which 2 the laſt, I ſet it 
_ underneath its own : Rac] and all is fini 9 . Yer the 

um or Total Amount to be 23578 +496+742-+184+95- | 
Ik this Example be wel * in will be ſufficient tr» 
ſhew the uſual Method of Addition in Whole Numbers; but to 45 
make all plain and clear, I ſhall thew the young Learner the 
Reaſon of carrying the Is from one Degree or Row of Figures, 
to the next Superior Degree, which is done purely to fave 
Trouble, and prevent the uſing of more Figures than are really 
- neceſſary, as will appear by the following Method of adding 
together the ſame Numbers of the laſt Example. 


Thus, Add togeather each ſingle 1315 
Row of Figures by it ſelf 5 as if there 4 
were no more but that one Row, 17 
ſetting down the Sum underneath its I 
own place, 5 | 


The Sum of the Row of Units, is 245 
The Sum of the Row of Tus, is 131710 
O 

CIO 


The Sum of the Row of Hund. is |1 
The three Thouſand brought down 33 


The Sum or Total Amount as before, is 5095 


From hence I preſume it will be eaſy to conceive the true 
Reaſon of carrying the aforeſaid Is; and alſo that Cypheys do 
not augment or increaſe the Sum in Addition. (See Page 4.) 
I might have here inſerted a Lineal Demonſtration of this 7 
Rule of Addition; but I thought it would rather puzzle than 
improve a young Learner, eſpecially in this place; beſides the . 
Reaſon of it is ſufficiently evident from that Natural Truth of t 
the Whole being Equal to all its Parts taken together. Euclid. . 
That is, the Numbers which are propoſed to be Added toge- 
ther are by that Axiom underſtood to be the ſeveral Parts, and p 
their Sum or Total Amount found by Addition is underſtood to be 
the Whole. 8 
And from thence is deduced the Method of proving the 'F 
Truth ofany Opperation in Addition, viz. By parting or ſeparating . 
the given Numbers into Two Parcels (or more, according to the 
Largeneſs of it) and then Adding up each Parcel by ir ſelf : For 
if thoſe particular dms ſo found, be Added into one Sum, and 
that Sum prove Equal or the fame with the Total * Auſt ö 
ELIT - ound, ts 
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found, then all is Right ; if not, care muſt be taken to diſcover 
and correct the Error. | 


Example. 
5047 
E: 9 (The Sum of theſe Parts is, 12952 
4016 
.Add 


WW—_—” BD w . 00 WWF 5D WW = 97 
l n 4 * . wo 


4 2900 

4 5007 (The Sum of theſe, is 9513 
4 1606 — 
The Total Sum of The Sum of each 
aall theſe Parts 22465 Parcel put — 1 22405 


1 
7 
* 
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Sect. 3. Of Subſtraction. 


/ Poſtulate or Petition. 

di 
That any Number may be diminiſhed, or made Leſs, by taking 

another Number ſro: it. 


= Subſfraction is that Rule by which one Number is Deducted 
© gor taken out of another, that ſo the Remainder, Difference, or 
0 Exceſs may be known, | 
As 6 taken out of 9, there Remains 3. This 3 is alſo the 
Difference betwixt 6 and 9, or it is the Exceſs of 9 4 6. 
Therefore the Number (or Sum) out of which Suh ſtraction is 
e Frequired to be made, muſt be greater than (or at leaſt equal to) 
f the Subtrahend or Number to be Suh ſiracted. 
— Hex This Rule is the Converſe or Direct contrary to 
Addition. | ; 
And here the ſame Caution that was given in Addition, of 
d placing Figures directly under thoſe of the ſame Value, viz. Urits 
under Unzts, Tens under Tens, and Hundreds under Hundreds, 
Sc. muſt be carefully obſerved ; alſo underneath the loweſt 
Rank there muſt be drawn a Line (as before in Addition) to ſepa- 
$ rate the given Numbers from their Difference when it's found. 
e Then having placed the leſſer Number under the greater, the 
Operation may be thus performed. : | 
' | Rule, 
= Begin at the Right Hand Figure or place of Units (as in 
Addition) and take or Suhſtract the lower Figure in that place 
[ C 2 5 From 
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1 
or Difference anderneath its own place. If the Two Figures 
chance to be Equal, ſet down a Cypher : But if the upper Fi- 
gure be leſs than the lower Figure, then you muſt Add 10 to the 
Ur Figure, or mentally call it 10 more than it is, and from 
that Sum Subſtract the Tower Figure, ſetting dow? the Remainder 2 
(as before directed). Nom becauſe the 10 thus adicd, was ſup. | 
pos d to be borrowed from the next Superior place (viz. of Tens) 
in the upper Figures, therefore you muſt either call the upper 
Figure 2» that place from whence the 10 was borrowed, one leſs © 
thay really it is, or elſe (which is all one, and moſt uſual) yr 
muſt call the lower Figure in that place one more than it really © 
7s, and then proceed to Subſtraction 77 that place, as in the for- 
mer; and ſo gradually on from one Row of Figures to another © 
until all be done, | * 


from the Figure that ſtands over it, ſetting down the Remainder 


ö 
17 
s 
> 
* 
= 


SO Example I. 1 
Let it be required to find the Difference between 6785, and 
4572. That is, let 4572 be Subſtracted from 6785. 42 
W e Numbers being placed down, as before direded, will- 
T) 6785 
d= 4572 
| 2213 


Beginning at the place of Unifs, take 2 from 5 and there 
will Remain 3 which muſt be ſer down underneath its own place, 
and then proceed to the place of Tezs, taking 7 from 8, and 
there will Ae main 1, to be ſet down underneath its own place; 
again, at the place of Hundreds, take 5 from 7, and there R- 
mains 2, which ſer down, as before; laſtly, take 4 from 6 and 
there will Remain 2, which being ſet down underneath its oun 
place, the Work is finiſhed, and the Difference ſo found will be 
22123==6785—4572, as was required, | 9 


1 D 1 Example 2. | 7 
e Difference between 5849, and 7496 is required. n 
es the Mert as in che Margin, begin 75 
at the place of Lxits (as 4 and ſay 9 from 6 cannoz 7496 
be, but 9 from 16 and there Remains 7, to be ſet down 5849 
under its own place; next proceed to the place of Ts „— Ws 
where you muſt now pay the 10 that was borrowed to 16 47 1 
make the 6, 16, by accounting the upper Figure 9 in that 3 
place ene leſs than it is, ſaying 4 from 8 and there Remains 4, 

or Elſe (which is the moſt practiſed) fay 1 I borrowed and 4 18 5 


from 
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ler from 9 and there Remains 4, to be ſet down under its own place 
es las before) ; again, at the place of Hundreds, (ay 8 from 4 that 
71. 16 cannot be, but 8 from 14 there will Remain 6 to be ſet . 8 
he and here I have borrowed 10 (as before) which muſt be paid in 
the ſame manner as the other 10 was, viz. either by calling the 

7 inthe upper Rank but 6, ſaying 5 from 6 there Remains 1, 
or elſe by ſaying 1 borrowed and 5-15 6 from 7 and there Remains 
I, which being ſet down under irs own place all is done, and tlie 


"1 8 Difference required will be 1647z=7496—5849. 


Example 3. 
From 830476 
Take 741068 


Remains 89498 


Hy this Example you may perceive that Cyphers in the Sub- 
trahend, viz, in the Numbers to be Sub ſtracted, do not Diminiſh 
the Number from whence Suh ſtraction is made. See Page 4. 
Theſe Three Examples, I preſume, may be ſufficient to thew 
the young Learner the Method of Sab ſtracting whole Numbers; 
as for the Reafon thereof it's the ſame with that of Addition, 
Page 10, viz. of the I hole being Equal to all its Parts taten 
together. | | | 

| hat is, in this Rule the Number from which Sek ſtraction is 
required to be made, is underſtood to be the Whole, and the 
Subtrahend or Number to be Subſtracted, is ſuppos d to be a part 
of that Whole; conſequently it that Part be taken frome the 
Whole the Remander will be the other part. 

Prom hence is deduced the common Method of proving Sub- 
traction, by Adding together the Subtrahend and the Remainder, 
*Z For if the Sum of thoſe Two (which are here called Parts) be E- 
qual to the Number from whence Subſtrattion was made (which 
is here called the Whole) then the Work is Raght ; it nor, care 
7 muſt be taken to diſcover and correct the Error. 


RY: "A E camp le. | 

Far 59435 

3 ake 4700 | 
WE Cad : 


11827 | 
Proof 3 —— F The Sum which is Equal to the Number from 
59435 whence Subſtraction was made. 


Or 
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" Or from the abovelaid Reaſon, it will be eafy to conceive how 
to prove the Truth of Subſtraftion by Subſtratiion, 


For if from 9435 being here the whole 
there be taken 77858 as part of that whole; 


there will Remaiz 11827 the other part as (before) 


And if from 59435 the whole, there be Subſtrafted the || 


laſt part, viz, 11827 


there will Remair 47608 the firſt part, or Number which was 


required to be firſt SubſtraFed. 


From 75643 From 7c00000 
ake 9000 Take 986432 
66643 Remains 6013568 
— — 0 _ — — 


Se& 4. Of Multiplication. 


Miultiplication is a Rule by which any given Number may be 
ſpeedily Increaſed, according to any propoſed Number of Times. 
That is, One Number is ſaid to 2 another, when the 
Number Multiplied is ſo of ter Added to it ſelf, as there are Units 
ia the Number Multiplying ; and another Number is produced, 
(Euclid. 7. Def. 15.) 
To perform Multi plication, there is required two given Num- 
bers, called Factors. | | 
The Firſt is that Number which is to be Multiplied, and is 


generally put the greateſt of the Two Numbers, commonly call d 


the Multi plicand. 

The other is that Number by which the Firſt is to be Multi- 
Plied, and is uſually called the Multi plicator or Multiplier; and 
this denotes the Number of Times that the Multiplicand is 
required to be Added to it ſelf, For ſo many Units as are con- 
tained in the Multiplier, ſo many times will the Multi plicand 
be really Added to it ſelf (as per Euclid above.) And from 
thence will ariſe a Third Number, called the Product. But in 
Geometrical Operations it's called the Rectangle or Plain. 

For inſtance; ſuppoſe it were required to Increaſe 6 Four 
] 4 6 into or with 4, theſe Two Numbers 

O 


times, that is, to Multi . 
are to be ſet (or placed) down as in Addition or Suh ſtraction, 


Tha 


1 
3h 
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Of Multiplication, 


Thus « 


6 Multiplicand, 


4 Mubiplier, or Fattors. 


Product 


iz, 4 times 6 is 24, as plainly appears 


v 
by Addition, . By Setting down 6 Four 1 |6 2 | 
times, and then adding them together into one 2 [6+ Add 
A 4 [6 
From hence it it Evident that Multiplication 4. 454 
is only a Conciſe or Compendious ay of Ad- 24 
ding any given Number to it ſelf, ſo often as any Number of 


Times may be 13 ed, 33 , | 
þ Before any Operation can be readily performed in Multipli- 
= cation, the ſeveral Products of the ſingle Figures one into ano- 
1 ther muſt be perfectly Learn d by Heart, VIZ. That 2 times 2 18 
4, that 3 times 3 is 9, and 3 times 6 is 18, Oc. According as 
they are expreſſed in the following Table; Wherein I have 

omitted Multiplying with 2, it being ſo very eaſy that any one 


may do it. 
g Multiplication Table, © 


(3X3= 9[4X4-—1615X5 —25[0X6=36|7X7==49DX8==3 
[34=12|4X5==2015X6==30}6X7==42/7X8==56|8X9 =72 
[3X5=15]4X6=24|5X7==35, 6X8=48|7X9=6319x9=81 
3X6=18|4X7=28[5X8 A = , — 
13X7—=21 4X8=32/5X9=451—— 
3x8=24|4x9=36|—— 

3 X9==27 


18 9 
. 


* >» 5, 
*. 
- ** 
E 


* 


——_— 


I think it needleſs to give any Explanation d this Table; 
for if the Sigzs and their Significations be well underſtood, (vide 
Page 5) it muſt needs be eaſy. Only this may be noted, that 
4X3Z=3X4 or 7X5=5X7, &o Eee 

hat is, 3 times 4 is the ſame with 4 times 3, or 5 times 7 
is the ſame with 7 times 5, Sc. The like muſt be 
of all the reſt in the Table. | 
And when all theſe ſingle Products are fo perſectly Learn d 
dy H as to be ſaid without pauſing; you may then proce 

* care, vr AI one Ae 
> (but not till then) to the Buſineſs of Multiplication; which will 
de found yery eaſy, if the following Rule (and Examples) be 
carefully obſerved. | ti 
1 Rule | 
| Always begin with that Figure which ſtands in the Units place 
of the Multiplier, and with it Multiply the Figure which flands 
| * 
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in the Units place of the Multiplicand; if their Product be Leſs 
than Ten, ſet it down underneath its own place of Units, and 
28 to the next Figure of the Multiplicand. But #f their 

uct be above Ten (or Tens) then ſet down the Overp'us 
oy (or odd Figure, as in Addition) and bear (or carry) the ſaid 
Ten or Tens in mind until you have Multiplied the dext Figure 
of the Multiplicand, with the ſame F =_ of the Multipher ; 
then to their Product Add the Ten or Tens leared in mind, ſet- 
Ting down the Over plus of their Sum above the Tens, as before: 
and ſo proceed on inthe very ſume manner, witil all the Fi- 
gures of the Maltiplicand are- Multiplied with that Figure of 
the Multiplier. | | 

: Example 1. 


3213 Multplicand, | 
A Autiphier, Fer kae. 


3 558513 dae * | a hich - 
inning at the Units place, fay 3 times 3 is 9, which, b 

cauſe it is eG thas Ter, ſet down 3 its own place, 
and proceed to the next place. of T-xs, ſaying 3 times 1 is 3, 
which fet down underneath its on place; then to the next place, 
viz, of Hundreds, ſaying 3 times 2 is 6, which ſet down, as 
before; laſlly, at the place of Thonſands, ſay 3 times 3 is 9, 
which being ſet down underneath its own place, the Operation 
is finiſhed ; and the true Prodr8 is 9639 232133, as was re- 


5 " — | "M " Example. | | 
Let it he required to Mz/tiply 8569 into 8. Set down theſe 
Numbers às before, 3 


Ow {| 


WR He. © > ONO 68552 22 
Beginning at the Unzzs place, ſay 8 times 9 is 72, ſet down 
the 2 underneath its own: place of Units, and bear the 70, or 

T-xs in mind, and proceed to the next Figure of the Multi- 


 __  Plicand (arwhich place the 7 Tut are only 7) ſaying 8 times 
6 is 38, and the 7 carried in mind is 55 ; « & 


| own the odd 5 
underneath its own place of Tung, and carry 50 (which 1s 
really 500) to the next place -( viz. of Hundreds 9 at which 
Place it is only 5, where ſay, 8 times 5 is 40, and the 5 car- 
ried in mind is 45; ſet down the 5 underneath its own place, 
wid carry the 40 r 4 Ls (which is really 3000) to the 
| C0 2 next 


- Suppoſe it were required to Afutiply 3213 into or with 3. 


ads a A a« .T 
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next place, viz. of Thouſands, ſaying, 8 times 8 is 64, and 4 
— in mind is 68. Now dis —41 the laſt place or Figur? 
to be Multiplied) ſet down the whole Product 68, and the Work 
is done. 1 

So that, 8569 8 68552, the Product required. | 

Now the Reaſon of this and all other the like Operations, may 
be eaſily conceived from this which follows. 


9902S The ſame Factors as before. 


24 Here 8 times 9 is 72, as before, becauſe the 9 
ſtands in the Units place. 5 

Now here it is not really 8 times 6 = 48, hut it is 

8 times 60480, becauſe the 6 ſtands in the place of 


* „ 
. 


„ * r 


Tens. | | 
And here it is not 8 times 5 = 40, but it's really 
3 5 Hands in 


8 times 500. ooo, becauſe the the place 
of Hundyods 3 3 

Laſtly, becauſe the 8 in the Multiplicand ſtands 
5p in the place of the Thouſands, it's therefore 8 times 
C Boooz=64000, and not 8 times 8264. NE 
G85 coS The Sam of thee particular Products, which gives 
55 Ute true Product, as before. Ng 


| But what hath been already faid, with a little Conſideration 
had to the 8 preſume the Learner may eaſily under- 
ſtand how to Multiply whole Numbers with any fingle Figure. 
And when it is requir d to Multiply with more than one; then 
ſo many Figuers as there are in the Multipler, ſo many parti- 
cular Products there muſt be. bd 
That is, all the Figures of the Multiplicand muſt be Multi- 
Plied with every ſingle Figure of the Multiplier as if there 
were but one ſingle Figure: and the Sum of all thoſe particular 
Products, will be the true Product required; but in all rhoſe 
Operations, great Care muſt be taken in ſetting down the par- 
ticular Products (which ariſe by each Multiplying Figure) in 
their proper places. Which will be eafily done, if the following 
Pirections be carefully obſerved. | | 


x Always place the firſt Figure (or Cypher) of every 
Vix. J particular Peda, deep undd meal che Multiply. 

* Lig Figure. Or thus | 
£ The Fi Figure (or Cypher) F the ſecoud particular Product 
e % fland directly under the 8 Figure (or place) of the 
„ MF Product; and the Firſt Figure (or Cypher) of the Third 
; D particular 


* — — — 
TY EG Go ——— — — a 
— - 


AO rt „„ „„ 
2 - 
4 * „ 


— — — — —  — 
18 S CE TIN Arith R. f Part IL 


particular Product, uf f and directly underneath the Third 
F 1855 of the Firſt Product: And þo on until all is done. 

Now the Reaſon of placing the firſt Figure of every particular 
Product in their Order, will be very obvious to any one that 
conſiders the laſt Example; wherein the Cyphers are only ſet 
down to ſhew the true Diftance of the gh Figure. in each | 
particular Product from the Units place. And altho' it is not 
uſual to ſet down Cyphers in this manner; yet they are always 
ſuppos d to be there : That is, their Places are always left void, 
as in the two following Examples; wherein I have placed Points | 
inſtead of Cyphers. | 1 R 


4 


Example 3. 


Let it be required to Mu'tiply 78094, into or with 7563. 
75 63 5 Factors. 
CT 


234282 The Firſt particular Product with _ 3 
468564. The Second particular Product with ' 60 
390470:* The Third particular Product with 500 
546658 -*+ The Fourth particular Product with 7000 


| $90624922 The Total, or true Product required. 


Example 4. 
Suppoſe it be required to Multipiy '57498 into 60008. c 
| 57498 <.-.- 
4359984 The Product with 38 5 
344988 „The Product with 0 H $ 1 
. 8 3 . 7 PD, 
3459339984=57498 x 69038 as was required. [: f 
Here you may obſerve, that I paſs over the Cypher, and only q EF 


take care of placing the firſt Product of the laſt Figure, viz. of 
60009 according to the foregoing Derections. 36 ls BE 
When there is a Cyphey or 2 to the Right-hand either 
of che Multiplicand or Multi plicator, or to both; in that caſe 
Muti piy the Figures as before; neglecting the Cyphtrs until“ 
the particula Products are added together; Then to their Sm 
annex fo mary Cyppers as un in eiches os bork the Freie, 


* * $3 

. U : 1 4 4 4 

1 A * ** „ i , , 4 W.. " . on 
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Clap. 3 Of @uttiplication. 


. 


Td ot ot 


9 


— 


75649X579==43800771 | 
687000X356==244572000. 
$30674X(45007 =23884944718 | 0 
7901 375 T3 j! 
_ $37084000X5997005=317255518800000 
102030405 504030201 —51426405540261405 
987654321 K1 23456789 2 12193 2641112635269 


Net-, If it be required to Multiply any Number with 10, 
100, 1000, 10000, Sc. it's only annexing the Cyphers of the 
1 to the Figures of the Multiplicand, and the Work is 

——— 

578X10 =5780 . 578X1000 —578200 

Thus 378%100=57800. 8160002280000, &c. 

Theſe Examples (being well underſtood) are ſufficient to 
inſtruct the Learner all the Varieties that can happen in 
= Multiplying of whole Numbers, according to the Method 
generally practiſed: However it may not be amifs to ſhew here 
— Multiplication may be performed (with many Figures) by 
7 88 Addition only 


FS 

+ 
* 
© 
ti o 
3 
- 


 FErample. 


Let it be required to Multipſy 879654 into 79863. 

In order > * this (or 45 other „ of This kind) 
13 by Addition only; you muſt make a Tariffa or ſmall Table of 
the given Mrltiplicard, in this manner: | 
Fyuſt, Make a finall Column, and in it place gradually down- 

X ward the Nine ſingle Figures; viz. 1, 2, 3, 4, 57 Ec. 


D 2 ' Then 


5 * 1 


9 —_— 
- ——_ — — * 


3 
5 — 


— 4 In. 
— —__ — 
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wherein a 2 the Reaſon and Proof, both of it, and 


OO * ELLER * , oY 


Then againſt the Figure 1, ſet down the Multiplicand 
(which in this Example is 879654) and againſt the Figure 2, 
ſet down the double of the Multzplicard, found by Adding 
it to it ſelf; To this double Add the Multiplicand, ſetting 


* 


down their Sum againſt the Figure 3. And 


ſo proceed on by a continued Addition until | x | 87965 Kot 
there be Ten times the Multiplicand in the 211759308 
Tatle, which if the Work is true, will be the 3 2638963 . 
tt it ſelf with a Cypher to the 443518676 1 8 
Right-hand of it (as in the Annexed Table) 5 14298270 
this being done, it will be eaſie to conceive, 615277924 7 
that the Figures in the ſmall Column of the 7 2757578 74 
Table, do reſpectively repreſent thoſe of the 817034232 0 
Multiplier: And that the Numbers againſt 9 7918885 4 
any of thoſe Figures in the ſmall Column, will 18875 7 
be the true * 8 the e 2 '#; 
agreeing to any Figure of the Multiplier; as plainly appears by 
fe Work of this Reample 3 1 A . 3 : 
Then 879654 e Factors as before 
Then 33 5883 Th aFtorg as before f 
Againſt 3, in the Table is 2638962 =879654X3 . f 
Againſt 6, is 5277924 879654X60 
Againſt 8, 1s 7037232 ==879654X800 | 
Againſt 9, is 79168866 X==879654X9000 


Againſt 7, is 6157578 — =879654X70000 


T he Product requires 7025 180 =879654 X79863 


Note, This Method of Tabulating the Multiplicand, is hot 
eaſie and certain; being neither ſubje& to Errors, nor burthen- 3 
ſome to the Memory, and therefore in large Calculations it may 

found very uſeful, But for common Practice the aſe be 
cn ethod (as in Page 18 Gc.) is beſt, and to be preferr'd before 

is. * 0 s 5 F > , F}*”” 
_ Moſt Maſters that teach (and ſeveral Authors that write ot) 
Arithmetict, do teach to prove the Truth of Multiplcation, by 3 
caſting away all the Nies that are contain d in both the Factors, 
and their Product; but becauſe that Method is very erroneous, 7 
as might be eaſily ſhew'd ; I ſhall therefore omit inſerting It, 
and leave the Proof of Multiplication to the next Kefir 1 
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Diviſion is à Rule by which one Number may be ſpeedily 


* 4 Ruh ſtracted from another, ſo many times as it is contained 


therein. Re | | 
That is, It ſpeedily diſcovers how often ene Number is 


5 contained (or may be found) in another: And to perform that 
there are required Two Numbers to be given. 


1. The one of them is that Number which is propoſed to be 


| Y Divided, and is called the Dividend. 


5 2. The other is that Number by which the ſaid Dividend is to 
be Divided, and is called the Diviſor. 
"3 And by comparing theſe Two, viz. the Dividend and the 
= Diviſor together there will ariſe a Third Number, called the 
= Qrotient ; which ſhew how often the Diviſor is contained in 
the Dividend, or into what Number of Equal Parts the Dividend 
is then divided. Therefore, 1 | 

Diviſion is by Euclid fitly term d the Meaſuring of one Num- 
ber by another, viz. one Number is ſaid to Meaſure another 
that Number, which when it Multiplies, or is Multiplied by 
it, it produceth. Euclid 7. Def. 23. 
Ard, if a Number meaſuring another, Multiply 2h. Number 
by which it Meaſureth, or be Multiplied 211. it produce ih the 
umber which i meaſureth. Euclid. 7. Axiom 9. 
That is to ſay, If Number which Divides another (called 
the Diviſor) be Multi plied with the Number 1 
by Divi ſion (called the Quotient) their Produc} will be the 
Number Divided or Dividend. Whence it follows, that Diviſion 
and Multiplication are the Converſe and Direct Contrary one to 
another 1 Sub ſtraction is to Addition) and do mutually prove 
the Truth of each other's Operations. 
I ſhall therefore make choice of the foregoing Examples in 
= Mult:p/ication, in order (as I preſume) to render the ſs 
of Dzviftoz more plain and eaſie. 
Firſt, let it be required to find how often 6 is contained in 24. 

=” That is, to Divide 24 by 6. | 2 

VM. B. Always place 7 Bhat the given Numbers in this Order; 
FX Firſt ſet down the Diyiſor, and to the Right-hand of it draw 
a a crooked Line; then ſet down the Dividend, and to the Right 


1 of it draw another crooked Line, in which muſt be placed the 


Nuptient Figure, or Figures as they become found. my 


Dividend 


{ 
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Dividend 
Thus Diviſo 6) (4 the Quotiert. 


Here I conſider how many . 6 there is in 24, and find 
it 4, viz. 4 times 6 is 24, therefore 4 is the true Quotient or 


Auſtver required. 
112 
118 


Thie is apprent Sub ſtraction 
2 in the Margin, E _ the 
2 
1E 
6 
N 6 
Corollary. 


Dividend being ſet down, and from 
it 6, the Divi or is continually 
Subftrafted ſo often as it can be, 
which is juſt 4 times. Therefore 4 
is the true Quotient or Anſwer 

From hence it is evident; that Divi ſion is but a Corciſe or 
Compendious Method of Sul ſtracting one Number from another, 
ſo often as it can be found therein; for if the Diviſor be 
continually Sulſtracted from the Dividend, accounting an Unit 
(or I} for each time it is SubſtratFed(as above) the Sum of thoſe 

its will be the Quotient. | WW 
All Operations in Dire ſiun do begin contrary to thoſe of 
Multiplication, viz. at Firſt Figure to the Left-hand, or 
that of the higheſt Value, and Decreaſe the Dividend by a 
repeated Subflradtion of each Product ariſing from the Diviſo» 
when Multi plied into the Quotient Figure. And the only 
difficulty in Diviſion of whole Numbers (or indeed of any 
Numbers) lies in making choice of ſuch a Quotient Figure, as is 
neither 1 oo big, nor Too little; and that may be eaſily obtained 
by obſerving the following Rule, which hath two Caſes. 


Rule, 


Caſe 1. As often as the Firſt Figure of the Diviſor is taten 
From the Firſt Figure of the Dividend: So often muft the Second 
Figure of the Diyiſor be taken from the Second Figure of the 
Dividend, when it's joyned with what Remains of the Firft. 
And as often muſi the Third Figure of the Diviſor be taken from 
ihe Third Figure of the Dividend, 6c. 
But if the Firſt 7 * of the Dioife cannot be taken from 
the Firſt Figure of the Dividend, Then; = 


—_ 
. 


Compare this with the 
Example, Page 15. 
lo 
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Caſe 2. So often as the Firſt A5 55 of the Diviſor, is taten 
From · the Two Firſt Figures of the Dividend, ſo often muſt the 
Second Figure of the Diviſor be tata from the Third Figure of 
the Dividend, when it's joyned with what Remain'd of the 
Second: And ſo often. naft. the Third Figure of the Diviſor be 
taten from the Figure of the Dividend, &c. by 
That is, the Quotient Figure muſt be ſuch, as being Multi plied 
into the Diviſor, will Produce a Product Equal to ſuch a part 
of the Dividend as is then taken for that Operation: But if ſuch 
a Product connot be exactly found, then the next leſs muſt be 
taken, and ordered, as in the following Example; of which let 
that in Page 16 be the firſt, wherein there was given 8569 the 
Multi plicand, and 8 the Multiplier. To find the Product 68552. 
Let us here ſuppoſe the ſaid Product 68552, and 8 the Mul- 
tiplier, both given; thence to find the Multi plicand. That 
is, Let it be required to Divide 68592 by 8. 


Dividend 
Diviſor 8) 68552 ( Quotient when found. 


According to the Rule, Caſe 1. I compare 8 the Diviſor with | 
6 the Firſt Figure of the Dividend, and finding I cannot take it 
from that; I then conſider (by Caſe 2.) how. often 8 can be 
taken from 68, the Two firſt Figures of the Dividend, and find 
it may be taken 8 times; for 8 times 8 is 64, being the greateſt 
Product of 8 (into any Figure) that can be taken from 68, 1 
therefore place 8 in the Quotient, and with it Multipiy 8 the 
Drviſor, ſetting down their Product underneath the ſaid Two 
Firſt Figures of the Dividend, Subſtrafting it from them, and 
then the Work will ſtand 


Thus 8) 66552 (8 
64 | 


4 


In order to a Second Operation, I make a Point under the next 
Figure of the Dividend, viz. under the 5, and bring it dowr 
underneath its own place to the Remainder 4, which will by 
that means become 45- Then 1 conſider how mary times 8 can 
de taken from 45, and find it may be 5 times; for 5 times 8 is | 
40, I therefore place * the Quof7ent, and with it Multiply 

the Diviſor, ſett m and SulHtracting their, Product, as 
defore- Then the Work will fang 


4 


Thus 8) 68552 (85 
| | e 
| ; 45 
| 15 =—_ 40 


SLES 


For a Third Operation, I e a Point under the next 
Figure of the Dividend, viz. under the 5, and bring it down, 
as before, proceeding in all reſpects, as re; and then the 


Work will ſtand 
Thus 8) 428 (856 
4. 


— 
55 
40 | 


- Laflly, I point and bring down the 2, viz. the laſt Figure 
of the Dividend to' the Remainder 7, which will then become 
72, and ing as in the other Operations, I find that 8 the 
Diviſor can be taken juſt nine times from 27, and the Work is 
Thus 8) 2. (8569 
_— . 


The True Quotient is found to * 8569, being exactly the 
Eigbth part of 68552, or the Multiplicand of the propoſed 
| Hemp 2 rx. ee As * 3 ired. IO 1 

e Reaſon of the Operations will be very plain to any one 
that will 2 Hele conſider of 3x us follows, 


10 Diviſen 


- 
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Biviſe 8) 5 8 55 2 8000. The Firſt Quotient or Figare: 


| 


This Product of the Diviſor into the 

| | | | | Quotieht is 64000. viz. 8 times, 8000, the 
Subſtraft , 15141010;0< Ruotient Figure being always of the ſame 
Wea | Value or Degree with that F ure under 


* which the Unit's place of its Product ſtands. 
Diviſor 8) 14151512 (500. 15 Second Quotient F, ure. 
Sub rat | 4loleſo 4 And here the Product is 452. viz. 8 


times 500, fiot 8 times 6, 8 
Diviſor 8) 5] (60, The Third Quotient Figure. 
825 7 0 Alſo here the Product is 482, viz. 8 
ubſtra o times 60, for the Reaſors aboveſaid. 


— — — — - — 


. OO 


— — 


Diviſor 8) 72 (9. The Fourth Quotient Figure. 
Nov here the Product is but 72, viz. 
Suhſtratt 7 239 tines 8, becauſe the 9 ſtands in the place 
of Units... 


» 


Remains (oo) Now the 4 Sum of All the ſeveral 
viz. 8000 +500$604-9=8569, as before. 


If the Proceſs of this Example be well conſidered and compa- 
red with that of Multiplication, Page 17, it will evidently ap- 
pear to be only the Converſe of that; for the particular Pro- 
dufts are alike in both, only that which is Lnft chere, is Firf 
here; there they are Added, here they are Subſtrafted; So that 
whoever underſtands the true Reaſon of the one, muſt needs 
underſtand the Reaſon of the other, and then Divi ſion will be- 
come very Eaſy, although the Diviſor conſiſts of ſeveral places 


Quotients, 


of Figures. 
i, Example. | 
Let it be required to Divide 590624922 by 7563. 
Dividend LS 


Diviſor 7563 ) 590624922 ( 


_ "Tis plain at fight, that 7563 the Diviſor, connot be taken 
from 5906, the like Number of Figures in the Dividend, . 
Therefore, by the Second Caſe of the Rule (Page 23.) there 
muſt be allowed Five Figures of the Dividend, viz. 59062 fr 
the Firſt Operation or Quotient; that, ſo the Firſt Figure 7 of 
the Diviſor may be takem out of the Two Firſt Figures, viz. = 
of the Dividexd, &c. 12 


V 


7 
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Then 1 proceed ( per Caſe 2.) and conſider how often 7 may 
be taken from 59, and find it may be taken 8 times, for 8 
times 7 is but 56, which I mentally Swubſtrab# from 59, and 
there Remains 3; to this 3 1 mentally adjoyn the Thi Figure 
of the Dividend, viz. o, which makes it 30, out of which I 
muſt take the Second Figure of the Diviſor, viz. 5, ſo often as 
I took the 7 from 59, which was 8 times: But that cannot be, 
for 8 times 5 is 40, which is more than 30, therefore 8 is too big 
a Figure to be placed in the Cuotient; yet, hence I conclude, 
thar the next Leſs, viz. 7 may be taken without any further 
Tryal. I therefore place 7 in the Quotient, and with ir Multiply 
the Diviſor, ſetting down their Product under the Dividend, 
and SubſiraF it from thence, as in the other Example, and then 
the Mork will fand . 


** 


Thus 7563) 599624922 (7 
$2941 / 

A 6121 275 

In order to a Second Operation, I make a Point under the next 
Figure of the Dividend, viz. under the 4, and bring it down 
to the KRematnder 6121, which will then become 61214, with 
which I proceed in all reſpects as I did before with the * 
and find the next Quotient Figure will be 8, with which 1 Mul- 
tzply the Diviſor, &c. and Subſtra& their Product from the 
{aid 61214. Then the Vork will ftand © 


Thus 7563) 599624922 (78 
61214 
60504 
7 710 
To this Remainder 710, I point and bring down the next 
Figure of the Dividend, viz. 9, which makes it 7109 ; now 
becauſe the Diviſor 7563 cannot be taken from 7109, I there- 
fore place a Cypher in the Quotient. 8 
And this muſt always be carefully obſerved, viz. That for 
every Figure or Cypher, which is brought down from the Divi- 
dend, iz order to a new Operation, there muſt always be either 
2 Figure or Cypher, ſet down in the Quotient, Then the Work 
FEY C * y +4 11 4 -e34Y.:8: 44.00 * 


"A „% 


will ftand ©... 


— „ — a | 
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Thus 7563) 590624922 (780 
52941** 
61214 
60504 
| 2 3 5 
To this 7109, I bring down another Figure of the Dividend 
viz. 2, and then it will become 71092 ; then I conſider how 
often 7 can be taken from 71, Sc. (juſt as xt the firſt Operation,) 
and find it may be taken 9 times, therefore I ſet down 9 in the 
Quotient, and with it 2 Diviſor, ſetting down and 
Culhſtrabting their Product, as before; Then the Work will ſtand 


Thus 7563) 590624922 (7809 
$2941 . 66 : 


651214 
60504 


—— — — 


71092 
60067 


— 
3025 55 
To this Remainder 3025, I point and bring down the laſt 
Figure 2 of the Dividend, which makes it 30252 ; then pro- 
ceeding in all reſpe&s as before, I find the Quotient Figure to 
be 4, with it I Multiply the Diviſor, ſetting down and Subs 
ſtracting their Product as before, and then the Work will ſtang 


Thus 7563) 599624922 (78994 
— 
61214 
50504 
71092 
68067 
30252 
30252 
C. cooooo) - 
Here the Work is ended, and I find the Quotient to be 78099 
being the true Multi plicaud of the propos d Example of Multi- 
plication, Page 18. 2 0 x; 
That is, 7563 is contained in 5906 24922 juſt 78094 times, os 
. a . 


* 


—_ 


\ 


— 
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If the Work of this Example be conſidered and compared 
with the Rule (Page 22.) the whole Buſineſs of Diviſſion will 


be eaſy ; for indeed the only Difficulty (as 1 faid before) lies in 
making choice of a True Cuotient Figure, which cannot well 


be done according to the Common Method of Diviftor, without 


rials, yet thoſe Trials need not be made with the whole Diviſor 
2 Ne by this aft Example) for by the Two Firſt Figures 
F the Pipiſor all the reſt are nl regulated; except the 
Second Figure chance to be 2, 3, or 4, and at the ſame time the 
Third Figure be 7, 8, or 9, then indeed reſpect muſt be had to 
the Third Figure, according as the Rule directs. 

However, if thoſe Trials are thought too troubleſome, they 
may be avoided, and the ſame Quotient Figure may both eaſily 
and certainly be found by help of ſach a ſmall Table made of 
the Diviſor, as was of the Multi plicand in Page 20. 


Example 4. 

Let it be required to Divide 70251807402 by 79863. See 
the Example of Multiplitation, Page 20 and as there directed 
make a Table of the Diviſor 79863, : 
Thus, 
| Dinif. Dividend. 

7 70251807402 | 879654 Quotient, | 

Cs ee rt Tho Wick of this Operation 
3139589 63614909 © I preſume may be eaſily under- 
| 4319452 559041 ſtood. For thoſe Figures in the 
51399315 _— 2 are * Proauct of the 
0679178 nes ufo! into all the 9 Figures; 


559041 conſequently thoſe Figures in the 
8638904 522304 ſmall Column do ſhew what 
1718767 422128 Figure is to * placed 2 the 

21260 Quotient; without any doubt ful 
19798639 . . I Trials of the Diviſor with the 
319452 Dividend, as before. 
2312432 
(000000) 


This Method of Tabulating the Diviſor may be of good Uſe 
to-a Learner ; eſpecially until he is well practiſed in Divi ſion; 
yea, and even then if the. Diviſor be large, and a Quotient of 
many Figures be required; as in Reſolving of high guatious, 
and Calculating of Aſtrouomical Taples, or thoſe of Intereſt, &9c. 


Hitherto 


— . 
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Hitherto I have made choice of Examples wherein the Divi- 
dend is truely Meaſured or Divided off by the Diviſor, without 
leaving any Remainder, being thoſe as were compoſed of the 
Diviſor and Quotient, But it moſt uſually falls out, that the 
Diviſor will not exactiy meafure the Dividend; in that cafe the 
Remainder (after Diviſion is ended ) muſt be ſet over the Diviſoy — 
with a {mall Line betwixt them adjoyning to the Quotient, 


| Example 5. 
Suppoſe it were required to Divide 379 by 5: 
3) 379 05 ge Ber. 


29 
25 


Remains (a) 
Example 6. | 


Again, Let it be required to Divide 43789 by 67. 
67). 43789 (65327 the True Quotient required. 
408: | 


358 
335 


W 


239 
201. 


Remains (38) 

'. How ſach Remarxgers- thus placed over their Diviſors (whi 
are indeed Vulgar Fractions) may be otherwiſe managed, ſhall 
be ſhew'd farther- on, 

N. B. When the D:viſor happens to be an Unzt, viz, 1, with a 
Cypher or Cyphers annexed to it, As 10, 100, 1000, Sc. Diviſion 
is truly performed by cutting off with a Point or Comma, ſo many 
Figures of the Dividend as there are Cyphers in the Diviſor; then 
are thoſe Figures ſo cut off to be accounted a Remainder, and the 
reſt of the Bowes in the Dividend will be the true Quotient requi- 
red, becauſe an Urit or 1 doch neither Multiply nor Divide. 


Example 7. 
Let be required to Divide 57842 by 100. The Work 
may ftand thus, 100) 578,42 the Quotient Requized ; or 
thus 100) 57842 (5785 the ſame as before. 
Hence it follows, that if any Diviſor have Cyphers to the 
Right-hand of it, you may cut off ſo many of the Jaſt Figures 


— tt aef intimate — — 
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in the Dividend, and Divide the other Figures of the Dividend, 
by thoſe Figures of the Diviſor that are left when the Cyphers 
are omitted, But when Diviſion is ended, thoſe Cyph-rs fo 
omitted in the Diviſor, and the Figures cut off in the Dividend, 
are both to be reſtored to their own places. 


l Example 8. | 
Suppoſe it were required to Divide 675469 by 5400. 


5499) 675469 (125 
54. 


135 
108 


274 
260 


— — 


Remains (4) But the True Remainder is 469. 
Conſequently the True Quotient is 125452, | 

As to the manner of proving the Truth of any Operation; 
either in ultiplication or Diviſion, I preſume may be eaſily 
underſtood, by what is deliverd in Page 21, compared with 
the Three Firſt Examples of Diviſion; For from thence it will 
be eaſy to conceiye, that if the Diviſor and Quotient be 
Multiplied together, their Product (with what Remains after 
Divi ſion being added to that Product) will be equal to the 
Dividend. As it the Fifth Example, wherein the Dividend is 
279, the Diviſor is 5, the Quotient is 75, and the Remainder 


W 4. | f . EF 
* ſay, 75X5=375, to which Add the Remainder 4, it will 
e "> 
| <4] in the Sixth Example, the Diviſor is 67, the Quotient 

Is $53, and the Remander is 38. 
* 0 65367 43751, and 4375 1 +38==43789 the Dividend, 


T here are ſeveral uſeful Contrattions, both in Diviſion and 
Mukiplication, which 7 have purpoſely omitted until I come 10 
treat of Decimal Arithmetick. Alſo I have omitted the Buſineſs 
of Evolution or Extracting of Roots, until further on; and fo 
hall conclude this Chapter with a few Examples of Divi ſion 
unwrought at large, leaving them for the Learner's Practice. 


579) 43800771 (75649. 
Or 75649) 43800771 (57S 


45007) 
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| 45007) 23884044718 (5390674 + 
Or 530674) 23884044718 (45007. 
350) 244572000 (687000. | 
59609) 57659066400 (967434. 
10000) 679543820000( 67954382. 
79) 282016 (356953. 


—_— — — F_y LS _— 


£ 
* 
% . 


CHAP. III. 


Concerning Addition and Subſtradion of Numbers of dif- 
» ferent Denominations, and how to Reduce them from 
one Denomination to another. 


SECT. 1. 
1, Of Englith Coin. 


THE leaſt Piece of Money uſed in England is a Farthing, + 
and from thence ariſeth the reſt, as in this Table, 


* 


Farth, 5 S. is a Crown, 
id. Pen. 10 5. is an Angel. 
48 12 1 4. Shill. And 6 5. 8 d. a Nose. 
965=240==20=1 l. Pound Sterling. 13 5. 4d. a Mark. 


* 


Note, When J. s. d. 4. are placed over (or to the Right. hand 
of) Numbers, they denote thoſe Numbers to lignify Pounds, 
Shillings, Pence, and Farthings, Bs 


J. 8. d. 9. I 
As 35 10 6 : Or 35 J. 105.6 £4, Either of theſe dg 
ſignify 35 pounds, 10 ſhillings, 6 pence, 2 1 
The 3 muſt be underſtood of all the following Characters, 
belonging to their reſpective Tables, viz, Of Weights, Mea- 
J ent. fp in of 225 


2. Troy Weight. 


The Original of all VMeights uſed in Exgland, was a Corn of 
heat gathered out of the Middle of the Ear, and being well 
dried, 32 of them were to make one Penny Weight, 20 Henny 
en. „ btaf 23.0: 1 5 e 2 _ Weight 


Wins one Ge, 12 Ounces one Pond Troy,” Vide 
Statutes of 51 Heu. 3. 31 Kam. 1. 12 Hen. 7. 
But in later Times it was thought ſufflcient to Divide the 


aforeſaid Penny Weight into 24 Equal Far ts, called Grains, 
the Weight now in common Uſe ; and from thence 
the reſt are com as in this Table. — 
3 ee 
8 —1 7 JV. Weight. — * 4 
480 201 8 Ounce. Note, = Silver, Corn, Bread, 
—' Pound. and all Liquors. 


| Beſides the den Divi fions of Tho Weight, 1 find in 
Anglie Notitia, or, The Preſent State of Eng! Tod 4, Printed in 
the Year 1699 that the Mewe yer; (as that Author tals them) 
do Subdivile the Grain. 
24 Blanks = 1 Periot. 
Th 8 Periots == 1 Dyoite, 
24 Droites = 1 Mite, 
| 20 Mites = 1 Grain, &a. as before} - 
3. Apothecaries Weights, 
- The Apothecaries Divide a Pound Troy, as in this Table, 
"= 1 5 Se 
0. 3= I 5 Dram 
480 . 24 8=r_ t 5 Ounce Ounce 
260 288 96=12=81 2 Troy, the fine as before; 
By theſe VNeights the Apothecaries Clin their BOD 
buy Buy and Sell their Drugs by Averdupois * 
| 1 Averdupois Weight. | 
When 4 ir Weight became fiſt in Uſe, 4 
Ir was firſt ſertled, I cannòt find out in the Statut Books; but on 
the contrary, 1 find that there ſhould be but one Weight 7 aud one 
Me aſure) uſed 2 this Realm, viz. that of Troy, (Vide 
14 Ei. 3 80 that it ſeems (to me) to be firſt 


; bade by by 1. and ſettled by Cuſtom, viz. from g 5 — 


* large Weight. to thoſe Commod?ties as are ry Bo 
WR e 


ww» 
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» 


xc. 33 
very ſubje& to waſſe; as all kind TG Wares.. And 


Steel, Iron, Lead, &c. Alſo Fleſb, Butter, Cheeſe, Salt, c. To 
theſe and the like (I prefume) it was th "convenient to 


allow a greater. eight than the Laws had provided, whic 
happen'd 'ro be a 5: Sixth part more: For I found by ys 
nice Experiment, that oor Po is is Equal to 14 
Ounces, 11 Penny Weight, and 1 Grains * And it t is 
now 8 W a 

| 1621 Ounces. | Sf C 14==4 Store 
256 "T6==1 Ib Pounds, Ang 28=4 of C. 
28672= 1792= 112==1 ©: Hundred, | Je 
. * Cs 


5 — 


. As the leaſt part of JV:ight came at fir from Wheat Ce, 
o (it's generally ſaid ) the leaſt Part of a Long Meaſure was at 
Firſt a Barly Corn wag Pap, Middle of the Ear, and 
being well died, Three of chem in were to ae ene 
8 geh, and thence the if, a as in t this Ta 


— 1 1 Anz ofa Von. 
« —y in 
* — 12 . - * 3 


1688 352 r, 7. Tards. 

| 594= 198= 163= Err 

| 23760=" 7920ms 66022 220= 4orzl nl | 9 275 

— 5 wat mom —— =T Mile. 
Note, That Forty Poles Perches) in Length, and Fout in 

r S W •ãůmͥn ; AA 
That is, 220 Yards, Multiplied into 22 ee, 


© Vid arg a Statute Acre. 
And to the Tlanſackom of the 8 


Aue 1687, 2 Paris Foot Royal is 125 fel 


of thoſe Feet make a Toiſe; Ky 8 * e, 


G9 ie and 288 
„ 


Feet, are the Meaſure of one Degree 
Surface of the Earth. $0 that one 5 1 6 
Yards, which is very moe 2p gue CONDON 151 
: bun that 367396 F Hes 25 * ap . Ta 880. . 


Pitch, Tar, Rofin, Wax, Tallow, Flax, Hemp, &c. Copper, T . „ 


8 27 
- 2 : 
* * I * 
_— *. * 


of 25 . 2 froe Wes e is 
a 4 | 


o & 
7 Aa 8 * — + 
2 wes,” * 230 , \ 
's ” * 4 
n 194+ » | - / 


* Boy . . Io 
"an er g Caper den Liquid and De, were ws firſt 
made ire Foy Weight, Vide Statutes 9 H. 3. * 1 7. 
betein it is ed, that Eight Paxynd 77 5 o 
„ gathered out of the Middle ofthe Ear, 111 We 
one Gallen of Wine Meaſure : And that there ſhould 
ut dne Meaſure for Wine, Ale l this Realm 
1 Stat. 14 Ed. 5 15 Rie. 2.) Cuſiom hath al- 
rd Moafures* as they have done Wei 9 (and perhaps for one 
nd the ſame 1 or nom we ve Three different Meaſures, 
ne pena nth fire, - 
15. As they are now | 


| e of & 
72 Sele | 
MW res, E e 55 ts; ern eau rr 


megar, Oy, ard Hofe, &. ate Meaſured. and 89 | 
4 40- Cu $0 C Inches, _ rote Na reſt 


2 75 Gi Sable dn N 
| 2 12:9 Fl 18 3 = 2 
— r 11775 Runge, and 
i 6.6 ene Nat 4 Muc or 
752 A= 
: 9 þ nets 


1 5 © Ku ed 1 


- — , ppt”! 2 27 * n 2 11 
1 Tea Þ 289 doth pot 
to contain but 22 2 585 Cubick Inches" at 

to”this A — 2 


e 


2 255 = i Con- 
ED 


I Pie ke 5 
. 


i Halley, and men. r 
Preſenet Mr. Sales did exactly i gon the ted Þ 
— with clear Water, and. very carefully.emprj 0 the. 
Wine Gallon kept ee et 6 Fry 0 an 
| it, that all then preſent were fully fa % 
doth contain but 224 Cubick Inches, if This notable 12 
1 ſaw tried.) However, for ſeveral Reaſojis, it was at that t 
ht convenient to continue the former ſuppoſed Content o 
231 Cubict Inches to be the Wine Gallon, and. that all Computa⸗ 
tions in Gauging ſhould be made from thence, as above. 
The Beer or Ale Galloz (which wo 7 is. much larger. 
that the Wine Gallon, it being (as I preſume} made at firſt to, 
correſpond with Averdupais Weight, as = Ge Gallon did with: 
Troy eight: For (as I ſaid before. © 9 . Bound 
| Aberdupois is Equal to i4 Ounces 12 7 eight Troy, very 
near, 


And, as one Pound Trby is by is in proportion to the Cubick ebe, 

in a Wine Gallon, fo is one Pound Averdupots to the Cubic 
aches in an Ale Gallon. That is, 12: 231 ; 14:3: 2815, very. 
near the Cubic Inches contained IF - an e "Gatloz, as appears: 
from an Experiment made 2 * Mic hola Gunton, General 
Gauger: in the Breiſe, abour 's 2ga who, by ſuch a Veſſel. 
mentioned before in the laſt Page, Fug d the Sandee Alte-Quart.. 
(kept in the Excbequer, Vid. 12 Car, 7 to contain juſt 70 Cubick 

Inches, Fa the Ale-Gallon muſt contain 282 9 


and from thence thence the * * 118 * 


2825=1 22 3 e e 7 
| | 2256= ' 5 of... Flewings are the ſan 
EE =1T Kitderkin: oy” that of Ae, 2 


4. © U 58751 =2S1 Uldertin. « 7 * 1 LION [8 
10152 36. — Sarrel. | oy £3 E 
[== 92 121 Ho k 85 5 
e 


ME | er: "Fart 1 


V5. This Diſtinction or Difference betwixt le and Bre. 
x re is now only uſed in London. But in all other Places of 
1 4 the che Table of Beer or Ale, whether it be ſtrong 
er faul, is to be obl , according to a Statute of * made 
ws Year 1689. 


We 


nebes | 
5 —1 Galan. 
ESR 

94 =17==2==I Zr Kilderhin. | 
- 7 Barrel. 
1—38—1—5 =3=Iz=1 Hog bead. 


3 —__— 


| . Dry Meaſure. = 
Dry Meaſure is different both from Wine and Ale Meaſure, be- 
ing as it were a Mean betwixt both, tho not exaQly ſo; which upon 
Examination I find to be in proportion to the aforeſaid old Standard 
Wine Gallon, as Averdupois Weight is to Troy Weight ; That is, 
As one Pound Troy is to one Pound I; ſo is the Cubick 
Inc hes contained in the old Vine Gallon: To the Cubick Inthes 
contained in the Dry or Corn Gallon,  _. 

Viz. 12: 1413 5 2 224: 2725, Which is very near to 2 2721, 
the common received Content cf 4 Corn Gallon, altho now it's 
otherwiſe ſettled by an Act of Parliament made in April 1697, 

the Words of that Ac are theſe: | 
Every Round Buſhel with a plain and even Bottom, being 
made Eighteen Inches and a half wide throug hout, and Eight 
Inches Peep, "ſhould be efleem'd a Legal Wincheſter Dy are 
rording to the Standard in his Majeſtys 

Now a Veſſel being thus made will contain 21 2 Cubick 


- . 


Hiches, conſequently the Corn Gallon doth contain . 
: Cubith Inches, | 
' Cub. Inchex, 4 Bube Tren 2 
3 "268;8==1 Gallon. Note, 410 Quarters =a 
$37,6= 2= 1 Peck, 12 Ney Laft e 


= 42 
17203, 264 32 8 Q; Quarter, /2/0- a, 4 


V obſerv'd amongſt the Lead Mines in Derby ſhire, (hr 169) 
whe MHinerr bought and fold their Lead © Meaſure 


her they call'd an e Diſh; Phole Dimenſions 1 en Seb Wel, 
ad found them 


Len . 
wa 1 6. He: 5. 
| | Depth 8.4 22 
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Conſequently its Content = 3 Cubick 1 i 
near Equal, to Gore” according Verner R 
Gabel Settlement. : 5 
| Nine of thoſe Diſhes they call Load of Ore, which if it be 
pretty WE: 3 kndred Weight of Lead. - 


8. of Time, 


It is not en eg ye a true Definition of Time | 
| (according the 22 18 | 10 


Time of it ſelf is nothing, but from Thought | 
Receives its Riſe, by labouring Fancy wro - BM 


__ Things con 4, whilf we think 0 ox 
< — 3 1. paſt, or jet I 
bt can thut on Tie, "Ih ro fil 1 " 
But think on Things in Motion or a . 
And ſo on, Vide Lucretius, Book I. 


That is „Time only ſhews 7 the Duratic 2 or Mutation 
a Year the Standard or Integer, by " which ſuch S 
we is computed. And 4 Yea is that Space of Time in 


Sur ( apparently) c compleats its Revolution from any 
one an es in the Eclzptick (an imaginary Circle in the Heavens) 


to the ſame Point again, which 3 Modern Obſervatious, 
is perform d in 3 S 5 Howe, 48 Minutes, 7 * 
21 Thirds, &c. being the leaſt part of Time that 

can be truly Meaſured by the 2 of 8 Mechanical Engine, 
as 2 Clock, &c. (a Third bang leſs than the Twinkling of an Eye) 


— 


1 18 che ing Table with Seconds. 
4 
S0 =I. — bo 25 | A 
—— 60=1 ®_Hour. 3 | 
24=1 Day. 5 
| ove — nie =365 ats Dinge, 
(ITE 
But the common Year, uſuall V call the Zar Yeer, doth 
cankift of 269 Doje and 6 Ehers, and vided into twelve 


unequal - Months, called Calendar Months, whoſe Names and 
Number of Days * Subje& 2 * Ae. 8 


70 


W  Athmetich, Part 1. 
| To thts Dole ey a renee 1 
a of fuch Coins, Weights, and Meaſurrs, as are frequemly mention d 
in the Scriptures. 1 — 


ſeem eo be the moll Cotredh; inſerted in the Jaden to the large 
Bible, Printed Anno 1702, and compared with thoſe uſed in 
England, by the Lord Buber of Peterborough, 


The Hebrew Weights, cotigared nh e Her i Weight. 


Grains 


A Certh=) 0.5. 1012 
10 Gerahs=a Bekah—| . 4 134 
2 Bekahs=a Shekel - O0 9 3 


100 Shekels = Megah= iff) + I2 +» 12 
Note, A Shekel is fd to bt thei hair Original Veigiu. 


esc Fell 2 


A Silver Menab zi 7 . 4. . N Weight 60 Shzkels: 

| Talent of Silver ,357 © s It, 105 The ken Is ) Shekels. 
Talent of Gold — 
The Gold Dram 


Bot abs Tflament; 


A en Since Penny =7 4. 3 Farthings.. | 
of Copper * 3 Farthings. 

elan SO I; Farthing. 
RNS © 3 of a Farthi 
 AMitte=0. 2 ; of a Ferthing 


Their Log Meaſure, compared with{ f , El 


M Finger's Breadth== O. O0. O©,91 i | ' 
4 Fingers =a Hand's 22 o. O0, 3.6 
0. Jos 


2 Hondsz=the leaf Nee 
Hands Breadth = the longeſt 2 o. O- gag 
2 Spans—the a Cubit— o. 1. 9,885 
4 Cubits a Fathom=l,, 2, 1 3,552. 
6 Cubits = Ezekiel's Reed... 3. 1. 11,328 
450 Cubits Sa Stadium L 243. 0 % 
lo Stadiums Sa Mile 72865 *0\.- 00 

2 Miles Paraſang 1585 1 
Wluch is 4 + 8! iſh Miles and 256. - 

Si Their 


30 


= EL Of Weighs, TOY — 


— — 


1 
* Meaſure of Capadty, compared nie} OF Er 4/4 4 5. 
4 ©. e 3,037 
A iy or 9,783 
24 Logs=a C 3 10, 458 
10 Calla n Omer 21 2 
_ 3Cbs=a Hin=| 1. 2. 2,5 
2 Hing=a Beab==|\ — 4 
3 Seahs= an Ephaz=|' + 4 . 15, 
14 95 10 RC ins — =| 75 5 — — 
WY 2, Jtoition of Weights &c, | 
The fore oing Tables 1 underſtood, as that you can 
rea tell (wied pauſing) many Ujts of any one Deno- 


minatzp7; do make one of che next Superior Denomination (eſpe- 
- cially in thoſe Tables as are moſt uſeful for your * neſs) 
ir will then be as eaſie to Add or Subſtract them, as to A 
Subſtrach whele Numbers, due care being taken in * — al 
Numbers that are of one Dexomination exactly underneath each 
other. That is to fay, in Mouey place Pounds under Pounds, 
Shillings under Shillings, Pence under Pence, %c.- Underſtand 
the like in Heights and Meaſures, &c. according to their ſeveral 
Dernominations : Then in Addition obſerve this * bu 


Dn. | 

Always begin with Theſe Figures of. the Loweſt or Le 
Denomination, and Add them all together into one Sum, then 
confider how many of the ut Superior Denomination are con- 
tained in that 4 ſo many Units you muſt carry to the ſaid 
next Superior D to be Added together with thoſe 
Figures that ſtand there; and if any thing Remain over or 
above thoſe Units ſo carried, that Overplas nn ſt be ſet down 
underneath its oum Denomination : And ſo proceed on from one 
Enzo to another until all be n * | 


Example iz Coin; 


Let it be required to Add 35 l. 14 1 b ind 27 1. d. 
10 d. and 34 J. 1 d. and 10 J. 17 4. 09. into one Sum. 

The particular * g placed, as before directed, will ſtand 
as in the Margin following 

Then according to the Rule, 1 begin with the Pence (being 
here che loweft or leaſt Demomi nation) and Adding them | 
N n | find their Sum to be 29 d. that is 2 5. and 5 4. (for 


1 24 4. 


3 Part I. 
I ne 5) the 5d. I ſet don J. 5. d. 
nomination, and carry the . 35 . 14 + 06 
2 4. to the Place of Shilli > ks them and 27 . 02 . 10 
all the Shillings together, "nd the Saws to de $4 +» 13. o 
48 s. viz 20. 8. I ſet down the 8 5. under-. 10. 17. 09 
8 Pounds, and carry the _— 
2 l. to the Place of Pounds, Adding them and all 128. 08. 05 
the Pound; together, I find their Sum is 128 J. 
_ conſequently the Total Sum requited is 128 J. c8 5. O5 d. 
Noy, for. as much- as it often happens in keeping Books of 
on es CI it is required 1 
4 — le DN Leber Sheer 
ticu S, nay, up whole a 
of Paper, I f 6 conceive in thoſe Caſes the beſt and eaſieſt 
— — hg 1 them into Parcels, not above 10 or 
2 particular ums in each Parcel; that A ether all 
the Sims of thoſe Parcels into ones San that will be the 
Tete! Sum req uiretd. 
Alſo to wei the making of Poirts, or other Marks amongſt 


>). md it will be convenient to get the following Tables 


24 — 


The Pence Table. 
— —ę—ñ—ß — — — 
r 8 
<q | P2= 6 
3 487 
= 96= 8 
108= 9 | 
= 120=10 


The Ubs of the v 6 by that 1 prime u. 
e g em. N 


| 


Example ix Addition of Weights. 
Weight. Averdupois Yes 
n . Po. Or Jun. C. Q. bb. 
3. 09 1 12. 15 2 3 
5 508. 15 . 21 7 . 10. 3+ 21. 15 
10 « 10 . 12. 22 oO 218. 1. 14 . It 
Oo 30,19 » 23 3 eo Wo Jo 3 - Th 
du 27 / . 09 . 04 Sm 23. 05+ o. 05 » 05 


bye 


— — 
Chap. 3. Subſtramion of Werahts, &c. 


2 
— —— — 


Examples in Addition of Long-Menſure. 
Yards Qrs. Nails Miles Fur. Poles Yards Feet nacb. 


9 % ˙ ER A 4 6s 
I7 = 3 1 0 . 7 . 27 . 3 © Sy s 10 
129 | vl T .'> 2 1 » 3 Ke | 39 F 


182 3 . 2 Sum 5 .. 2 19 5 0 1 
I think it needleſs to ſet down more Zxamples of this kind, 


for if theſe -5 (eſpecially the: Taft) be well underſtood, will 
be ſufficient r ſhew how any other 7 8 T7 


» — — —B: 


— — 
7 


Seat. 3. >udfiracion of Weights, = 


Suk ſtradt ion is but the Converſe of the precedent Wor and 
A as 7 


Rule. 


Begin with the Lowe er Leaft Denomination (as before * 
Addition) and Take or Subſtract the F igure) or Figures) ix that 
Place of the Subtrahend, from the Figure (or Figures) that 
Fand over them of the ſame Denomination ; ſetting down the 
Remainder (as in Page 12.) But if that carinot be done, then 
increaſe the upper Figure (or Figures) with one of the 
ext Superior Denomination, and from that Sum make Sub- 
ſtraction; _—_ o proceed to the next Superior Denomination, 
where pay the one borrowed, + — þ Unity to the. 
Subtrahend in 1h4t Mace, &c. as in whole 


Examples in Coin. 


38 „ 

From 386 . c9 . 08 From 569 « 10 — 
Take 173. N 06 Subſt, 389 . 15 

Remains 213. 05 . 02 179 14. 10 


The Firſt of theſe Examples is ſelf-evident. In the Second 
Example, beginning at the place of Pence (being here the Leaſt | 
Denomination ) 1 am to take 8 d. from 64. but becauſe that 
cannot be done, I muſt (according to the Rule) borrow one of 
the next Denomination, viz. I 5s. and Add it to the 6d. which 
makes it 18 d. (for 1 f. 12 d. and 124-6 d. 18 d. then I. 
take 84. from that 18 4. and there remains 104. to be ſer 
down underneath the place of Pence; that done, I proceed to 
the place of Shillings, where I moſt now pay the 1 5. ſaying 
one borrowed and 15 makes A from 10 cannot be, 2 


. 


different Denominations, is the very ſame with that of whole 


| at... * 
7 


poſed, into any Interior or Leſſer Denomination Required; 


N 1 * 
— 


88 Arithmetien. Part I. 
16 from 30 and thete Remains 14. That is, I borrow one of the 


next Denomination, viz. 11.. and Add to it the 10s. which 


makes it 30 5s. for 1 J. 205. and 205. 10 o) having ſet down 
the Kemaming 14s. underneath its own place of Shillirgs, I 
proceed to the place of Pounds, where paying the 1 7. borrowed, 
it will be 1 borrowed and-9 is 10 from 9 cannot be, but 10 from 
19 and there Remains 9, and ſo on as in whole Number, until all 
be finiſhed ; And the Remainger will be 1791. 145. 104d. 
This Example being a little conſidered will render all others in 
this Rule ea yx. Ji, 824-1 


, - * 


© Examples in Weights. 


Troy Weight. Asverdupois Weight 
_ 1h, ox. put. gr. c. . Ib. oz. © 
From 9 . 10 . 16. 18 IF... 2 + IJ: 4+ 20 
Take 5 . 09 . 18 . 22 | 14 - 3.18. 12 
4. 00. 17. 0 MReſts 2.2. 24. 14 
SY _ Examples in Long Meaſure. 
qds. grs. nails, _ miles fur. pol. yds. feet inches 
From 78 . 3. 2 22.3. 26 3 1. 11 
Take 29 3 18. 6 . 29. 4 2 LK 


| ; Example m Time. 25 


> days 0 7 ” 
From 27 . 18. 36. 21 
Subſtraf? 16 . 21 . 46 . 36 


Remains 10. 29 . 48. 45 


The Proof of Addition and Sub/traftion in theſe Members of 


Numbers in Page 13. I ſhall therefore refer you to that place, 
and omit repeating it here. FP 


„ 


— —_ 


Seti. 4. Of Reduction, 


By Reduction, Numbers of different Denomiuat ions are 
brought. into one Deuomination. 


LY 


That is, it alters or changes any Superior Denomination pro- 


fall . 
ww & we 


* 


».£ 
os 
% 
=_- 


Chap. 3. Of Reduction, 43. 


ſill keeping them Equivalent in value. And by that means they 
become fitly prepared for Multi plication and Diviſion ; which 
otherwiſe could not ſo conveniently be performed. Therefore the 
Buſineſs of Reduction is very pſeful in the Rule of Proportion, 
(commonly called the Golden Rule, or Rule of Three ) eſpecially 
to thoſe who do not underſtand either V#/gar or Decimal Fracti- 
ons. And it's thus performed: FE. 
0 Rule. 
con ſider how many Units of the Denomination Required, 
make one of that Denomination propoſed to be Reduced (which 
= caſey knewr by its reſpective Table) and with that Number 
of Units, Multiply he Denomination propoſed, and their Product 
will be the Number Required. 


Example in Coin. 


Let it be Required to Reduce or C 
and thoſe Shillings into Pence, which 
value with the 3577. 


e 2571. into Shillings, 
ſtill be Equal in 


Multiply with we the SHillings in one Pound, 
7140=the Shillings in 3571: 
Multiply with 12 the Pence * ek, Shilling 
n 5 | 
85680 = the Pence in 3751. as was Required. 
Or 3571. may be reduced into Pence, at one Operation: 


3571. . 
Multiply with 458 the Pence contained in one Pound, 
1428 
714 | 
85680=the Pence in 357 . as before, 


But when the Numbers propoſed to be Redue'd are of ſeveral 
Denominations, and it is required to bring them all to the Loweſt ; 
you muſt Reduce the higheſt or greateſt Denomination to the 
next leſs, Adding the Numbers that are of that leſs Denominat ion 
2 then Reduce their Sum to the next lower Denomination, 
Adding together all the Numbers that are of that Denomnatio7, 


and 1c proceed gradually on till all is done. e 
- "© proce | — y : G 2 7 Example. £4 


2 


Part I. 


Let it be required to Reduce 0 176. 10d. 39. into one 
Denomination, viz. into Farthings. 


3757 J. 175. 10d. 3 f. 


Foo the Shillings i in 37 
OR hs Goof 
75175 5517 Sthe Shilli ings in 3751 174. 


15034 
2 
| 8 Pence in 375 1. I7 & 
— 10d, | 

8 . in Ty. I7s. 104. 

* | 
- 360856=the Farthing in 5056 175. 10 

34 


360859 Farthings =3751. 17. 8 34 dene 


The Work of chis 4 and all other of this 


kind, ma be ſomewhat 85 bi. 
Wee n ud 


J. 175. 10d. 
LS Multiply 1 7 Add in the 173. 


7517 . 
12 Multiply and Add in the 10 f. 
15034 

2 17 


1 Mutiply and Add in the 395, 
"Is. the Farthings as before. 


Example in Troy Weight. 


\ Suppole it be Required: to Reduce 29 1. 8 ox. 18 pur 21 gr. 
into * . Denomination, viz. into Grains. 3-8 
. Ahus, 


Chap: 3. Of Reduction. 


Thus, 2915. 8 ox. 18 pwr. 2 
Multi ply with 12 the on. in 140. an 44d inthe Box. 


66. 
29 


dos oz. in \ 2916. 8 oz. 
Multiply with 20 the prots in 1 0z. and Add in the 18 put. 


7138 = the pts. in 2916. 80x. 18 put. 


45 


* 
1 


A Multiply with of the gra. in 1 * and Add 1 in the 21 gy. 


258 


171333 the gra. 229 1b. 80x. 18 put. 21 gr. 


Theſe Two Examples at Large being well underſtood, may 
fuffice to ſhew how all Operations of this kind are performed ; 
either in Weights, Meaſures, or Time. I ſhall only iafert a few 
* 7 — ate. rag ur dir, oy A 1 10 
| 23 C. 39rs. — 9 R Averdupois Mei ow many 

Cn, 9 Anſwer, 42905 Ounces. © £ 

2. In 252 Ex poliſh 1 25 How many Yards, Feet, and Inches? 

Anſwer, 443520 12 1330560 Feet=15966720 Inches. 

3. In 1692 common Years; How many Days, Hours, and 
Minutes Anſwer, 618003 Days, 14832072 s 889924320 
Minutes. | 

2 15 2 common Tear=365 Days, 6 Hours, ſee Page 27. 

In 5786 Pounds, 17 Shillings, 9 Pence Sterling: How 
a_ Shillings, Pence, and Farthings © 

. 7 13888534. or 5555412 Farthings. That 

5 17 f. 9d. 115737 5. 9d. 21388853 d. Kc. 
he next thing will be to ſhew how to bring Numbers from 
a leſſer to a — * Denomination, which by moſt Authors is 


called (tho' very improperly.) 


Reduction aſcending. 


This Work is the Converſe of the laſt, and is performed by 
Diviſion. Thus, 


Rule. 5 
Cox ſider how many of the Denomination ed make one 
of the required, and make ther Nonber yo 
Diviſor, >y which Divide the Denomination propoſed ; a 
A will be 4he Number required, 
gun 


46 —_ Arithmetick. _ KT art I. 
as 68000 — - 


Example. 


| Let it be required to find how — ed Fatt 6 
contained in 85680 Pence, Y 


The Pence in 1 s. are 12) 85680 (7140. 85680 d. 
Again the Shillings in 10. are 20) 7140 (3571. the Anſwey 


; | Another Exemple in Coin. 
How many Perce, Shillings, and Pounds, are contained in 
264859 N be, 
| 20 


4) 264859 (662144. (5527 6. rh 


19 (to) a. | 
Remains (3) 9- 4 Note, the Remainder is always of the ſame 
Denomination with the Dividend. 


The laſt Quotient 275 1, together with the ſeveral Remainders, N 
gives the Anſwer required. 
Viz. 2750. 17 s. 10d. 34.264859 Farthings. 


Example in Troy Weight. 


Suppoſe i it were required to find how many puts. 0zs. and ths, 
are contained in 171333 Grains. 


912 
24) 171333 &. : (7138 Pu. (356 297%. 


168 113 24 
33 138 116 
. . oh (18) pw. . 
93 (8) oz. 
72 
213 : 
| 192 
Remains (21) gr 


- Anſwer, 291b. 8 ox. 18 pur. gr. This and the laſt Example 
b ate the Reverſe or Proof of thoſe in Ar 43, 45- 

I. In 42905 Ounces Averdupois Weight ; ; How _ Pounds, 
/ oo 


4B ; Thus 


C3 0Y 8). 105 
Thus 16) 42995 "(2681 15. wc” (95 qrs. 23 C. 


109 299 — 15 
130 %¼ͤù (( 6030 
— — 1 


(9) (21) Anſwer, 23 C. 3 qrs. 21 Ib. 90z. 
2. In 15966720 Inches; How many Engliſh Miles, 8c. 

. 252 Miles, 8c. as Occaſion requires. 

There are many uſeful Queſtions ag be anſwered by the help 
of Reduction 3 wa As the C one ſort of Coir for ano- 
ther ; and comparing one ſort of gere with another, Sc. 

For Inſtance; Suppoſe one — . 347 Rix-dollars, at 48. 6 d per 


Dollar ; and. deſired to. know 5 Wer n . eg 
make. 
347 


=the Pence in one Dollar, viz. 4.5. 6 4:=54 4 
1388 ty 3g 
23735 20) 


12) 18738 d. (1561s. (987, 
67 161 


73 (s. | 
18 


Anſwer, 15 1 5 6d. Sterling are=347 Rix-dollars. 
| way 2. In 645 Flemiſh Ells ; How many Ells Frgliſh 
K * his £4 of a Yard Engliſh makes one Ell Flemiſh, 
1 e of a Yard is an Engl iſh Ell. 
6 
Der qrs of aYardin 1 Ell Flemiſh, 


LG in 1 wt tas A 1935 (387 Eogl Engliſh Ells for the Anſwer. 

Queſt 3. Suppoſe a . were accepted at Londox, 
for the Payment of 4ool. Sterling, for the Value deliver d act 
Amſterdam in Flemiſh Money at 11. 13 5. 6d. for one Pound 
Sterling. How much Flemiſh Money was delivered at Amſterdam 2 

F ir, 11. 13s. 6d.z=402d. the Value of one Pound Sterling 
at Amſterdam. 


Then, 4024.X400=160800 f. 670 l. Flemi ih, and ſo much 


was delivered at Amſterdam. 


CHAP. 


A Fraction, or Broken Number, is that which repreſents 2 Part 
f or Parts of any thing propoſed (vide Page 3.) and is ex- 
preſſed by Two Numbers p one above the other with a Line 


5 | rin Pl 
| Thus, | 


_ 


The Denominator or Number * underneath the Line, 
denotes how many Equal Parts the thing is ſuppoſed to be 
Divided into (being only the Diviſor in Divi ſton.) And the 
 Numerator or Number placed above the Line, thews how many 

of thoſe Parts are contained in the Fraction (it being the 
Remainder after Diviſion.) (See Page 29.) And theſe admit of 


three Diſtinctions: 
> Proper or Simple 77 
Viz. <\ Improper au J 
(Compœumt Ser 


A proper, pure, or Simple Fraction, is that which is Leſs than 
an Unit. That is, it repreſents the immediate Part or Parts 
of any thing leſs than the whole, and therefore its Numerator is 
always Leſs than the Denominator. | 


Ji i ons Fearth Part. dd G none F, > > 
i is one Third Fart. Ti is two Thirds, &. 
An Improper Fraftior is that which is greater than an Lait 


Thar is, ir repreſents ſome Number of Parts” greater than the 
whole thing; And its Numerator is always greater than the 


Denomimator. \'z + x | 
000 20804 Of 


A Compound: Fraction is n Part of a Part, : confiſting of 
ſeveral Numerators and Denominators connected together with 
the Word [of]. 12 | 2 of {162 * 1 . C * 
As 4 of of 2, Se. and are thus read, The one Third of the 
three Fourths of the two Fiſths of an Unit. N 

That is, when a Unit (or whole thing) is firſt Divided into 
any Number of Equal Parts, and each of thoſe Parts ate 
oF | = *" Subdivided 


4 


1 


i. tn... th. th a6 v4 aa . 


a a —Y 


E- 7, "of 7 Tuigar Fractions. | — 


Fußdividea into other Parts, and ſo on: Ihen thoſe laſt Parts 

are called Compound Fractions, or Fractions of Frattions. 

As for inſtance, ſuppoſe a Pound Sterling (or 20 6.) be the 

Uzit or V hole; then is 8s. the 3 of it, and 65. the 4} of thoſe 

two Fiſths, and 2 5. is the 4. of thoſe three Fourths, Viz. 2 4. 

z of + of } of one Pound Sterling. 

All Compound Fraclious * n into firgle ones, Thus, 

vle 

| Moltiply all the Numerators Ino one Number for a Maas; 

F194 all the Denominators into one another for the Denominator, 
Thus the 4 ef r of 2 will become 4. Or 4 

For 1X3X2==6'the Numerator, and 2X 4X5==60 the Denaoninas 

tor, but: -* or + of a Pound Sterling is 25. As above, 


——— — a 


* 


Sect. 2. To Alter or Changi different Fradicks into on 
-- Denomination relating to the ſame Value. 


Ia order to gain a clear Underſtanding of - this Seton, it twill 
be convenient to premiſe this Propoſition, viz. It a Nane, 
Multiplying Two Numbers produce other Numbers, the Numbers 
produced of them ſhall be in rhe ſame Fronten that the Au. 
bers Multiplied are, 17 Euclid 7. 5 

That is to fay, If both the Nremrotor and Denominator of 
any Fraction be Equally Multip! lied into any Number, their 
Froducts will remain the tame \ alve with that Fraction. 
As in theſe, 1 Or TEES To Or Ar Se. 


ww 


—_— 


*. 


That is, £ and 7. Or Z and © 5. Or 3 and 22 are of tl 
' fame value in relpect to the Whole or Unit.” | Uo 


From hence it will be eaſy to conceive how Two, or more, 


Factions that are of Different Denominations, may be alter's 
or chang'd into others that ſhall have one common Denominutor, 
and fill retain the fame Value, . 


Example. Let it be required to change + and 5 into Tw. 
other Fraflions that ſhall have one common Deneniinator, ank 


yet retain the ſame Vale, 

According to the foregoing Propofition, if be Equal.” 
ly. Multiplied with 7, it will become = v. M i 
Again, if 2 be Equally Multiplied with. 3, IL will becomg 
Ar viz, 35h * And by this means I have obtained Tuo 
new Fradtions t and r that are of one Denominalion, and 


the ſame Value wich che Two firſt propokd, Ditz. . 
* and 3 Fi. . | BR | 4 


1 


* . P 
* % 
%* .7 . 
CE 
. > . 


% 


— 
4 o 

U 

. 
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And from hence doth ariſe the General Rule for bringing all 
Frattions into one Denomination. | p 
Rule. | 

Multiply all the Denomigators into each other for a New 


ſ and Common) Denominator. And each Numerator into all the 
Denominators but its own, for New Numerators, 


Example. Let the propoſed Fractions be, + } + and g. 
Then by the Ale. 


A new Denominator And the new Numerators will 
will be thus found. be thus found. 
3 „ 
= . 

15 5 6 9 18 

_ FCC 
60 20 21 180 
7 3 8 

| 420 oF 440. 168. _ 360 

Hence 420 is the common Denominator; And 140 . 168. 


iſe 140 168 317 360 1 1 
wile are LT FEE V POD ny "re N * 
* — 1 bo — 2 I F . 7 3 _ 


and thy, 


EL 


Sect. . To bring mix d Numbers FN Fractions, 


contrary, 


Mix'd Numbers are brought into proper Frattions by the fob 
Jawing Rule. 
| Rule. 


Mulciply 7% Integers or whole Numbers with the Denomi- 
nator of the given Fraction, and to their Product Add the. 
Numerator, the Sum will be the Numerator of the Fractiou 
tequired. | „ 


Example. 9% by the Rule will become ?. For =. 
And, 474 = the improper „ heh, 
Again, 137 will become 2. For 13X15="% 
And ===. And fo for any other as occation requires 
Jo find the true Value of any proper Fraftioz given is 
on ch C-ouyeris of fh Kue. For if '; Sof as before is 
Lzxidens: 


I 


— SCOTT er — ommnna—s — * 0 

Thap. 4 Ot Uuigar Fans 
evident: Then it follows that if 49 be Divided by 5, the 
Quotient will give 99. And if 206 be Divided by 15, it will 


give 1377, Sc. conſequently it follows, Thar 


If the Numerator of any improper Fraction be Divided Ly its 


Denominator, he Quotient will diſcover the true Value of that 
Fraction. b 
| Examples. 
$5 —=5. And *z=45. a Gg. Or 131, Ge. 
When whole Numbers are to be expreſs d Fraction-wiſe, it is 
but giving them an Unit for a Denzominator. Thus 45 is 7 
9132, and 25 is T, Ge. ; | 


— _ 
— 
— 


Sect. 4. To Abbreviate or Reduce Fractions into tir 
Loweſt or Leaſt Denomination. 


This is done, not out of any Neceſſity, but for the more con. 
venient — of ſuch Fractions as are either propoſed in 
large Terms, or ſwell into ſuch, either by Addition or otherwiſe : 
' Beſides it's moſt like an Artiſt to expreſs or ſet down all Factions 
in the loweſt Terms poſlible ; And to perform that, it will be 
neceſſary to conſider of theſe following Propoſitions. 


Numbers are either Prime or Compoſed, 


1. A Prime Number is that which can only be Meaſured by 
an Lit. Euclid 7. Defiu. 11. 
That is, 3, 5, 7, TI, 13, 17, Se. are faid to be Prime Num- 
bers, becauſe tis not poſſible to Divide them into equal Parts by 
any other Number but Unify or 1. : 

2. Numbers Prime the one to the other, are ſuch as only an 
_ doth Meaſure, being their common Meaſure. Euclid 7. 
Defin. 12. 


For inſtance, 7 and 13 are Prime Nizmbers to each other, 


becauſe they cannot be divided by any Number but an Unit. 
And. 9 and 14 are alſo Prime Numbers to each other, for altho 
3 will Meaſure or Divide ꝙ without leaving a Remainder, yet 
3 will not Meaſure 14 without leaving a Remainder ; Again, 
altho* 2 will Meaſure 14 without ary Remainder, yet 2 will not 
Meaſure 9 without leaving a Remander, &. 2 

3- A Compoſed Number is that which ſome certain Number 
Meaſureth. Kuclid. y. Defir. 13. 

For inſtance, 15 is a compoſed Number of 3 and 5, for 


5;3==15, conſequeutly 3 or 5 _ july Mea ſure 15. Alſo P 
| e I 


— 


- oo rw oamr rv. * . * „ö 


2 * 


* 
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2 2 ech. 8 Parc 1. 


is compoſed of 5 and, 4 Viz. '5X4=20, therefore 5 and 4 will 
each 7 Meaſure 20. 

I. Nilmbers compoſed the one to the other, are they which 
ſome Number being a common Menſure to them both doth 
Aldeaſure. Euclid 7. Deſiu. 14. 

1 hat is, If Two or more Numbers can be Divided by one 
and the fame Diviſor ; then are thoſe Numbers ſaid: to be com- 
poſed ane to another. df | 

For Inſtance, 14 and 21 are Numbers compoſed the one to 
the other, becauſe they can both be Meaſured or Divided by 7. 
For 7X2 = 14, and 7x3 21, therefore 7 is a common 2 
ro 14 and 21. So that "if 32 were propoſed to be abbreviated, it 
willpecame f. 


7014 2 
Thu 
— Tmu=3 
And how thoſe greateſt common Meaſures may be found 
comes from Euclid 7. prob. 1, 2, 3, and is thus: 


Rule. 


Divide the greater Number 3y the leffer, and that Diviſor by 
be Remainder (if there be l ) and ſo on contiually until 
there be uo Remainder left: 5. hen will that laſt Diviſor te ths 
great: ft Common Meaſure (ard if it happen to be 1, then are 
thoſe Numbers Prime Numbers, ard are already in their 
Low-ft Trins, but if otherwiſe ) Divide he Numbers By that 
loft Divitor, and TOP Quotient will be their Leaſt Terms re- 


4 "tired, 
Example. 


Let it be required to find the greateſt common Meaſure of 72 
aud 108, vi. Or 124 


36) 72 (2 1 Here becauſe there's no Remainder; 
36 is the gteateſt common Meaſure. 


Therefore, 307 72 2 2 Hence 574 72 is Abbreviated 


26)1c8 3 to 3 the I loweſt Terms. 
"Again, To fiud the greareſ common Meaſure of 744 and 899, 


Thus, 


0 — — — — . — 


Thap. 4 Of Aülgat Frait 


Thus, 744) 899 (1 
— T4 


— — — 


155) 744 (4 
620 


ns. 13 


—— I — —— nt 2 
n 


12 0 35 ( 
124 
31) 124 (4 
124 
8 7000000 | 
Here 31 is found to be the prone common ane of 
which 744 and 899 may be Abbreviated to 24 and 29 tb 
Loweſt Terms. | 
Thus, 2) 42 (=, Se. [4 
Note, F the propoſed Numbers be even, they may be brought 
lower by a continued Halving of them, ſo long as they can be 
Halved, viz, Divided by 2. ; | 
i 3 Dae. 
Tis required to Reduce 1s do its leaſt Torms. £2 
| irſt, 2) 42 (=. ain, 3) %: (.. 
This done, rw ny ealily AG that 7 will be the com- 
mon Meaſure to 14 and 21, vix. 4 | 2a (=3, Oc. 0 
If the Numbers propoſed to be Reduced have each a 9 pher, 
y 


or Cyphers Annexed to them, they will be Abbreviated by cut- 
ting off a like Number of Cypbers from both. 
Thus, +42 will be 35. And 22% will bez, Sc. 


e Md anon And 422mg tg fy 


7 7 5 > 4» a" A LY 
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| _ Sect. 5. Addition of Fractions, _ 

What hath been done by the Rules in this Chapter, is chiefly 
to prepare and fit Fractions of different Denominations for 
Addition or Subſtrattion, as Occaſion requires, viz. It pere 


Compound Frattions, they. muſt be Reduced to Simple or Pure 
Fractions, per Rule, Sect. 2. 


If they are of different Denomixations, they muſt be altered 
or chang'd, per Rule, Sect, 2 | x 

That is, all Fractious muſt be brought into one Denomination 
before they can either be Added or Subſiracted, and that being 
done, Addition is thus performed. | 
| Rule, | 

Add together all the Numerators, and their Sum will be a New 
Numerator, ander which Subſcribe the Conimon Denominator. 
Rn: Ns ON Tor hep Wl aro WLe WEEK Exauples 


54 \ Arithmetic, Fart I. 


Examples in ſimple Fractions. | 
Let it be propoſed to Add +, T, and + together. F irſt, 


1 22, Far, and 42. per Sekt. 2. 


Then 23+24 2 the Sum, required, which 
according 1 to Section 3, is 135, Viz. 55 = 155 


Examples in Compound Fractions. 


Let it be required to Add + and + of + into one Sum. 
Firſt + of + becomes f or? per Sl. 1. And (per Se. 2.) 
3.and 2 is r and; Luis Frrf and rf butrf Frets 


the Sum Required, viz. 5+5 of 4 =. 
Examples in Mix o Numbers. 


"Tis required to Add 55 to 7, theſe per Set. 3. will 
+ and 5 But and will become ? and ? per Secl. 2. 
Tben zr, and 2 1= 134 the Sum Required. 
Or you may bring only the Frall ions to one Denomination. 
Thus, 5+ and 7+ will 5 57 and rr. 
Then 5 11 * 7 1275 That i 18, 1374. As before. 


„ 


Seck. 6. bRanion of Ss 


| Subſtract one Numerator From the other ( according 
Rule, A ©* the Queſtion requires) and their Difference will be 
Lo a new Numerator, under which Subſcribe the Common 

or, as in Addition. 


Example 1. | 
Let it be required to take 5 out of . Firſt; and 4 
her Sell. 2. will become 27 and 5+ then + 75 A, 
| that 1 1S, 5 — = As wes requized, 
2 3 
Tis required to Sal ſtrals + + 0 3 from 4+. Firſt, I of 


3=24 per Seft. 1. Again 27 __ 4+ w will become + ITT 
and +. fer Sell. 2, Then r- =. 


| _—_— . 


iy 63... 13 0 4 
Rule S * Again, — — e 
2 0 ws 


r Them HS ett. Oy 
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Chap. 4 Of Aulgat Fractions. 55 
otherwiſe thus : Firſt, 61 = 5, then bring + and 4+ into 
one Denomination, viz. 57= 5453+ and 344=2443. 


Then 5533—333+=25377=224. As before. 


ample. 

Let it be required to Subſtraf? . of £5 of + from 7. 
Firſt, I of 4 of +=-43. And 7=6232. 

Then 6112 —. 45 =61 49=654=7—2 of Z of 2. AS 
was required. 

If theſe few Examples be well underſtood, the whole Buſineſs 
of Adding and Subſtrafting Vulgar Fractions will be eaſy ; 
which is really much more ditticult m perform than either Multi- 
plication or Diviſion, as will appear in the next Section. 


Se&. 7. Multiplication of Fractions, 
In order to perform either Multiplication or Diviſion, you muſt 
prepare the Tzyms to be Multi plied (or Divided) thus; Reduce 
Compound Fractions to Simple ones, per Sect. 1. Bring mii d 
Numbers into improper Fractions, and expreſs H hole Numbers 
Fraction-wiſe, per Sect. 3. Alſo it will be convenient to Abbre- 
viate them to their ſmalleſt Terms when it can be done, Then 
Multi plication may be thus performed. ; | 
Multiply the Numerators one into another for a | 
Rule. New Namerator ; and the Denominators ove into _:' - 
C another for a New Denominator. As ix theſe . ©» 
1. The Produłt of + into F. That is, $34=7+. 
2. And the Product of 22 into 35=53%. Or.. 
. Again, the Product of into + of A. Or 5+: 
er + of gf. Then deff z. r 
4. Let it be Required to Multiply 6 with 33. Theſe 
prepared for the Work will ſtand thus. KJ. | 
Viz. 6=5 and 37 =. Then £X2=345, or 207. 
Or, otherwiſe, thus 6X3=18. And &= F = . 
Then 182, 20. A before. . 
5. Let it be Required to Multiply 7% with 55. 
Firſt 72 =, and 54=423. Then <7X43=853<= 4035. 
Now the Reaſon of this Rule for Multi plying ¶ Fractions, « 
and conſequently of theſe Operations, and all gigs (formed by 


u; will be linen tron gale folowings vie. 


- 
£ 


— > — r 


* 
9 #4 9 = A * * 
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_—— RC — a ** x 
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Vi. If be Hale with ; according to the Rule, their 


Product will be . But *5=8. | 
Now 4=2, and }=4 per Sect 3. But 4X2=8. Ergo, &c. 


—Þ__ 


Sea. 8. Diviſion of Fractions. 


The Factions being firſt prepared as before directed, Diviſion 
may be thus performed: Ia: | | 
© Multiply the Numerator of the Dividend ito the 
Rule Denominator of the Dividing Fraction for a New 
Numerator: Aud Multiply the other Numerator an 
Denominator together for a New Denominator. 
Examples. 
1. Let ;* be Divided by 3, viz. ), 4017: : the Quotient. 
That is, according to the Rule G2 ͤ the new Numerator, 
and 35 x 3 2105, the new Denominator, &c. as above. 
2. Let it be required to Divide 3 by, 1, viz. ,3):2(2t2—17. 
For 12X20=240. the new Numerator, and 27X5=135 the 
new Denominator. E Se 
3. Suppole it were required to Divide +: by + of +. 
42+: Firſt, + of FH. Then +2);3G r. | 
For 202 f, and 3;="}. Then ;) : (s the 
W . | 
- 5. Let it be Required to Divide 4055 by 55. 
Firſt, 4054=**34, and 5 . Then 3.402322 
But 2. = the true Quotient Required. 5 
6. Suppoſe it were Required to Divide 13 by . 
Firſt, 13='4. Then 5) {(*;=18;, the Quotient. 
7. Again, let it be Required to Divide + by 6. 


Viz. TN for the Quotient Required. 


N. B. From hence you may obſerve, that when any Whole 
Number 7s Divided 5 4 Fraction Leſs than Unity or 1, he 
Quotient will be Greater than the Number propos'd to be Divi- 
ded: But if any Fraction be Divided % 4 Whole Number, 
greater than 1, Then the Quotient will be Leſs than the Divi- 
dend: 4 the two laſt Examples. i 

| —_—— 
A 


* 


. * 
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As to the Reaſon (or Proof ) of this Rule for Dividing 
Fractions: Tis only the Converſe to that of Multiplication, and 
will be very evident from this following. | 
Let ** be Divided by t. Which according to the Rule is 
thus, 1) 44 (7%, =4. The true Quotient. Now *3=8, And 
+ —2. per Sect. 3. Conſequently ++ Divided by 4 is but the 
ſame with 8 Divided by 2. viz. 2.) 8 (4 The Quotient as 


before. 


could have inferted Geometrical Demonſtrations, for the 
Rules of Multiplication and Diviſions of Fractions; but ſup- 
poſing the Learner purely unacquainted with thoſe kind of De- 
monſtrations, I thought theſe might be more intelligible to him, 
eſpecially in this place. | 


— 
— 


CHA P. v. 


of Detimal Fractions. 


HEN, or by whom this Excellent Invention of Decimal 
"” Arithmetick, was Firſt introduced is uncertajig ; but 
doubtleſs its Improvements, and the Perfections it's now in; 


26 owing to latter Years. 


Sea. 1. Of Notation. 


In Decimal Frafions, the Integer or Whole Thing (whether 
it be Coin, Height, Meaſure, or Time, &c.) is ſupposd to be 
Divided into Tex equal Parts ; and every one of thoſe T-z 
Parts are ſ:ppoſed to be Subdivided into other Tex Equal Parts, 
&c. ad infinitum. pon | | 
The Ixteger being thus Divided ( 2 ) into 10, 
109, 1000, 10000, Oc. Equal Parts, becomes the Denominator 
to the Decimal Fraction. | 

| Thus, . ts, . 2. 1, Tc. | 

| Now theſe Denominators are ſeldom or never ſer down, but 

only the Numerators ; and thoſe are either diſtinguiſhed, or 
ſeparated from hole Numbers by a Point or aComma. 

Thus, 5,4 is 534. and 9,7 is z. 35,05 is 35, Cc. 

But before we proceed further in Notation, it will be conveni- 
ent for the Learner to conſider of the following Table, taken 
out of the learned Mr. O#ghtred's Clavis Mathematica) which 


hes the very Foundation ot Decimal Fractions. * 
5 e 


7 
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5 N. Hole Nunters, Decimal Parts. 
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” By this Table it is evident, that as in 


17 
= 


Wide Numbers ot 
Trtegers, every Degree from the. Units Place increaſes towards 
the Jef hand by a Ten- fold Proportion So in Decimal Parts 
every Degree is decreaſed towards the right-hand by the fame 


Proportion, viz. by Tens. 


I! herefore theſe Decimal Parts or FraGions, are really more 
Homogeneal, or agreeing with hole Numbers, than Vulgar 
Fractions; for indeed all plain Numbers are in effect but De. 


cimal Parts one to another. IB 
That is, ſuppoſe any Series of Equal Numbers, as 444, Sc. 
The firſt 4 towards the Left is Te times the Value of the 4 in 
the middle, and that 4 in the middle is Tz» times the Value of 
the laſt 4 to the Right of it, and but the T2»th Part of that 4 on 
the Left, Sc. | | ; | 3 .; 
Therefore all or any of them may be taken either as Integers, 
or Parts of an Jute ger: If Integers, then they muſt be ſet down 


without any Comma or Separating Point betwixt them thus, 4.44 
But if Þtegers, and one Part or Fraction, put a Comma betwixt 


them thus, +4 which ſignifies 44 V hole Numbers, and 4 Texths 
of an Lit: 
them with a Comma thus, 4,44 viz, 4 Units, an 
Parts of an Unit, &c. by AEDT 
From hence (duly compared with the Table) it will be eaſy 
to conceive that Decimal Parts take theic Denomination from 
the Place of their laſt Figure, 5 


44 Hundred 


& 


« © 


* 


F 


GE ind eng 8 I 

TY | . bie 

That 5 56 0 Parts of an Unit, &c. 
ö p 6 — _ ** | P 


pre 


gain, if two Places of Parts be as pn.” ſeparate ' 


1 
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Cyphers annex d to Decimal Parts, alter not their Value. 
As, ,50, and ,500, or 5000, Sc. are each but 5 Terths of an 
Unit, For _$2=_5, And £22 =5, Or 5222 =, Per 
Sect, 4. of the laſt, Chapter. 
But Cyphers prefix d to Decimal Parts decreaſe their Value, 
by removing them further from the Comma. 


q | „55 = 5 Tenth Parts. 
Thus, 5 05 = 5 Parts of a Hundred. 


,005 = 5 Parts of a Thouſand. | 
,5005 = 5 Parts of Tex Thouſand, &c. | 
| Conſequently the true Value of all Decimal Parts are known 
their Diſtance from the Urzts Place; the which being once 
4 y underſtood, the reſt will be eaſy. 
— n — — — — — — 
n | ; oe 
Set. 2. AdAifion, and Dubſfracion of Decimals. 
In ſetting down: the propoſed Numbers to be Added, or 
Sul ſtracted, great care muſt be taken in placing every Figure 
directly underneath thoſe of the ſame Value, whether they be 
Mix d Numbers, or Pure Decimal Parts, and to perform that 
you muſt have a due regard to the Comma's, or ſeparating 
+ Points, which ought always to ſtand in a direct Line one under 
another ; and to the Right-hand of them carefully place the 
Decimal Parts, according to their reſpective Values, or Diſtau- 
ces from Unit, | | 
| Add, or Subſtract them as if they were all Whole 
Rok Numbers; and from their Sum or Difference, cut of 
eile. ſo many Decimal Parts as are the moſt in any of the 
given Numbers. | 


Examples in Addition. 


Let it be required to find the Sum of theſe following Numbers, 
viz. 345+65,3-+128,7-4-95+87,8+7,9, which being truly a 
placed, will ſtand | 


34,5 
65,3 

Tha, & 197 
87,8 ; | 5 . 
7.0 


Their Sum required, 419% . 1 
12 Example 


— ER IC. r * = 5 3 
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Let it be required to find the Sum of 25,854-+34,578-+ 9,976 . 
13H07. 49% | 


34557 
9,076 
I 3,907 


83,415 The Sum required. 
When the Decimal Parts propos d to be Added (or Subftratted) 
have not the ſame Number of Places, you may for convenience 
of Operation ſupply or fill up the void Places, by Annexing 
Cyphers. As in theſe Examples. 


Example 3. Example 4. Erample 5. 
45,9705 574678953 0,975042 
50,7580 95796439 745257 

123,0057 78,05 4600 ,000598 
74,7020 $4.789000 800700 
24,8000 ,900000 640530 

— — — — — 

318,3357 Sum 812, 218983 3.162727 


Examples in Subſtraction. 
Let it be Required to find the Difference between 45,375 and 
747,284. | 


Example rx. Example 2. Example 3. 

That 15, From 74,284. From 437,5 F rom 75,0034 
©. Take 45,375 Take 8,557 Take 57875 
Remains 28, 909 347,843 17,1284 


| Example 4. 
Let it be Required to find the Exceſs between 562 and 
93,5784- 


Example 4. Example 5. 
That is, From = , From 3457578 
Take 93, 5784 Take 157, 
The Exceſs 468, 4216 188,7578 


Note, The two laſt Examples are ſuppoſed to be ſupply'd with 
Cyphers, which if actually done would ſtand thus, ON IRE 


562,0000 345,7578 
93,5784 155,0000 


Remains 468,4216 As before, 188,7578 


Example 


4, 
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Example 6. . » Example 7. 
From ©0,54789 From 1,000000 
Take 0,439758 Take 0,997543 

0,108135 5, 002457 


The Proof of Addition and Sub ſtraction in Decimals, is the 
fame with that of I hole Numbers, Page 13, Sc. 


Sect. 3. Multiplication of Decimals, 


Whether the Factors or Numbers to be Multiplied are pure 
Decimals, or Mix'd. Multiply them as if they were all hole 
Numbers, and for the true Value of their Product obſerve this 
Keile. a 

Cut off (viz. ſeparate with a Comma) ſo many Places 
Rule, , of Decimal Parts i» ths Product, as there are in both 
C the Factors accounted together. As in theſe. 


Example 1. Example 2. 
3024 | 32,12 
2,23 2453 
9072 9636 
6 048 12848 
6 048 6424 


674352 780.516 

The Reaſon why ſuch a Number of Decimal Parts muſt be 
cut off in the Product, may be eafily deduced from theſe 
Examples. Thus, 

In Example 1. Tis evident, that 3, the whole Number in the 
Multiplicand, being Multi plied with 2, the whole Number in 
the Multiplier; can produce but 6 (viz. 3X2==5.) So that of 
neceſſity all the other Figures in the Product muſt be Decimal. 
Parts; according as the Rule directs. | 
Or, the Rule is evident from the Multi plication of M hole 
Numbers only: Thus, ſuppoſe 3509 were to be Multiplied with 
200, their Product will be 655595903 That is, there will be 
ſo many Cyphers in the Product, as are in both the Factors, 
(Vide Page 18.) Now if, inſtead of thoſe Cyphers in the Factors, 
we l the like Number of Decimal Parts; then it follows, 
that there ought to be the ſame Number of Decimal Parts in the 
Product, as there were Cyphers in the Factors. | 

Again, the Rule may be otherwiſe made evident from 
Vu. gar Frattions, thus: Let 32,12 be Malfiplied with 23 

T | ries | 55 al 


—ů—— — — . — . 
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| and their Produci will be 780, 5 16 as in Example 2. above. 
Now 32, 12; T22. and 24,3 2473. which bein 
brought into Improper Fractions (per Sect. 3. Page * 
will become 32 == 8. and 24 . 
Then 13K 32 711534. per Sect. 7. Page 55. 
But 1222780128. viz. 780,516, 
Any of theſe Three Ways do, I preſume, ſufficiently prove the 
Truth of the aboveſaid Rule, &c. | 


Example 3. Example 4. 
78,546 5745 
436 „0675 
471276 28725 
235638 40215 
31418 4 34470 SF 
36246,054 387,7875 


N. B. It ſometimes falls out in Multiplying Parts with. Parts, 
that there will not be ſo many Figures in the Product, as there 
ought to be plates of Decimal Parts by the Rule: In that Caſe 
Jon muſt ſupply their Defect by ale Cyphers to the Pro- 

duct; as in theſe Examples. „ 


Example 5. Example 6. 
2365 0347 
11825 | 2082 BE 
7095 1041 * 4 
9460 094 _- 
E * ,00081892 
205758775 


When any propoſed Number of Decimals is to be Multiplied. 
with 10 . 100 . 1000 . 10000, Sc. "Tis only Remoying the ' * 


ſeparating Point in the Multiplicand, ſo many places towards the 


Right-hand, as there are Cyphers in the Multiplier. 
Thus, ,578X10=5,78. And, 578K 10 257,8. 
Again, »578X1090.=578. Or, ,578X10099==5789. 


* 
- 
at i 
1 


Theſe 


N og 
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Theſe _ being conſider d, it will be eaſy to Maltiply 
a 


Decimals, determine their true Products. As in theſe fol- 
lowing Examples. 


57,956 Multiplied into 0,578 will Produce 32,978368 
7,0543 into 5,4246 will Produce 41,52151578 
0,56879 X 0,05674 --0,0322731446 
0,03246 X 0,02364==0,0007672544 
87649 X 0,03687—3231,61863 
94,35786 X 6, 57869 =620,7511100034. 
35141592 X 52,7438 2 165,69 95001296 


Now it oftentimes happens, that it will be needleſs to expreſs 
all the Figures of the Product at large, (eſpecially, when the, 
Factors have each of them many places of Decimal Parts, as in 
the Two laſt Examples) only ſo many of them as may ſuffice 
for the intended Deſign ; and yet the Product may be as true to 
ſo many Figures as are retained, as if the Factors had been 
Multi plied at Large. And ſuch Compendious Contractions are 
not only of curioſity, but may alſo be found of great eaſe and 
uſe to the Ingenious Practitioner; eſpecially in Reſolving Ad- 
ſected Æquations, or in calculating of Trigonome trical Problems 
by the Natural Sines and Tungents, &c. All which may be 
thus perform'd. 

Vis. Set the Units place of the Multiplier dire diy underneath 
that Figure of the Multiplicand, whoſe place you intend to keep 
n the Produet : Aud place all the other Figures of the Multiplier 
i a quite contrary order to the uſual way. Then in Multiffying 


| Always begin at that Figure of the Multiplicand which ſtands 


over the Figure wherewith you are then a Multiplying, ſetting 
_ down the Firſt Figure of each particular Product, directly 


underneath one another; yet herein you muſt have a due regard 
= to the Increaſe which would ariſe out of the Two next Figures 
do th: KRighi-hand of that Figure in the Multiplicand which you 


A then begin with. 


Example. 


Let it be required to Multiply 2,14t592 with $2;7438 and 
let there be _ Four places of Dona Parts 1 % the 
Product. | 
If the propoſed Numbers were to be Multiplied at Large 
_ they muſt ſtand in a direct Order as uſual. 3 
\ us - 


Arithmetick. ken E 
Rt 2,141592 f And would produce Ten places of 
Thus 4 52,7438 parts, as in the laft Example. 


Baut being tis required to have only Four places of theſe parts 
in = Product, f.s them down as before directed, and they will 

fla: 

| „141592 The Aultiplicand placed as before. 

ds 3309.35 The Multiplier in a reverſe Order. 


I 70796 The Product with 5, regard had to 5 times 2. 
5 The Product with ' — with Hem 
21991] Product with 7, increaſed with 59 9X7» 
1257] Product with 4, increaſed with 1X4-+-5X4-+ 
94 Product with 3, increaſed with 4X3. 


25] Product with 8, increaſed with 4Xx8-+-1X8. 
165,995 The true Product as was required. 


The Reaſon of this Contraction is very obvious from the 
whcle Operation wrought at large. 
| Th 37¹ 41 592 | 
8 5277438 
251¹ 32736 From hence it's evident that all the Figures 
94124776 ix th! Square to the Righi- hand, are wholly 
125616368 omitted in the former Contrattion ; And 
2 19911144 | that the Loft fingle Product here, is the 


6 283 1184. Firft there ; conſequently the Reaſon of 
157 07962 Placing the Multiplier zu a reverſe Order, 
769,995 01296 mu ſt needs appear very plain. 


Example 3. 


Snppoſe it were required to Multipiy 257,356 with 76,48 
and to have only the entire Produtt of 8 f 


257,356 | 3 257,356 
84.67 The ſame at large. 3 57576 
18015 | 20058848 
1544 | . 1920424 
202 15440136 
1 "6 1801402 
1968. 19682, 58688 


1 he chiefeſt Care and Difficulty that attends theſe Contractions, 
is the true ſetting down of rhe Urzts place in the Multiplier 
undergeath the proper Figure of the Multiplicand, according to 
the defign'd Product, 7 Iz 
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Viz. In Example 1. It was required to have Four places of 
Decimal Parts in the Product; therefore the Units place of the 
Multiplier was ſet under the Fourth place of Decimals in the 
Multiplicand: And in Example 2, becauſe it was requir'd to 
have an entire Product of Integers only; therfore the Units 
plece of the Multiplier was ſet under the Units place of the 
Multiplicand, This, I fay, being once Rightly underſtood, will 
render the Method eaſy in Practice, 


n 


n —_—_ 


Set. Diviſion of Decimals: 

Diviſion is accounted the moſt difficult part of Decimal Arith- 

metick : In order therefore to make it plain and eaſy, it will be 
convenient to reſume what has been faid in Page 25. 


CO —— 


Degree with that Figure of the Dividend, under which 
ihe Units place of its Product ſtands. 
As for Inſtance, Let 294 be Divided by 4. 


| | 5 This is not 7 but 70, becouſe the Units 
4) 294 (7 place of 4 x 7 ſtands under the I= place 
: 28 Cof the Dividend | | 


14 (3 But this is only 3. 
12 


V; The Quotient Figure is always of the ame Value or 
Viz, 


Remains (2) Hence 733 is the Quotient. | Eatery 

Now if to the Remainder 2 there be Annexed a Cypher, thus; 
2,0, and then Divided on, it muſt needs follow that the Urzts place 
of the Produ ariſing from the Diviſor into the Quotient, will 
ſtand under the Annexed Cypher; conſequently the Quotzert 
F;gure will be of the ſame Value or Degree with the place of that 
Cypher: But thacs the next below the Urits place, therefore the 
Cuotient Figure is of the next Degree or Place below Unity; 
That is, in che Firſt place of Decimal Parts. 


| Thus 4) 2,0 (5 55 
Do that 4) 294,0 (73,6 the true Quotient required, s _ 
This being well underſtood; Diviſion of Deczmals may (in all | 
the various Cafes ) be eaſily performed. However, that it may 
be render d plain and eaſy even to the meaneſt Capacity, if poſfible ; 
Let Diviſioz: be again defin'd, as - Page 21. Vis 
12. 
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3.141592 And would produce Ten places of 
Thus 4 52,7438 parts, as in the laſt Example. 


But being tis required to have only Four places of thoſe parts 
in 1 Product, ff. them down as before directed, and they will 
fi 

,141592 The Multiplicand placed as before. 
Ibn 8 The Multiplier in a reverſe Order. 


1570796} The Product with 5, regard had to 5 times 2. 
62832] The Product with 2, increaſed with 9X2. 
21991] Product with 7, increaſed with 5X7-+ 9X7» 

1257] Product with 4, increaſed with 1X4-+-5X4- 
94 Product with 3, increaſed with 4X3. 
25 Product with 8, increaſed with 4X8--1X8. 


165,995 The true Product as was required. 


The Reaſon of this Contraction is very obvious from the 
whcle Operation wrought at large. | 
Thu 371 41 59 2 

4 52,7438 
2511 32736 From hence it's evident that all the Figures 
94124776 i the Square to the Right-hand, are wholly 
125666368 omitted in the former Contraction; And 
2 1991]144 that the Laft fing'e Product here, is the 


6 283 1184. Firſt there ; conſequently the Reaſon of 
157 O9 Placing the Mukiplier zu a reverſe Order, 


muſt needs appear very plain. 
Example 3. 


Snppoſe it were required to Awitiply 257,356 with 76,48 
and to have only the entire Product of jt k 


105,6995Þ01296 


257,356 EY 257,356 
84767 The ſame at large. 3 7578 
180151 5 20058848 
1544 | . 1920424 
293 15441130 
3 * 180142 
1868. 19682, 58688 


1 he chiefeſt Care and Difficulty that attends theſe Contractions, 
is the true ſetting down of the Uzzts place in the Multiplier 
undergeath the proper Figure of the Maltiplicaud, according to 
the defign'd Product, 7 Viz; 
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.__ 


Viz. In Example 1. It was required to have Four places of 
Decimal Parts in the Product; therefore the Units place of the 
Multiplier was ſet under the Fourth place of Decimals in the 
Multiplicand: And in Example 2, becauſe it was requir'd to 
have an entire Product of Integers only; therfore the Units 
plece of the Multiplier was ſet under the Units place of the 
Multiplicand, This, I ſay, being once Rightly underſtood, will 
render the Method eaſy in Practice. 


— 


** 


2»„( A 


Sect. Diviſion of Decimals. 


Diviſion is accounted the moſt difficult part of Decimal Arith- 
3 metick: In order therefore to make it plain and eaſy, it will be 
convenient to reſume what has been faid in Page 25. 


Degree with that Figure of the Dividend, ander which 
the Units place of its Product ſtands, 


As for Inſtance, Let 294 be Divided by 4. 
5 This is not 7 but 70, becouſe the Units 
place of 4 x 7 ſtands under the T>-z5 place 
> Cof the Dividend 
14 (3 But this is only 3. 
12 


v. 5 The Quotient Figure is always of the ame Value or 
Viz, 


* 


4) 294 (7 
28 


Remains (2) Hence 733 is the Quotient. | OT 

Now if to the Remainder 2 there be Annexed a Cypher, thus, 
2,9, and then Divided on, it muſt needs follow that the Uxits place 
of the Product ariſing from the Diviſor into the Quotient, will 
ſtand under the Annexed Cypher; conſequently the Quotzert 
Figure will be of the ſame Value or Degree with the place of that 
Cypher: But rhac's the next below the Urits place, therefore the 
Quotient Figure is of the next Degree or Place below Unity ; 
That is, in the Firſt place of Decimal Parts. 


| $0 4)-230 178 

Jo that 4) 294,0 (73,6 the true Quotient required. Fe 
This being well underſtgod ; Diviſion of Decimals may (in all | 

the various Cafes ) be eaſily performed. However, that it may 

be render d plain and eaſy even to the meaneſt Capacity, if poſſible; 

Let Diviſion be again defin'd, as P Page 21. Vis 


* — 
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Viz. If that Number which Divides another, be Multiplied 
with the Number which is produced, their Product will be the 
Number Divided. | 

This Definition alone (if compar'd with the Rule, Page 61.) 
will afford a General Rule for diſcovering the true Value of the 
Quotient Figure in Diviſion of Decimals. 


tient, being counted together, muſt always be equal in 


Number with thoſe in the Dividend. And from this 


The place of Decimal Parts in the Diviſor and Quo- 
= 


General Rule ariſeth four Caſes. 
Caſe 1. When the places of Parts in the Diviſor and Dividend 
are Equal, the Quotient will be the whole Numbers. 


| As in theſe Examples. 
8,45) 295375 (35 0,0078) ,4368 (56 
2535 — 
42 25 468 
. 458 
(0) 3 (0) 


Caſe 2. When the Places of Parts in the Dividend exceed 
thoſe in the Diviſor ; cut off the Exceſs for Decimal Parts in 
the Quotient. As in theſe Examples. 


24.30 780,516 (32,12 436) 34246,056 (78,546 
Wk 4 £ 8 
515 3726 
86 3488 
291 2380 
243 2180 
485 „5340 330438 (57, 2005 
486 2670 1744 
— — — — — — 
0 3738 228616 
| 3738 2616 
Ii MT. 


Caſe + When there are not fo many Places of Parts in the 
Dividend, as are in the Diviſor; Annex Cyphers to the Divi- 
dend to make them equal, Then will the Guottent be whole 
Numbers, as in Caſe 1. On is 


Examples, 


— Ot rl — 
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Examples. | 
Let it be required to Divide 192,1 by 7,684, And 441 by ,7875 
7,084) 192,100 (25 57875) 441,0000 (569 
153 68 393 75 _ 
38 420 | 47 259 
38 420 47 250 
(0) (0) 


Caſe 4. If after Diviſion is finiſhed, there are not ſo many 
Figures in the Quotient, as there ought to be Places of Parts by 
the General Rule; ſupply their defect by prefixing Cyphers to it, 


Example. 
Let it be required to Divide 7,25406 by 957. 
957) 27,5406 (00758 the true Quotient required. 
Re 7 | 


— — — 


5550 Again ,575) ,0007475 (,0013 
"5 i 
7656 1725 
25 172 
(0) (0) 


Note, When Decimal Numbers are to be Divided by 10, 190. 
| 1000. IO000., Sc. that is, when the Diviſor is an Unit with 
1 Cyphers ; Diviſion is performed by Removing or Placing the 
; ſeperating point in the Dividend, ſo many places towards the 


| Left-hand, as there are Cyphers in the Diviſor. 

i | Example, 

p 10) 5784 (578,4 100) 578 4 (57,8 
1000) 5784 (5,784 10909) 578,4 (,95784 


Note, Theſe Operations are the direct Converſe to thoſe in p. 62 ö 


I preſume it needleſs to give more Ex amp/es at Large, only inſert 
a few Dividends, and Diviſors, with their Quotienis; wherein 
ave contained all the Varieties that can happen in Div ſioꝝ or Deci- 


mals. 
574) 493 066 (859 374) 49,3066 (8,59 
574.) 483,066 („859 5740 403066, 0 (859 
574) 49,3066 (50859 0574) 493,0665 (8590 


1) 4930,66 (8 „057% „493066 (8,59 
$74) 493,66 (859 K : 574) 5493 3 There 


ws ” 


* F 4 
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There is alſo a compendious way of Contracting Diviſior ; 
Like unto that of Multi plication, Page 64. by which much La- 
bour may be ſaved ; Eſpecially when the Diviſor hath many Places 
of Decimal Parts in it: And it's thus performed. | 

Having determined how many Places of Whole Numbers there 
will be in the Quotient, if any at all; or if none, of what value or 
place the firſt Figure in the Quotient will be: Then omit, or 
prick Off one Figure of the Diviſor at each Operation; viz. for 
every Figure you place in the Quetiert, prick Off one in the 
Diviſor ; having a due and to the Increaſe which would ariſe 
from the Eigure ſo omitted, 8 


Example. | 
Let it be required to Divide 70,23 by 7, 9863. 


The Work Contracted. | The fane at Length 
779863) 70,2300 (8,7938 | | 779863) 70,2300 (8,7938 
* . . 03 8984 . 63 890 44 
6 3396 3390 
5 5994 1 
7492 7491190 
718 7187167 
30 3040230 
23 258685 
6 646410 
_64 ED 
(2) | 0 506 


The Work Contracted I preſume is ſo obvious (if compared 
with the fame at Large) that it's needleſs to give any farther 
Explanation of it, : *- OL e | 


| Seat. 5. To Reduce Uulgar Fractions into Decimals, 
42 ad the contrary. ER #4 


Any Vulgay Fraftion being given, it may be Reduced, or rather 
ged into Decimal Parts Equivalent to it. Thus © 


Annex Cyphers to the Numerator, and then Divide it 

Rule ty the Denominator, the Quotient will be the Decimal 
D ) Farts Equivalent to the given Fraction; or at leaſt ſo near 
it as may be thought neceſſary to approach. © 

| — JFC 


9 
2 
* 4 


| 


— AD oo 
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"7 „ le. 


"Tis required to Charge or ; ply + into Decimals. 
4) 3,90 ( 7 Nh he Degimal Parts required. 


F t is, Tr 575. 
Again 1=,5 Thus 2) 1,0 (,5 And 4 , 25 4) 1,00 (,25 

Suppoſe it were required to Change + into Decimals, 

7) 4,0900000000 ( 15714285714 e =. 

Note, When the laſt Fiſure of the Diuiſor (That is, the 
Denomi nator of the propoſed Frafzor: ) happens to be one of theſe 
Figures; viz. 1. 3. 7. or 9 . (as in the Example) then the 
Decimal Parts can never be preciſely Equal to the given Fraction; 
yet by continuing the Diviſion on, you may bring them to be very 
near the Truth. As in this 3 ; Suppoſe it was required to 
Change 5+ into Decimal Parts. | 


T 


13) 1,0000 (,07692307692307 Se, ad infinitum. 


91 . * 
/ - | That is, 0,07692307692307 =, } fere. 
7 
120 And from hence it may be farther 
117 obſerved ; That in theſe imperfect 
" Quotients, the Figures do return again 
* and circulate in the ſame order as be- 
26 fore: As you may eaſily perceive they 
40 begin to do in the ſeventh place of 
29 both theſe laſt Examples. 5 5 
| 10 
5 &c. As at firſt. 


5 Theſe being underſtood, it will be eaſy to find the Decimal 
Parts Equivalent to any known Part or Parts of Coins, Weights, 
bi Meaſures, or Time, &c. If your Firſt Reduce the given Farts 
of Goin, &c. into 4 Vulgar Fraction, whoſe Denominator is the 
Number of thoſe known Parts contained in the Integer, and the 
þ given Parts its Wumerator. | 


Examples in Coin, c. 
1. Let it be Required to find the Decima!s of 16 5s. 6 L. 
Firſt 16 S 5, of one Pound, and 64. - 4½ of 17. 
But 15 —,;==33, Then 40) 33,000 („825 the Decimal Parts 
6 a | 


* 


Required : That is, 825==16 f. 64, 
Again, Suppoſe it were Required to find the Decimals Equal 
bo 3 J. 13 5. 44d. VV 8 


7 I 
* 2 q * * * 7 * + . . 1 — 
7 x" gr 5 * A 
. 0 2 . » 0 5 1 
r r - 
x v l bet OS : * 2 


IE 
* 


1 3 
4 * 
x ny * 


Hexe 


S* 


4 
a 
Dn 
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Here 3 J. is 3 Integers, and 13$s.—=330t 1/. and 44 = ,4.. 
But 1, 4, 742. Then 240). 160,000 (3, 666666, Sc. 
Hence 3 J. 135. 4 d. 3, 666666, Sc. As was required. 

2. What are the Decimals equal to 74 Inches, one Foot being 
made the Integer. | 

Firſt, 7 Inches are ,7 of 1 Foot, and J of 1 Inch are 3. 

But ,3+,j=4;. Then 48) 31,000 ( 54583 c.=7 4 Inches, 

3. Let it be Required to Change 8 Oz. 19 Put, 8 Grains into 
Decimals ; one Pound Troy being the Iuteger. 

Theſe being Reduced into their leaſt Terms, and Added to- 
gether, will become £324 of 1 Pound. l 

Then 5760) 4304, 00 (74722, Sc. The Decimals required. 
And thus may any propoſed Parts of Coin, Weights, Meaſures, 
&c. be Reduced or Changed into Decimal Parts; which perhaps 
may at firſt ſeem ſomewhat tedious in Practice, but being a little 
acquainted with them it will be found very eaſy ; and the ingenious 
Practitioner will (with a little Conſideration) ſoon find how to 
Reduce them almoſt mentally ; or with the help of a very few Fi- 
Sures; without the Uſe of ſuch large Tables as are uſually inſerted 

in Books of Decimal Arithmetict, or at moſt they may be contracted 
into ſuch as theſe following; which if duly applied to thoſe Tables 
in Chap. 3. will be found very uſeful. 


De cl mal Table S. 


[ In Engliſh Coin. Averaupois Weight, | 
. 0,05 0000.00 — | 0,0625 #0 669 Ounce. , 
0,0046667==1 d. 0,00390625=1 Drachm. | 
0,0014167 =1 Farthing. | I, lb being the Integer. 

1, J. being the Integer. | 

Troy Weight | | Averdupois Great Weight. | 
. „ + 
0,00208333=1 Grain. | ©,00892857=1 bb. 

I, Oz. being the Integer, | | 0,00055803=1 Cunce. 
| I, C. being the Int, ger. | 
Apothecaries Weight, T ime. 
0,125. <7 = Dratbmn -.. o, 4166667 1 Hour. 
0,4166667 21 Scruple. 0,00069444=1 Minute. 
„00288333 1 Grain. 0,0000115J—I Second. 
I, O. being the Integer. | 1, Day or 24 Hours being my 


| the [nteger. Ky. 
The Uſe of theſe Tables will be evident by ths following 
: Example. 
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Pp | 
Let it be Requird to find the Decima! Parts Equivalent to 
17 8. 94, 2 Farthings. 
Firſt 0,05=1 s. Therefore 175 , 85. ! .;=17 5. 
And ,4004166==1 d. Therefore ,004166X9=,037494=9 d. 
| Alſo 2), 004166 (=,002083=3 d. 


Conſequently their Sum, viz. o, 88 57 174. id. 
Now to find the Value of Decimals, in known Parts of Coin 
or Weights, &c. is only the Converſe of the former Work. And 
is thus performed. 
Multiply the given Decimals with the Denominator of the Vul- 
gar Fraction required: That is, Multiply the Decimals with ſuch 
a Uumber of Units as are contained in the next Lower De- 
nomination of that Kind or Species which your Decimal js of : 
And the Product will. be the Number required, 


| Example. 
1. What is the Value of 0,825 Decimals of 1 Pound Sterling. 
That is, how many Shillings, Pence, &c. , 825, Firſt, the next 
Lower Denomination is 20, becauſe 20 5. make one Pound, 
Therefore 0,825 | 
20 


S hillings 16,599 And Parts of 1 Shilling, 
I2 


| Pence 6,000 Anſwer o, 825 16 C. 6d. 
Again, What are the known Parts of Eugliſp Coin Equal to 
3,6566666 Decimals. N 
Here the 3 Iuxtegers are 4 Pounds. Then 666666 


9 
Shillings 13, 333320 
HRS + | 


———_— — 


Anſwer 3,666656=31. 13 5s. 4d. "666640 
— -- 
| Pence . 3,999840 
What is the Value of 0,74722 Parts of 1 Ib Toy. 
Firſt, ,74722 Then, ,96664, Again, ,33280 
I2 _ WF 
149444 Puts. 19,33 280 13312 
7722 | 6656 
Oz. 8,9666 Oz. Pt. Gr. 77598720 


4 heſe Collected are 8. 79, B. very near _ And 


» 
— — — 2 OO 
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And thus any propoſed Number of Decimals may be turn d 
or chang d into the known Parts of what they repreſent, 
viz, Whether they be Parts of Coin, Weights, Meaſure, or 
Tine, &c. 

I have omitted inſerting more Examples of this kind, becauſe 
I take the Excellency, and indeed the chief Uſe of Decimal 
Frattions to conſiſt more in Geometrical Computations than in 
the Common or PraQtical Parts of Arithmetick (as will appear 
further on) although even in thoſe they are very uſeful upon 
ſeveral Accounts; Eſpecially in the Computations of Intereſt and 
Annuities, &c. {But of that more in its proper Place.) I ſhall 
therefore conclude this Chapter with a Remark or Two upon the 
Nature and Properties of Fractions in General. 

If any given 54 (whether it be I hole or Mix d) be 
Multi plied with a Faction either Vulgar or Decimal, the 
Produtt will be Leſs than the Multi plicand, in ſuch a Propor- 

tion, as the Multiplying Fraction is Leſs than an Unite or 1. 
That is, as the Denominator of the Fraction ic to its Nume- 
rator; ſo will the given Number be to the Product. 

Therefore, whenever any Number is to be Multiplied with a 
Frattion, whoſe Numerator is an Unit Divide that Number by 
the Derominator of the Fratiion,, and the Qzotiert will be the 
Produtt required. Thus 12 223. And 12=4=3. Aain, 
I2x3z=6. And 12=2=6, Sc. 

Frem hence it follows, that if any Number be Divided by a 
Fraftion, the Quotient will be greater than the Dz7vidend, by 
fuch a Proportion as Unity is greater than the Dividing Fraction. 

Thus 12.248, viz. : 1: 12: 48, Sc. Bur the Truth 
of theſe will be beſt underſtood after. the next Chapter, 


— — 


CHAP, VL 


Of Confinued Propoſitions, and how to Change or Vary the 
Order of Things. i 


Sect. I, Concerning Arithmetical Progreſfion 5 uſually called 
Arithmetical Proportion Continued. | 


W HEN any Razk or Series of Numbers do either Increaſe 


or Decreaſe by an Equrl Interval or Common Difference; 
thoſe Numbers are ſaid to be in Arithmetical Progreſſion. 


A 


x 


* @ © . 
__ —_ 
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5 25 7 Sc. $4 Here the Juterval or 
1. Common Difference is 1. 
8. wy 12 I4. 8 5 7 Here the Common 
7 "uy. « Be: Di fferente is. 2. 

any El Series, whole Colmen Difference is 


Lemma ta. 
If any Three Numbers be in Arithmetical Progrofivi; the 
Sum of the two Extreams ( viz. the Firſt and Laſt) will be 
equal to the Double of the Mean 7 middle Number. 


As in theſe, 2 . 4-6. Or 3 18. Or 3. N 
Viz. 2+6=4+4 Or 1 15; And Wi Ec. 
Lemma 2. 

If any Four Numbers are in Arithmetical Progreſſion, * Sum of 
the Two Extreams will be Equal to the Sum of the Tw O Means. 

As in theſe, 2:4: 6.8. Or 3. 6. 9 12- 

Via. 248=4 +6. And 3+12==6-+-9- Bo 

Corollary. 1. 

From theſe two Lemma's it's eaſy to conceive, that if neber 
fo many Numbers be in 8 8 the Sum of the 
Two Extreams will be Equal to the Sum of any Two a | 
that are Fqually TI rom ON Extreams. 

As in theſe, 2 - OS "Is 


Then 3 8 1 ö 
* 10 he oy wg of my be odd as theſe, 


2 L han 1 14 18. Ge. 
Thea 2-+18=4+ 16=6+14= 8412=10 Pie 
Lemma 3. 


Every Series of Wundert in Arithmetical-Progre/ſiou is Compo- 
ſed of the Ixterval or Common Difference, ſo often repeated as 
there are Nrms in the Progreſſion, except the Firſt. 

As ini theſe, 1. 325. L 9: 11, 13. 15. 17. Ge. 

Here che rterval or Common Differente being Two, it will | 
be i+2=3 3+2=5 5$+2=7.. 74+2=9 9+2=it- 


rh 13+2=zI5. une. 


Corollary 2. 3 
Heuce it's 7770 that the Difference betwixt the 105 Ex- 


detams (viz. 1 and 17) 75 com onto of the Common Difference, Mul- 


tiflied zuto the Number of all the Terms, 2.2. the Firſt. 
A in the aforeſaid Progreſſion, I. 3. 5. 7. . 11. 15. 17. 
E 


The 


4K Sos oo 


* 
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Part l. 


| The Number | of T-rms without the Firſt is 8 > Muti ply 


The Common Difference is 2 


The Difference betwixt the two Extreams 16 
e | Propoſition 1. | | 
In any Series of Number in Arithmetical Progreſſion, the Two 
Extreams, and the Number of Terms being given; thence to 


find the Sum of all the Series. 


Number of all the Terms ; and Divide the Product 
by 2. The Quotient will be the Sum of all that 


Theorem, 
3 >ries, Per Corol. 1. 


f Ma/tiply the Sum of the two Extreams into the 


Example 1. : 

"Tis Required to find the Number of all the Strokes a Clock 
firikes in one whole Revolution of the Index, viz. Twelve Hours. 

Fete 112213 the Sm of the two Extreams. | 
12 the Number of all the Terms. 


* 


13 


Then 27 156 C58. The Number of Strokes Reguived. 


le 2. 


© Sippoſe one Hundred Eggs were placed in a Right Line a 


Yard diſtant from one another ; and the firſt Egg were a Yard 


from a Basket; whether may a Man gether up 100 Eggs 


fingly one after another, ſtill returning with every Egg to the 
Basket and pur it in, before 4 Run Four Miles. 


That is, which will run the greater Number of Yards, 


And 100 Is the Number of all the Terms: . 


Now 2 Miles=-5040 Yards f The Yards he runs that takes up the 
But 10100--7040=3060 I othe py 

| — Propoſition 2. 

In any Series of Numbers in Ariihmetical Progr: ſton, the Two 
Extreams and Number of Terms being given; thence to find the 
Common Difference of all the Terms in that Series, 

; C Fhe Difference betwixt the Two Extreams, 
Theorem 2.< **i%s Divided by the Number of Terms leſs an 
" JUnit or 1. The Quotient will he the Commorz 

Difference of the Sertes. Per Corol. 2. 


Example 


—_— — — _ f — — 
Chap. 6. a Of "Pzoportron- 9 — 


Example 1. 


One had Twelve Children that differed alike in all their Ages; 
the Youngeſt was Nine Years old, the Eldeſt was Thirty Six and 
a ates what was the Difference of their Ages, and the Age of 
each ? | 
Here 36,5—9==27,5 The Difference of the Two Extreams. 
And 12—1=11, The Number of Terms leſs an Unit. 
Then 11) 27,5 (2,5 The Common Difference Required. 
Conſequently 942,5 11, 5 The Age of the Youngeſt but on. 
And 11,5 2, 5 214 The Age of the Youngeſt but two. And.fo 
on for the reſt. per Corol. 2. 


Example 2. 


A Debt is to be Diſcharged at Eleven ſeveral Payments to be 
made in Ajithmetical Progreſton. The firſt Payment to be 
Twelye Poumds Ter Shillings, and the Laſt to be Sixty Three 
1 . What's the whole Debt, and what muſt each Payment 

＋ 4 
Per Theorem 1. Find che whole Debt thus: 
12,5 63 27, 5 The Sum of the Extreams. 
. 1 1 The Number of Terms, 


— — 


5 
N 
2) 830,5 (415,=4151. 5 . The whole Debt. 
Þ Then per 22 . ind the Common Difference of each 
ayment. | 
hus 63—12,5=50,5 The Differexce of the Extreams. 
And 11-—1=10 The Number of Terms Leſs 1. 
Then 10) 595 (5,95=5 I. 5 The Common Difference. 
| 4. . S 


ae T 2 , 134-5 1==17 11 The Second Payment, | 
„ 


And 17 „1145 1222. 12 The Third Payment, G. 


Example 3. 


A Man is to Travel from London to a certain Place in Ten 
Day's, and to go but Two Miles the firſt Day, encreaſing every 
Days Journey by an equal Exceſs; fo that the laſt Day's Journey 
may be Twenty Nine Miles: What will each Day's Journey be, 
and how many Miles is the Fw he goes to, diſtant from 3 

2 Ait 


% 
666 err d 
6 Arithmet ick. Part J. 
Firſt -29—2==27 The Difference of the Extreams. 
And 109—1==9 The Number of Terms leſs 1. 
Then 9) 27 (3 The Common Difference. 
Conſequently 24 3==5 The Second Day's Journey. 
And 5-+3= 8 The Third Day's Journey, Oc. 
Again 29+2==31 The Sum of the Extreams. 
10 The Number of Terms. | 
2) 310 (155 The Diſtance Required, 


There are Eighteen Theorems more relating to Queſtions in 
Avithmetital Progreſſion ; but becauſe they would Require a 
great many Words to ſhew the Reafon of them: I therefore refer 
the Reader to the Second Part, viz. That of A gebra, where he 
may find their Aualytical Inveſtigation. 
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Sect. 2. Concerning Geometrical Proportion Continued; 
ſometimes called Geometrical Progre oon. 


When a Rant or Series of Numbers do either Increaſe by one 
Common Multi plicalor, or Decreaſe by one common Diviſor ; 
thoſe Numbers are ſaid to be in Geometrical Proportion continu'd, 
AsS2 + 4 + 8-16 , 32 . Cc, here 2 is the common Multi plier. 

6463 > 32 + 16. 8. 4. C. here 2 is the common Dꝛiviſor. 
074 2.6. 18. 54. 162. Ge. here 3 is the common Multiplier. 
21162. 54. 18. 6. 2. here 3-15 the common Diviſor. 


Note, The common Multiplier (or Diviſor) is called the Ratio; 
and it ſhews the Habitude or Relation the Numbers have to ano- 
ther, »/z. whether they are Double, Triple, Quadruple, Sc. which 
Euclid thus defines. *. 

Ratio (or Rate) is the mutual Habitude or Reſpect of Two, 
Magnitudes (conſeguently Two Numbers) of the ſame kind each 
to other, according to Quantity, Fu, 5. Def. 3. 
K * OS (rather Proportionality) is a Similitude of Ratio's. 

u. 5. Def. 2 
| 80 that ** cannot be Leſs than Three Terms to form a 
Proportionality or Similitude of Ratio's ; and if but Three Terms, 
the ſecond muit ſupply the Place of Two, As in theſe'2. 4. 8 
Phat is, 2: 4:: 4:8. (of:: ſee page )))) 

+ Here 4 the Middle Term ſupplies the place of Two Terms, 
to wit, of the Second and Third; 8 bearing the fame Reaſon, 

bh, Ee EW ge, ee NR COT RC cal Likeneſs, 
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Likeneſs, or Proportion to 4, As 4 doth to 2. viz. As 2 : is to 


4:: So is 4: ro 8 


Lemma 1. 


If three Nuinbers are proportional, tlie Rectangle or Froducũ 
of the Two Extreams; iz. of the Firſt and laſt Terms will be 
equal to the Square of the Mean or Middle Term, (20 Eucl. 7.) 
As in theſe 2: 4: : 4: 8. Here 8 X 2=16 the Produtt of rhe 
Extreams. | ; £235: 04 5 
And 4 x 4==16 the Square of the Mean. E7g2. 8 x 2==4 x 4. © 


Coro!. 1. 


Hence it follows, That if the Produtt of any Two Numbers be 
Equal to the Square of a Third Number; thoſe Three Numbers 
will be in Proportion, 5 


Zemma 2. 


If four Numbers are proprotional, the Produ of the Two 
Extreams will be equal to the Product of the T'wo Means 
(19 Euclid 7.) | We | 

As in theſe, 2:4 ::8: 16. Here 16 * 2==32. 

And 8 * 4==32. - Conſequently 16 * 2=8 x 4. 


Corol. 2. 


From hence it follows, That if the Product of any Tuo Num- 
bers, he Equa! to the Product of any other Two Numbers, thoſe. 
Four Numbers are Pro portionals. be” e 
And from theſe two Lemma it will be caſy to conceive, that if- 
neyer ſo many Numbers are in continued Proportion; the Product 
of the two Extreams, will be equal to the Product of any Two 
Means, that are equally diſtant from the Extreams. | 

As in theſe 2.4.8 . 16 . 32. 64. Ge. 

Here 64 * 2=32 x 4=26 * 8. Sc. And if the Number of. 

Terms be Odd, | | 


Then 128 * 2264 „ 1 x 8==16 x 16. 
Note, The Charafter made ruſe of to gi continued. Pro- 
partionatls 75 % . . ts, . 7 n * 25 | 


238 a 3 In 
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In every Series of & (viz. of continued proportionals) that 
Number which is compared to another, is called the Artecedert 
of the Ratio; and that Number to which it is compared, is called 
ies Conſequent, 

As in theſe, 2:4: : 4 :8, Here 2 is the Anecedent, and 

is the Cox ſe quent; and 4 the middle Term is an Autecedent to 
Sits Conſequent : Whence it follows, that in every Series = all 
the middle Terms between the Furſt and Laſt are both Artece. 
dents and Con ſequ ents. 6 

As in theſe, 2. 4. 8. 16.32 . 64 Sc. Here 4. 8. 6. 32. are 
both Canfeguents and Antecedents. 

For 2: 4: : 4:9: : 8: 16: : 16: 32 :: 32: 64 Ge. 

So that all the Terms except the laſt are Antecedents. And 
all the Terms except the firſt are Conſequents. 


Lemma 3. 


If never ſo many Numbers are Proportional, it will be: As 
any one of the Antecedents is to its Con ſequent: So will the Sum 
of all the Antecedents be; To the Sum of all the Conſeguc unte. 
(12 Euclid 5.) | 


That is, in the foregoing Series. 
2: 4: : 2+4+8+16+32 : 4+8+16+32 +64 | 
For it's evident, that 4-8+16-+32+ 64 the Sym of all the 
Conſequents, is double to 2 4+8 164-32 che Sum of all the 
Antecedents; As 4 is to 2, according to the Ratio, and would 
* been Triple, or Quadruple, Sc. had the Ratio been 3 or 
4 G. 
Vote, In every Series of + the Ratio is found by Dividing 
any of the Conſeguents by its Autetedent. | 
As in theſe 2:6::6: 18 :: 18 : 54 :: 54: 162. 
Here 2) 6 (3 the Ratio. Or 6) 18 (3 Ce. EY 
From the Second and Third Lemma's may be raiſed Two 
General T h:orems. or Rules, for finding the Sum of any Series 
in = without a continued Addition of all the Terms. 
Let the Series 2. 4. 8. 16. 32. 64 . 128 . be given to 
find its S . e TS . . 


Suppoſe z the Sum of all the Erms. 

Then will z — 128 = the Sum of all the Arntecederts. 

And z — 2 = the Sum of all the Conſeguents 

Bur 2: 4 :: 2 128: 22. per Lemma 3. 
EE E512 . 24 « Fer Lemma 2. 


(ouſt 


qnatiautummannt emo ne eaten eee erate ans, 
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Conſequently 4z—25=512—4. 

Theorem. 4 —— In words at Length thus. 


From the Product of the Second and Laft 
Terms, Subftract the Square of the Firſt Term: 
Theorem 1. that Remainder being Divided by the Second 
Term Leſs th? Firft will give the Sum of all the 
Series. 
Or the Firſt Term, the common Ratio, and the Laſt Term 
be only given. Then | 
Multiply the ” Term into the Ratio, and 
from their Product Sul ſtract the F. 255 Term ; 
Theorem 2.4 Divide that Remainder by the Ratio Leſs Unity 
or 1, and it will give the Sum of all the 
Series. 
| For 4qz—2z=512—4-. As above. ot 
Conſequently 2z—2z=256—2 viz. the laſt Divided by 2. 


8 
Then 2=2—"Theorem 2. 


Example. Let 2. 6. 18. 54. 162 . 486. be the given Series. 
Here 2 is the Firſt Term, 3 is the Ratio, and 486 the Laſt Irm. 


But 486K 321458. And 1458—2=1456. 
ES 4 Tag 1456 ( 28 the Sum DL 
That is, 728=246+184+54+162+486. 


In either of theſe Theorems it is required to have the Laſt 
Term known (the which in a 2 ries & will be very 
tedious to come at by a continued Mulii 8 Sc. It will 
therefore be convenient to ſnew how to obtain either the Lat 
Term or any other rm, whoſe place is aſſigned; without pro- 
ducing all the Tims. | 

In order to that, it will be neceſſary to premiſe the Coherence 
or Similitude that is betwixt Numbers in A#ithmetical Progreſſion 
and thoſe in Geometrical Proportion. " 

If to any Series of Numbers iu & when the firſt Nm is not 
an Dit or 1, there be Aſſigned a Series ot Numbers in Arith- 
net ical Progreſſion, beginning with an Unit or 1, and whoſe 
Common 22 is 1. Called Indices or Exponents. 


| VVV 
Tum, 25 oO Rr 128 G6. 5 


Then 


————— — ——5ðKðÄ— 


—— — m— — 
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Then will the Addition or Sub ſtract᷑ ion of any Two of thoſe 
Indices (or Numbers in Arithmetical A ger ) directly der- 
reſpond with the Product, or Qzotient of their reſpeRive - | 
Terms in the Series 2 
That i As 3+4==7 , -- 8 y 

*:.% 280 8 x 1622128 Seventh Term in & | 
4... Av 6+q=10. . K . 
Again, 1580 64X16=1024- the Texth Term in + 
As 7J—3=8. As 6— 2224 N 
Or, So 12828 — 16, Or, 80 64 i688 

But if the Series of = begin with an Unit, the Indices muſt 
begin with a Cypher. | | 
a D 1 „ 43 41 4.36.5 

c 1 

Now by the help of the Indices, and a few of the Firſt Teyms {© 
in any Series of & Ir is plain that aney Term whoſe Place of 
Diftaxce from the Firſt Term is Aſſigned, may be ſpeedily obs 
tained without producing the Whole Series. | 


* 1 Example i. | 
A Man bought A Horſe, and was to give a Farthing for the Firſt 
Nail, Two for the Second, Four for the Third, Sc. In = the 
Number of Nails was to be 7 in every Shoe, viz. 28 Nails in all; 
What muſt he have paid for the Horſe ? - 


Firſt {2 * 8 ; . 5. Indices 


20 32. Farthixgs in = 
hes, 1 347 10 10 L 10 s , 
Then, 4 33 N 3221024 Rus 6 


F {+ @ EY; 
Again, 7165 | Laflly, $ 1948576X128=1342t7928 


Which is here to be accounted the 28 and laſt T Becauſe 
the Firſt Term in the Series is 1, which doth neitlier Multipij 
nor Divide. | 3 A 

No this 134217728 being the Niumbey of Farthings to be paid 
for the laſt Nail, by it the common Rtid which is 2, and the 
Firſt Term which is 1, may be found the S of all the Series; 
a es o o ( £8 
93 | 1342 


* 
8 
"9-08; 
q 2 * N 
* * * <4 ” 
* * 
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| 134217728 


ORD. 


: 268435456 From this Head Sub fr act 1. 

Viz 268435450 —-268435455- Then 2—1=1 the Diviſor. _ 
Conſequent! y 268435455 is the Sum of all the Series or Price 
the Horſe in Farthings ; which being brought into Pounds, 

&c. (See Page 45) will be 279620 J. 5. 4. 3 d. 30% , 


E xample 2 


A cunning Serben u with a Maſter Cunskill di in Numbers) 
to ſerve him Eleven Years without any other Reward for his 
Service but the Produce of one Wheat Corn for the Furſt Year ; 
And that Product to be ſow'd the Second Year ; and ſo on from 
Year to Year until the End of the Tithe, Allowing the Encreaſe 
to be but in a ten- fold Proportion. 

'Tis R 4 quired to the Sum of the whole Produce. 

ä * 5, VHices or Tears. 


= - > + . 4 
Firſt 4 10 10. _. ; 1359: 10000. 100000 Wheat Corns in & 


6 
Then J 8 108 cee ee the 6th Yeat's Prottuce | 


dd eee. 3 


100000 10000000. The Eleventh or 
hſt Year's Produce. | 


Then (either by T beorem 1 or 2) the. Sum of all the Series 
will be 111111111110 Corns. Nom it may be Compured from 
2 23 þ $950 and: 34, tHat 7580. Wheat Corns round and dry out of 

we 3 will fill a Statute Free: * : v 

n 7680) 111111111210 (14467592 Pints, but intg 

are 4 in a Buſhel. p (744 2 ̃ 1 it 
erefore 64) 14467592.( 2260563 Suppoſe ir to 

be ſold for 3 klingt be Ballet mY po | 
2260564 

Then 12 4 P: | 5 8 

S billing} F 6781681 39080 85. 4 A very zood” 
Pata, for Eleven ears 3 7 


There are feveral pretty Queſtions Reſolved by Numbers in 4. 
Mi Dinetical Pregreſton; And by thoſe in & which the ingenlous 
Learner will eafily perceive hereafter; biz. When we come to the 
«etfex of neftions rchathig to Zztereft and Annuities, ec. 


T% oh k | There 


mo 
. 
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There is alſo a Third Kind of Proportion, called Mu ſica l; 
which being but of little or no common uſe, I ſhall therefore giye 
but a ſhort account of it. | | 

Mufical Proportion or Habitude is, when of Three Numbers 
the Firſt hath the ſame Proportion to the Third; As the Diffe- 
rexce between the Firſt and Second hath to the Difference between 
the Second and Third. 

As in theſe, 6 . 8. 12. viz. 6: 12 :: 8-6: 12-8 

If there are Four Numbers in Mu ſical Proportion, the Firſt 
will have the ſame Proportion to the Fourth; As the Difference 
between the Firſt and Second hath to the Difference between the 
Third and Fourth, | | 

As in theſe 8. 14. 21. 84. 
Here 8 : 84 :: 14—8=6 : nr 
* That is, 8: 84 :: 6 : 63. | 

The Method of finding out Numbers in Mu ſical Pro portion, 
is beſt expreſſed by Letters; as ſhall be ſhewed in the A{gebraick 
Part, f : 


* 88 2 — * th. * — 8 


a 


Sect. 3. How ta Change er Uary the Order of Things, &c. 


This being a Thing not Treated of in any common Books of 
Arithmetick (that I have had the opportunity of peruſing) made 
me think it would be acceptable to the young Learner to know 
how Oft it's poſſible to Vary or Change the Order or Poſition of 
any Propoſed Number of Things. | * 

As how many ſeveral Changes may be Rung upon any Pro- 
poſed Number of Bells; Or how many ſeveral Variations may be 
made of any Determined - Number of Letters; Or any other 
things expoſed to be Varied, by | 

The Method of finding out the Number of Changes, is by a 
continua Multiplication of all the Terms iz à Series of Arith- 
metical Progreſſionals; whoſe Firft Term, and Common Diffe- 
rence 7s Unity or 1. Aud the Laſt Term the Number of Things 
Propoſed to he Paried, viz. 1X2X3X4X5X6X7, Sc. As will 


appear from what follows. 


x. If the things propoſed to be varied are only T'wo, they ad- 
mit of a double Pofitorn, as to Order of Place; And no more. 


Thus, J 4 4 1 =*. . 
2. And if Three things are propoſed to be varied, they we 


. 
— * 


* 
2 2 


— —u_ _ 


—— — | 5 . — 
Chap. 6, Of P20poztion, . Te. 83 
be changed Six ſeveral Mk ; As to their order of Place; And 


no more. 
| For beglnnitg with 1 there will be N 5 L of 3 
Next beginning with 2 there will be J 2 5 5 7 


Again, beginning with 3 and it will be 44 5 $2 


I 
Which in all make 6 or 3 times 2, viz. 18256 


Four Things are Propoſed to be varied; 
Then they will admit of 24 ſeveral Changes, as to their Order 
of Different Places, 


Th 223.4 

| ; 1.2. 43 

For beginning the Order with 1 ĩt will be A * : "> 
Here is Six Different Changes. | ; Ns : 9. 


And for the fame Reaſon there will be 6 Different Changes 
when 2 begins the Order, and as many when 3 and 4 begins the 
Order ; which in all is 24=1X2X3X4- And by this Method: of 
Proceeding, it may be made evident, that 5 Things admit of 120 
ſeveral Variations or Changes; and 6 Thing of 720, Sc. As in 


this following Table. 
rr — ADP AP CP "Ev 6 
The Namber The manner how|T he di forens CT Danger 7 
of ry their ſeverall Variations every one of 
' Profoſed to} Variations are) the propoſed Numbers can 
be varied. | Produced. admit of 1 
SS IXI =T 
2 1X2þ=2 | 
N 8 2326 
4 6K. = 24 | 
5 24X5-120 
6 I20X6|—=720 | 
?-| 720X71=5040 
8 50408 40320 | 
9 403 209362880 
10 362880 K 1 3628800 
11 25288001 II 39916800 | 
I2 39916800KI. * | 
M 2 . Theſe 
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Theſe may be thus Continued on to any Aſſigned Number. 
Suppoſe to 24 the Number of Letters in the Alphabet, which 
will admit of '6204484017332394.39360000 ſeveral Variations. 

From theſe Compurations may rted ſeveral pretty, and in- 
deed very ſtrange Queſtions, . ns. 


Examples. 


Six Gentlemen that were Travelling met together by Chanee 
at x certain Inn upon the Read, where they were ſo pleaſed with 
their Hoſt, and each other's Company, that in a Frolick they made 
a Contract to ſtay at that Place, fo long as they, together with their 
Hoſt, could fit every Day in a Different Order or Poſition at Du, 
ner; which by the foregoing Computations will be found near 1 
Year. - For they being made 7 with their Hoſt, will admit of 

40 Different Potions ; but 5040: being Divided by 365% the 
umber of the Days in one Year, will give 13 Years and 291 
Days. A very pretty Frolick indeed. E 

have been told (That before the great Fire of Lordon, which 
happened Auro 666) there was 12 Bells in St. Mary Le Bow 
Church in Cheap ſide, London. Suppoſe it were Required to tell 
how many ſeveral. Changes might have been Rung upon thoſe 12+ 
Bells: and at a moderate Computation how long all thoſe Chan- 
ges would have been Ringing but once over. TY 6.0: 


Firſt, 1X2X3X4YSKOXTXBXOKIOKIINT2=47900 1600 the 
Number o Changes. . I „ 


Then ſuppoſing there might be Ru»g 10 Changes in one Mi- 
mute: viz. 12XI029120. Strokes in a Minute, which is 2 
Strokes in a Second of Time: now according to that rate there 
muſt be allowed 47900160 Minues to Ring them once over in 
all their Different Changes; viz. 10) 479001600 (47900160, 

In one Yeay there is 365 Days, 5 Hours, and 49 Minutes; 


7 


which being Deduced into 47 inutes, is 525 949. 
f Then 525949) 47950160 (91 Years and 26 Days. 


So long would thoſe 12 Bells have been continually Ringing 
without any. Intermiſſion, before all their Different Changes: 


could have been truely Rung but once over. Tis ftrange, aud. 


ſeems almoſt incredible, that a few Things ſhould produce ſuch: 
WE le og eas Tl 


1 1 79 


. * 222 
Sa? 1 1 


Ebap. 7., _ ©! Propoztion, & HE 


But that which ſeems yet more ſtrange and ſurpriſing, yea, 
even impoſſible to thoſe who are not a little vers'd in the power 
of Numbers, 1s, that if two Bells more had been Added to the 
aforeſaid 12 they would have advanc'd' the Number of Charges 
(and conſequently the Time) beyond common belief. For 14 
Bells would require Cat the fame rate of Rixgixg as before) n- 
bout 16575 Years to Rirg all their Different Changes but once 
over, | 

And if it were poſſible to Ring 24 Bells in Changes, and at the 
fame Rate of 10 Changes in a Minute, which is 2 Strokes in one 
Second; they would require more than 117000000000000000 
Y-ars to Ring them but once over in all their Different Changes; 
as may eaſily be computed from the precedent Table. 


— 
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5 CHAP, vn. 
of Pꝛopoꝛtion Digjunct ; commonly called the Golden Rule, 


PRoportion Divjun??, or the Golden Rule, is either Ping 
or - Reciprocal, called Izverſe. And thoſe are both Simple 
and Compound. = | 
=» Rio: G. r. 


Direct * is, when of Four Numbers, the Firſt bear- 
eth rhe ſame Ratio or Proportion to the Second; As the Third 


doth to the Fourth. EE 4 
As in theſe2 :8:: 6: 24. 


Conſequently, the greater the Second Teym is, in reſpe& to the 
I ; the greater will the Fourth Pm be, in reſpe& to the 
ird. | | 
That is, as 8 the Second T ym is 4 times greater than 2 the 
Firſt Term: So is 24 the Fourth Term, 4 times greater than 6 
the Third Term. 95 | : EA 
7 © Whence it follows, that if Feur Numbers are in Pirect Pro- 
Portion, the Product of the Two Extreams will always be Equal 
td the Product of the Two Means, as well in Disjunct as in 
continued Pro portion; according to Lemma 2. page 77. 


For As 2:2X4::6:6X 4. Or 48 3:3 85 25 6 * 
e ene en e nee 


*] Fhat is, the Product of the Zxtreams is equal to that of the 
N. ))FCCCCCCCCCCFCTT og << 5 


p 0 5 , 
»2 þ ” N . 
7 Again, 
1 * . * 5 4 v ” A 
4.54% 24 * 3 .4# \g 
f - * 'F » 
1 i 
a Nl © #4) L 
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Again, the Leſs the ſecond Perm is, in reſpect to the Fitſt; 
the Leſs will the Fourth Tzxm be in reſpect to the Third. 
As in theſe 18 :6:: 12 4. 
| That is, 18 : 18 => 3 ::12: 12 — 3. 
But 18X 12=3=18 = 3 X12. Viz. 18 X 4=6 X12: 


Conſequently 2.8.6.6. 24 And 18. 6. 12. 4. are true 
Proportionals, per Corol. 2. page 77. | 


From theſe Conſiderations, comes the Invention of finding a 
Fourth Fumber in Proportion to any Three given Numbers. 
 Whence it's called the Rule of Three. 

For if the Second Number Multiplied into the Third, be equal 
to the Firſt Multi plied into the Fourth, it is eaſy to conceive, 
that if the Product of the Second and Third be Divided by the 
Firſt, the Quotient muſt needs be the Fourth Number. For if 
that Number, which Divides another, be Multiplied into the 
Quotient produced by that Diviſion ; their Prodi will be Equal 


FP 


to the Number Divided. See page 21. 
As in theſe 2:8 ::6: 24. Here 8X6=48=24X2. 
But if 24X2=48. then will 48-22 24. Or 48=24=2:; 


Note, Any Four Numbers in Direct Proportion may be va- 
ried ſeveral ways. As in theſe. 


Viz, H 2:8 :: 6: 24. Then 2:6:: 24; + 
And 6 24 :: 2 3 8. Or 24 6229022. 


Theſe Variations bei ng well underſtood, will be no ſmall uſe 
in the ſtating of any Queſtion in this Rule of Three. 


When Three Numbers are given, and it is required to find a 

Fourth Proportional; the greateſt Difficulty (if there be any) 
will be in the Right ſtating the Queſtion, or Ahſtracting the 
Numbers out of the Words in the Cueſtion, and placing them 
down in their proper Order. | | 
Now this will be very eaſy, if it be truly conſidered, that al- 
ways T'wo of the Three given Terms, are only ſuppoſed, and 
aſſigned or limit the Ratio or Proportion. The Third moves the 
Que ſtion; And the Fourth gives the Axſwer. 

As for Infance; If 3 Yards of Cloth coſt 9 Shilliugs: What 
will 6 Yards coſt at the ſame Rate or Proportion? 

Here 3 Yards, and 9 Shillings, are Two ſuppoſed Numbers 
that imply the Rate; as appears by the Word [ if ] viz. If 3 
Yards coſt 9 Shillings (then comes the Qzeſtian) What will 
6 Yards colt? * „ 5 N. B. 
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NV. B. The Term which moves the Queſtion hath generally 
ſome of thoſe Words before it; viz. What will? Pow many ? 
Pow long? Dow far? or Bow much? &c. 

Then (carefully obſerve this; viz.) The Firſt Term in the 
Sup poſition muſt always be of the fame kind and Denomination 
an t Term which moves the Queſtion., And the Term ſought 
will always be of the ſame kind and Dezomination with the 
Second Term in the Suppoſition. | 

yds ſhil. yds ſbil. 
Thus, 4 3:9::6:— 


* 6 ; —— | Then 
All Queſtions in Direct Proportion may be Anſwered by 
Three ſeveral Theorems. 


Multiply the Second and Third Terms together, 
Theorem 1.2 and Divide their Product by the Firft Nrm; 
the Quotient will be the Anſwer required. 


Thus T * : * : 18, The Anſwer. 
3 becauſe the Second 
3) 54 (18 Shilling, N Term was Shillings, 


Divide the Second Term by the Firſt, then Mul- 
Theorem 2.2 tiply. the Quotient into the Third Term; and. 
their Product will be the Anſwer required 
yds ſhil, yds. ſhi. 
2.24: £:2-6.5-28. 
Thus 3) 9 (=3. Then 3X6=18, as before. 


Divide the Third Term by the Firſt, then Mul- 
Theorem 3.9 Ttiply the Quotient into the Second Term, and 
their Product will be the Anſwer, 


yds ſhil. yds ſhil. 
$055 65:38. | 
Thus 3 6 (=2. And 9X2=18., as before. 


* Here you ſee that all the Three Theorems are Equally true; 
but the Firſt is moſt General, and uſually practiſed. But the 
Two laſt may be readily performed when either the Second or 
Third Term can be Divided by the Firſt ; And will be found of 


fingular Uſe in the Rules of Fellowſhip, 8c. as will appear fur- 
ON, s 


Gueſt, 
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5 Queſt, 5. Suppoſe 4 J. 18 5. will buy 56 Pounds of Tobaces | 


"Parr 1, | 
4 * 2. If 8 Pounds of Tobatco coſt 14 Shillings; What will F 
half a hundred Weight (viz. 56 Pounds) colt at the fame Rate? 0 
Thus 8 lb: 14s. 56 lb: 44. : 18 . The Anſwer, - 


. 8) 78 (==98 9. 24 4 18 5. . , 
Or thus 8) 57 2 y Then 14X7=98 5. as before. , 


Que. 3. If 14 Fpillirèes will buy 8 Pounds of Tobacco ; How 
much will 47. 18 s. buy after the ſame Rate? 


Stared thus, : 8b :: 44 18 5.2983: ee 
Then 98X8=784. And 14) 784 (56 Ib The Axſwer. 


Quceſt. 4. IF half a hundred Weight of Tobacco be worth 41. 
18 5. How much may I buy for 14 Shillings at that Rate? 
Stared thus, 4.7. 18 5=98s.: 56 lb: 14. 
Then 56X14=784, And 98) 784 (8 1b The Arſwer, 


What will 8 Pounds of the ſame Tobacco coſt ? | 
This Que ſtion is thus Stated, 56 Ib: 4 l. 18 s.—g8s ::8 lb. 
Then 98X8=784. And 56) 784 (=14 5. The Anſwer, 


Vote, The Three laſt Queſtions are only the Second varied, be- 
ing propoſed purely to give and Inſtance how any Que ſtion in this 
Rule of Three may be varied, according to page 86. 


Queſt. 6 What will three quarters of a Yard of Pelvet coſt, 
When the Price of 21 Yards and a half is worth 221, 10 J. 6 d. 
This Quæſtion truly Stated will ſtand 

Thus, 213 yds : 22 1 105. 6d: : 3 To the Anſwer. 2 

Which may be found three ſeveral ways; viz. by Redaction ; 
by Vulgar Fractions; aud by Decimals. ; 


1 . By Reduction. Bring the Firſt and Third Terms into one 


Denomination ; viz, into Quarters, and Reduce the Second Turm 
into its leaſt Denomination, per Sect, 4. Page 42. 


Thus 215 86 Qzerters, And 221. 10 5. 64 —5406 Penze: 


Then 86: 5406 :: 3: 15 5. 8524, For 5495X3 Hs, 4 
n 


8 


Chap. 7. Ot P2opoztion, &c. 89 

And 86) 162 18 (188 2d. Then 188 C Pence 155. 
84. 24. Farthings ; the Anſwer required. 

2. The fame Queſtion ſtated in Vilgar Fractions will ſtand 
Thus 2111: 224;="45 :: + : (See Sec. 3. page 50.) 
Then 4, K = 1. And *2) *723: (=: page 55, 56. 

Theſe 443< Parts cf a Pound are brought into Shillings by 
Multiplying the Numerator with 20, and Dividing the Product 
by its Dezominator, &c. 

Thus 5406X20=1c81209. And 6880) 108129 (15 s. 
And there Remains 4920. Again 4920X1 22259040. 
Then 6885) 59940 (8 4. and 52, c. as before. 


3. The ſame wrought by Decimal Frad ions will be thus; 
21 21,5 221. 10s. 6d. 222, 525 and 1 0,75 
Therefore 21, 5: 22,525 : : 0,5 to the Anſwer. 

Then 22,525X0,75=16,89375 

And 21,5) 16,89375 (7857 l. 15 6. 8 d. 2. far. 125 


Queſt, 7. IF a C. 3 978. 21 Ib. of Sugar coſt 61. 1 s. 8d, 
What will 12 C. 2 grs. coſt at the ſame Rate? 
Timt is, 2 C. 3 . 21 Ib: 61. 1 5. 8 d.: 12C.'2 gr. To what? 


4 20 4 
11 97s, 121 6. 50 gre. 
28 12 *” 
88 250 1500 lb. 
22 121 | 


Viz. 308+21=329lb: 1460. : : 1400 lb: | 
Then 1460 x 1400==2044cco. And 329) 204400 (621244. 


% 


==250. 17s. 84d. the Anſwer require 


The fame Queſtion ſtated in Decimals will ſtand 
Thus 2,9375: 6,c833 : 3 12,5: To the Anſwer, 
6,0833X12,52=76,04125 which being Divided by 
2,9375 will give 25, 8863, Sc. the Anſwer in Decimals, which 
brought into Coix, will be 25 J. 178. 8 | d. as before. 
Note, I her the Firſt Term is an Unit or 1, the Queſtion 
1% Anſwered 4 Mulciplication ozly. 


Example. Suppoſe I give 5 Shillines 4 Pence fot one Ounce . 
of Fleer, What mot! _ for 327 2 at the ſame Rate? 
| That is 1 Ounce: 55. 44. :: 32 1 Cunces: To, Oc. 
Which is beſt Stated thus x : * 3 3252? 


Th er 


* 
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Tben 32,504 2080 d. 80. 135. 4d. the Anſwer required. 
For 1 neither Multiplies nor Divides. | x 
When the Second or Third Term is an Unit or 1, then the 
Queſtion is Anſwered by Divi ſion only. As in this Example. 
If a Silver Tankard weighing 21 Ounces, coſt 51, 19s, What's 
that an Cuncę ? 


Thus 21 oz.: 51. 195.— 1195. :: 1: 5. 8d. To the Au ſwer. 

That is 21) 119 (55. 1125. 84. 

The Proof of all Cue ſtions in the Rule of Three Direct, may 
be eaſily conceivd from what hath been already ſaid; viz. 
That the Product of the Firſt and Fourth Terms, muſt always be 
Equal to the Product of the Second and Third Terms. 

Or otherwiſe, by varying the Queſtion, as in the Second, 
Third, Fourth, and Fifth Qze/tiors. | 

I ſhall conclude this Seti ion with inſerting a few Queſtions 
and their Anſwers; leaving their Work for the Learner's Practice. 


Queſt. 1. What will the Carriage of 17 C. 3 qrs. 11 bb. come 
to, at the Rate of 75. the Hundred? | 


Anſwer 61. 45. 11 44. 
Quaſt. 2. If 61. 45. 11 4 d. be paid for the Carriage of 17 C. 
3 Js. 11 lb; What was paid for the Carriage of 1 lb? 4 
| Anſwer 3 Farthings. 
Que fi. 3. A Grocer bought 3 C. 1 gr. 14 lb Weight of Cloves 
at the "7-8 of 25. 4d. per Pound, Tad ſold 3 521. 14 5. 
Whether did he gain or loſe by the Bargain, and bow much.? 
: | Anſwer, he gained 81. 125. 


Queſt. 4. A Draper bought of a Merchant Eight Packs of - 


Cloth; every Pack had Four Parcels in it; And each Parcel 
contained Ten Pieces; Every Piece was Twenty-ſix Fards ; He 
pn after the Rate of Four Pounds ſixteen Shillings for 6 Yards, 


N hat came the Eight Packs to, and what was it worth per 
Yard 2 | 


* A; I 
Anſw. They came to 6656 l. And is worth 16 5. per Yard 


| Queſt, 5. A Merchant bought 436 Yards of Broad Cloth for 
85. 6 d. per Yard; And fold it again for 105. 4d. per Yard. 
What did he gain by the 436 Tards ® 


Anſw. he gain d 391. 195. 44. 
Que ſt, 
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Queſt. 6. A Goldſmith bought a Wedge of Gold, which weighed 
14 Ib. 3 oz. 8 pw. for5147, 45. What did he pay per Ounce & 
En 8 Anſw. 3 J. per Ounce. 
Queſt. 7. What will 48 oz. 17 pw. 20 Grains of Silver Plate 
come to, at the Rate of 5 6. 64. per Ounce ? 
Anſw. 131, 15. 10 4 2. 
Queſt. 8. It in Four Heeks one ſpend 135. 44. How long will 
531. 65. laſt at that Rate? | : 
Anſw. 6 Years, 47 Days, 2 Hours, 24. 
Queſt. 9. What, will the one eighth Part of a Ship be worth, 
when the half is valued at 10157. x0s. 
Auſw. 2531, 175. 6d. 
Cue ſi. 10. The Sun is ſaid to perform one entire Revolution, 
(or 360 Degrees) in the Space of 365 Days, 5 Hours, 48 Minutes, 
and 57 Seconds of Time, called a Tropical or Solar Year; How 
much doth it Move in one Day ? 


— 


. 
Anſw. 59. 8. 19 (5c. 
Que ſt. 11. If 4 of a Yard of Velvet coſt J of a Pownd Sterling, 
What will ,; of a Yard coſt of the ſame Velvet at that Rate? 
Anſw. 22221 L. 4d. 
Queſt. 12 Suppoſe 21. and £ of f of a Pound Sterling wilt. 
buy 3 Yards and ; of + of a Yard of Cloth, How much will 5 of 
a Yard coft at that Rate? 
Anſw, 1335 of a Pound 454. 


| a 


— 


Se&. 2. Of Reciprocal Pꝛopoztion; ſally called 
The Rule of Three Inverſe. 


Reciprocal Proportion is, when of Four Numbers the Third 
(viz. that which moves the Queſtion) beareth the ſame Ratio to 
tae Firſt : As the Second does to the Fourth. : 

Therefore, the Leſs the Third Irm is, in reſpect to the Firſt; 
the Greater will the Fourth Term be, in reſpect to the Second, 


Example I. 


If Sixteen Men can do a Piece of Work in Six Days 3 How, 
4 rany Days muſt Eight Men require to do the ſame Work, at the 
fame Rate of Working? 

3 - Here tis plain that Eight Men muſt needs have more 
Tine than 15 Men to do the fame Work, Conſequently the 
a 5 ©8287 = 4). F. . N 2 greater 


—_— 
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greater the Third Term is, in reſpe& to the Firſt, the leſſer will 
the Fourth Term be, in reſpe& to the Second. 

Example 2. If 8 Men can do a Piece of Work in 12 Days, 
How many Days will 16 Men require to do the fame Work? 
Here it is plain the Fourth Term muſt be leſs than the Second, 
lerauſe 16 Men undoubtedly can do the fame Work in leſs Time 
thair 8 Men car, 

From theſe Conſiderations, compared with thoſe. in Page 85. 
twill be eaſy to perceive, whether the Terms of any propoſed 
Queſtion are Direct or Reciprocal Proportion, * 

For uhen according to the trus Meaning and Deſign of any 
Queſtion i Proportion, More requires More, or Leſs requires 
Leſs, the Terms are in Direct Proportion, 48 in the laft Section. 

But if More require Leſs, or Leſs require More (as above ) 
then the Terms will be in Reciprocal Proportion. 

Mhe Manner of placing down the Propoſed Terms is the ſame 
in both Rules, viz, The firſt Term in the Suppofitior muſt be of 
the ſame Kind and Denomination with the third Term which 
moves the Queſtion ; and the Term ſought muſt be of the fame 


Kind and Denomination with the ſe Term in the Suppoſition. 
As in the two laſt Examples, © . 
Men Days Men Days 
Example 1. I6 : 228 —— 
Thus, 25 4 Example 2. 8 : 12 :: 162äüx⁊ů⁵ͥdv 


The Queſtion being truly Stated, obſerve this Theorem. 


| Multip'y the firſt and ſecond Terms together, 
Theorem. ”= Divide their Product by the third Term, the 
ET Quotient will be the Anſwer required, © 
Thus in the ſecond Example 12X8==96. 
Then 16) 96 (=6'Days the Anſwer required. 
© Thar'is, 16 Men may do the ſame Work in 6 Days as 8 Men 
can do in 12 Days. „ 

Now the Reaſon of this Operation (and conſequently of the 
Theorem) is grounded upon this Conſideration ; viz. If 8 Men 
require 12 Days to do the Work, tis plain that one Man would 
require 8 times 12 Days=96 Days 10 do the fame Work, tut 
if one Man can do it in 96 Days, moſt certain 16 Men can do it in 
one 16th Part of that Time. Therefore 96 Divided by 16 will 
give the Anſwer Required, viz. 16) 96 (6 as before, GC. | 


Queſt. 3. Suppoſe 859 Soldiers were Beſieged in a Town, and | 


their Vituals were computed to ſerve them Two Months (or 56 
Nays) How many of thoſe Soldiers muſt depart the Garriſon, that 
the lame Vactuals may ſerve the remaining Soldiers 5 nn | 

Ye WT RA ee "he 


4 


. 
[3h 


Chap. 7. Of Pzopoztion, &c. 
5 The Queſtion truly Stated will ſtand 
Month Soldier Month Soldier 
Thus, '2 : 800 3 $f: nncmnen 
p | 


* 


1600 (320 So many Soldiers in 
5) £339 ©. anony may ſtay 


Conſe tly, 800—320=480 Soldiers that muſt go out of 
the Gareth, heh 6 Be Hr roqulent 10 2 


Queſtion 4. A. Borrowed of his Friend B. 2501. for Six 
Months, promiſing to do him the like Kindneſs upon Demand: 
Some time after B. deſires A. to Lend him 4007. the Queſtion i 


is, 
how B. may keep the 400 /, to be fully ſatisfied for his former 
| I ro A. | 


Anſw, 3 Months, 21 Days. 
Thns, 2507. : 6 Months :: 2501 TC 
6 


400) 1500 (3 Months. 


12 


2 —— 


28 Days in one Monti. 


4 84 (21 Days 
Queſtion 5, If a Penny White Loaf ought to wei 
Ounces Troy Weight, when Wheat is fold for Six Shi 
Pence the Buſhel, What muſt it weigh when Wheat is 
Four Shillings the Buſhel ? 


i 


Eight 
og 


Anſw. 10 O. 18 pw. B gr. 
Thus 65. l 40 : 8. :: 45.48 d. To the Anſwer. 


48) 6 4 (13 0z, the Auſwer required, 
"os 


144 
194 


Operations; viz. The Product of rhe firſt and ſecond Trins, 


- * * * 
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Note, Any Queſtion that falls under this /zverſe Rule or 
Reciprocal Proportion, may be fo Stated as to have its Terms in 
Dired Proportion; by only changing the Places of the firſt and 
third T-rms in the Queſtion. Thus, 

_ Queſtion 6. If a Field will feed Eighteen Horſes for Seven 
Weeks, How long will it feed Forty Two Horſes at the fame 
Rate of Feeding? 8 . | 
Firſt, 18 Horſes : 7 Weeks : : 72 —5 : 3 Weeks. 


Here the Terms are Stated [nverſely, as before. 

Otherwiſe thus, 42 Horſes : 7 Weeks : : 18 Horſes : 3 Weeks. 
2 18X7=126. And 126=42==3 Weeks. The Auſwer re. 
8 f 


— 


T)he Double Rule of Three. 


Compound Proportion (as tis here meant) is, when there are 
Five Numbers given to find out a Sixth Proportional; and this 
is generally performed by a Double Poſition ; that is, by Stating 
and Working the Queſtion at Two Operations, either in Direct 
or Reciprocal Proportion, according as the Queſtion requires. 

And therefore it's called, The Golden Rule; or Double 
Rule of Three. i | 

The Double Rule Direct is, when the Sixth Term or Number 
ſought, is found by Two Operations, both of them in Direct 
Proportion. | 
Example 1. If a Hundred Pounds gain Six Pounds Intereſt 
in Twelve Months, How much will Three Hundred Pounds gain 
in Nine Months, at the ſame Rate ? | | 


_— * 


Firſt 100 I.: 6/, : : 300 .: 181, 
6 


—O_— The Intereſt of 300 /, 
309) . 800 (x8 4 | {for Twelve Months. 
Months Months © 


Then, 12. 18 l. :: 51 13 4-108. 
9 


12) 162 (137. 10s. The Auſwer required. 


I ſuppoſe the Learner will. eaſily conceive the Reaſon of theſe. 
Two Operations. For, Firſt it's plain by Direct Proportion, that 
if 1001. gain 67, in Twelve Months, 300 J. will gain 18/7. in 
the ſame Time, and at the fame Raacke. Pr 

8 


* 
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And by the ſame Rule tis plain, that if 12 Months will pro- 


duce or give 18 J. Intereſt for 3001, then 9 Months muſt needs 
give 13 + for the ſame Sum, viz, 300 l. 7 


The Double Rule of Three Inverſe is, when the Sixth Term 
or Number ſought is found at Two Operations (as before.) Bur 
one of them Require an Anſwer in Reciprocal Proportion. 


Queſtion 2. If 6 Buſhels of Oats will ſerve 4 Horſes 8 Days, 
How many Days will 21 Buſhels ſerve 16 Horſes, at the ſame 
Rate of Feeding ? | : 
& This Que ſtion being parted into Two Poſitions, the Firſt will 

e thus: | 
If 6 Buſhels of Oats will ſerve 4 Horſes 8 Days, How many 


Days will 21 Buſhels ſerve them? 


Here tis plain, that 21 Buthels will ſerve them Longer than 6 
Buſhels ; therefore the Firſt Poſition falls in Direct Proportion. 


Buſh. Days Buſh. Days 


Thus, © 3 2 2 
6) 168 (28 Days 


That is, If 6 Buſhels will ſerve 4 Horſes 8 Days, 21 Buſhels 
will ſerve them 28 Days. 


The next 4 muſt be to find how Long the ſaid 21 Buſhels 
will ſerve 16 Horſes at the ſame Rate of Feeding: Tis plai 


that 21 Buſhels cannot ſerve 16 Horſes ſo many Days as they wi 


ſerve 4 Horſes ; therefore this ſecond Poſition falls in Reciprocal 
Proportion. ; T 
Horſes Days Horſes Days 3 

Thus, 4: 28 :: 16 : 7 the Anſwer Required, 


After the like manner any Queſtion in the Double Rule of 
Three may be Anſwered by two ſingle Poſitions, if Care be taken 
in Stating them Right, iz. Whether their Operation muſt be 
performed by the fingle Rule Direct, or Inverſe. | 

Bur all Queſtions in this Dozb/e Rule, where Five Numbers 
are propoſed to find a Sixth, may more eaſily and readily be 
Anſwered by one General Theorem ; which compriſeth both the 
Direct and Inverſe Rules; without conſidering either of them 
being Deduced from the ſingle Operations before-going. 

Bur firſt you muſt carefully Note, That in all Queſtions of 
this Nature, Three of the Five propoſed Terms are always 

| | Conditional 


96 


The Principal. In the Suppoſition 
Viz. Let 4T= 12. The Time. (3 of any propoſed 
cd = 6. The Gt. Queſtion. 


| p 300. The Principal. The Three Terms 
o_ iy 


= 9. The Time. wherein the Que- 
£=13,5 The Gain. ſtion lies. 


Then P:G::þ 7 The Product of the Two Means Di- 


vided by the firſt Extream. 
That is, 100: 6 ::-300 2: 300 Kö 6 Which is the 
. : — =16.0 aue Part of the 
100 Queſtion. 


PT OS Which is the 
Then 7: "ll 222 5g Part of 
Viz. 12 : 18 9 13,5 


the Queſtion. 


1 * That is, the Product of the Extreams is 
Ergo E Equal to that of the Mean. | 


Conſequently, TeP=Gpt, Is the Theorem. 


This Theorem affords Two Rules, by which all Que ſtions in 
this Double Rule of Three, or rather of Five Numbers, may be 
Reſolved ; due Regard being had to the true placing dawn of the | 
propoſed T-rms, which muſt be thus: | 

Always place the three Conditional Terms in this Order; Let 
that Number which is the principal Cauſe of Gain, Loſs, ot 
Action, 8c, (viz. P.) be put in the Firſt Place; That Number 
which denotes the Space of Time, or Diſtance of Place, &c. | 
(viz. I.) be put in che ſecond Place, And that Vzmber which 
is the Ci ain, Leſs, or Action, &c. (viz. &.) be put in Third 
Place. Now according to theſe Directions, the Conditional Terms 
of the laſt Queſtion will ſtand thus; P. T. G. 

Thar done, place the other Two Terms which move the Que- 
Aion, underneath thoſe of the ſame Name, 


PT: Ge 
Thus, | 1 


Then 


Clap: 7. of Dropozrion. 5 383 97 


Then if the Blavk or Term ſought, fall under the Third Place, 
a5 in this Queſtion, 


It will be 1 5 . Which gives this Rule. 
3 Multiply the Tree laſt Terms together for a Divi- 
Rule 1. 


dend; ard the two firſt together for a Diviſor ; the 
Quotient ariſing from them will be the Sixth Term, 


That is, in our Propoſed Example 1. 


Thus 6X300X9=16200 the Dividend. 
nd IOI 221200 the Di viſor. 
Then 1200) 16200 (133 the Auſwer, as before. 


But if the Blank or Term ſought tall under the Firſt Place; 


then 
It will be 4 —— 8 
Or if the Bla# fall under the Second Place, 
It will be 4 2 St. Either of theſe give this Rule. 


for a Dividend : And the other two together for a 
Diviſor ; the Quotient arifing from them will be the 
Sixth Term. 


And becauſe our Example 2. falls under the Conſideration 
both of Direct and Reciprocal Proportion, let it be here propos d 


2galn. 
Vix. If 6 Buſhels of Oats will ſerve 4 Horſes 8 Days; How 
many Days will 21 Buſhels ſerve 16 Horſes, Sc. 
E the Terms of this Queſtion be placed down as before direct- 


Multiply the Firſt, Second and Laſt Terms together 3 
Rule 5 


| Horſes { Die Wi Buſhels | tes 
Thus ys Terms in the Sup poſition. 
I 2 a. 


Here the Blaz falls under the ſecond Place, therefore it mu? 
be found by the Second Rule, 


Thus 4XBX21=672 the Dividend. 
And 16X62=96 the Diviſor. 
Then 96) 672 (7 the Anſwer, as before. 


| Q Rueftc 
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Queſt. z. What Principal or Stock will Gain 20 l. in 8 Months 

at 6 per Cot. per Annum © 
Pein. Time Gain 
100. 12. 6 Terms in the Suppoſitzon. 


0 8 * 20 * 
In this Que ſtion the Blank falls under the firſt Place, therefore 
it muſt be found by the Second Rule. | 


Thus 1090X12X20==24000 the Dividend. 
And 8%6=—48 the Diviſor. ge $4. 
Then 48) 24000 (500 J. the Auſwer required. 


The Proof of all Queſtions in this Double Rule of Five Num- 
bers, is beſt perform'd by varying the Queſtion ; viz. by ſtating 
it in another Order, as in the laſt Example: Thus, 

If 1007, Gain 61, in 12 Months, what will 500 J. Gain in 8 
Months © | | | 

The Anſwer to this Queſtion muſt be 20 J. if the Work of the 
laſt Example be True. 7 77 TY nel 

2 Prin, Time Gain 

| | | 1 . 6 5 N 4 

Stated thus "= "AE 8 * & then per Rule 1. 

5OO x 6=24000. And I00X12==1200. 

. Then 1200) 24000 (201, the Anſwer, &c. 

Queſt. 4. If Two Men can do 12 Rods of Ditching in 6 Days, 
How many Rods may be done by 8 Men in 24 Days, at the fame 

Rate of working? D ro trot; fir | 
IL. ES Anxſw. 192 Rods. 
Queſt 5. If the Carriage of 5 C. 3 qrs. Weight, 150 Miles; 
coſt 3/. 75. 4d. What muſt be paid 5 toe Cine of 7 C. 2 gr 
$4 She * 
25 Ib Weight, 64 Miles, at the ſame Rate? Mk: 

| 0 Auſw. 11, 18 s. 7d. 
Queſt. 6. If 8 Men deſerve 21, Wages for 5 Days Work, How 

' much will 32 Men deſerve for 24 Days, at the fame Rate? 

„5 Anſw: 381. 86. 
Queſt, 3. Suppoſe a Hundred Pounds would defray. the Ex- 


pences of Five Men for Twenty-two Weeks and Six Days, How 
long would Twelve Men be ſpending of one Hundred and Fifty 


Pounds, at the fame Rate? ol irony Bs... 
Anſw. 14 Weeks and 2 Days. 
Bi | 6 H. K . 
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_ CHAP. VII. 


Of Trading in Company, uſually call d the Rule of Fellow- 
chip; alſo Bartering, and Erchanging of Coins, &C. 


HE Rule of Fellowſhip is that by which the Accompts of 
ſeveral Partners Trading in a Company, are fo adjuſted or 
made up, that every Partner may have his juſt Part of the Gai, 
or ſuſtain his juſt Part of the Zoſs ; according to his Proportion or 
Share of Money he hath in the Joint-Stock : Now this falls under 
Two Conſiderations, called the Single and Double Rules of 
Fellowſhip. | 


Se. 1. The Dingle Rule of Fellowſhip, viz. That 
| without Time. 


By the Single Rule of Fellowſhip is. adjuſted the Accompts of 
thoſe Partners that put all their ſeveral and perhaps diffe-+ - 
Sums of Money, into a common Stock at one and the 
Time; and therefore it's uſually called the Rule of Fellowſhip 
without Time: Now all Qzeſtiozs of this Nature are Antivered 
by fo many ſeveral Operations in the Rule of Three Direct, as 
there are Partners in the Stock. | hgh 

For; As the Total Sum of Money in the Stock is in 1 ee 
to the whole Gain, or Loſs : So is every Maus particular Part of 
that Stock; To his particular Share of that Gain, or Loſs. | 

Qreſt. 1. There are Three Partners, Suppoſe A, B, and C, 
make a Joint-Stock of 96 J. in this manner. 

A, puts in 241. B, puts in 32 J. and C, puts in 40 J. with 
this 96 J. they Trade and Gain 12 J. Tis required to find each 
Man's true Part of that Gain. N . 

The firſt Operation for 4's Part of the Gain will ſtand 

Thus 961: 121 :: 241 : 31==A's Part of the Gain. 
Secondly 961: 121 :: 321 : 41=B's Part of the Gain. 
Again 961: 121: : 401: 5/=C's Part of the Gain, 
Proof 3/+4 14-5 1121 the whole Gain. | 

That is, if the Sum of each Max's particular Gain, Amount 
to the whole Gain, the Work is true; if not, ſome Error ts 
committed which muſt be found out. EGS 

Note, Theſe Operations will be very much abbreviated, if 
vou work them by Theorem 2. Page 87. For here 96 is a com- 
don Axtecedent, and 12 is the common Conſequent in all the 


Three Proportions. 3 
| | O 2 There- 


| 100. 2 rithmetick. | Part I. 
5 

Therefore 55 0,125 is a common Multiplicator. 
Then 24X0,1 21251 [Toe A's 

And 432X0,125=4 L. for B's Part | As before. 

Again 40, 125 0. for C's Part 


Now this Method is- more readily perform'd than the other, 
eſpecially when the Partners are many 3 becauſe one 1 Di 
viſion ferves for all the Work. a 


Queſt. 2. Three Merchants, A, B, and C, Freight a Ship 
with 248 Tin of Vine: Thus, A Loaded 98 Tun, B 86 Tun, 
and C 64 Jun. By Extremity of Weather the Seamen were 
forced to caſt or throw 93 Tun of it over-board. Flow 1 of 
this Loſs muſt each Merchant ſuſtain + Is 


_ Firſt 248:93: 0 375 the common Multiplier. 
Then eee e for A's Loſs. 
And 86,375 232,25 for Bs Loſs. 
Again 64, 375 , for C's Lofs. 


Proof 93, O the whole Lofs. 


Now if the Que ſtion were to find hew much 7 IM Remaining 
Wine that was ſaved, belongs to A, to B, and to C. 


Then 98—36,75=61,25 belongs to A. 

And 86—32,25=53,75 belongs to B. 

And 64—24, '=40, belongs to C. 

That is, A ought to have 61 Tur and 63 Gallons. B ought 
to have 53 Tio a and * Gallons. And C ought to have 40 Tun 
of what was Left 


| Queſts, Suppolb fin viz. 4, B, C, P. E nd F, make 
« Jein-Srock of ITY TO FT 


I. 5. Decimals. 

4 puts in 654. 10==654,5 

\ Bi — 543 - 15=54375 
Go — 40 3 0 = 480, 

Sw — 254 102 22555 ; 
— — 365 - 05 8365, 2 

F — — 265 a 25 00 250 ' 


The whole Stock 2558 5 008 558,00 ee tothe Queſtion, 
With 


Thus + 


— 


72 7 


La Re _— ol — a 5 —ĩ5 — 


— — EI IE EI 
Wich this Stock of 2558 1. they Trade Eighteen Months, and 
Gain 8 2 7s. Tis required to ind every Man's Part or Share 
of that 
Note, Kunze the Time of Trading, viz. E ighteen Months, be 
mentioned in the Queſtion, yet it's no way concerned in anſter- 
ing of it ; as you may obſerve in ” following Work. 
' Firſt, 2558 J.: 831, 351. i: 1 : 0,325 Decimal Parts. 
Conſequently, 1 1. 0,325 : 3 212,125. That i i 
A's Stock 654, 5 X(0,325=212,7125 for A. 
B's Stock 543;75X0,325=176,71875 for B. 
C's Stock 480, X0,325=156,000 for C. 
D's Stock 254.5 X0,325= 82,7125 for D. 
E's Stock 365,25X0,325=118,70625 for E. 
F's Stock 260, X0,325= 84, for F. 
„ß „ 
A Gains 2127125 =212 . 14 . 03 
— r A 8 Ry 
; C —— 156, 000 ==1 
That is, D —— 27125 = = 3 "Ip 5 
E —— 118,70625z=I17 . 14. 01f 
— 2 84 10. 0 


Proof. Sum 831,35 2831 . 07 . 00 2 


I have omitted reſolving this lion according to the uſual 
Method (as before directed) of finding every Man's particular 
Part of the Gain by the Golden Rule, às in the Firſt Work of 
ä 1. Leaving that for the Learner's Prafice 


— — 


— 
— 


Set 2. The Double Rule of Fellowſhip ; or Mr with Time. 


This is uſually called the Double Rule of Fellowſhip, becauſe 
every particular Man's Money is to be conſider d with relation to 
the time of its Continuance in the Pint. Stock. 


Queſtion 1. 4 and B join in Partnerſhip upon theſe Terms, 
viz. A agrees to lay down 100 J. and to employ it in Trade 3 
Months: Then B is to lay doiwn his 100 J. and with the whole 
Stock of 2007. they are Dy” rade 3 Months more. Now at the 
End of that Time, they find their whole Gain to be 217. Tis 
tequired $6 know what each Man's Part of the Gain ought to de, 
xccording to his Stock, and the time of employing it, 


Here 


1 — — BR 
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Here it is but reaſonable to conclude, that 4 ought to Gain 
more than B, notwithſtanding their Stocks of Money are Equal; 
becauſe A employ'd his Money a longer Time than B. 

Now for Solving of this Cueſtion, Let us ſuppoſe A's 100 J. 
employed the firſt 3 Months to Gain Z=a Sum as yet unknown 
then it muſt Gain '2Z in 6 Morths; and to find what B muſt 
Gain, it will be, 3 BOY | 


J. | Months. . 1 2 
1 3 Te Zs Gun I fer Rule 1. P,. 


But A's Gain added to B's Gain muſt 21 J. the whole Gain 
by the Queſtzor. 
Therefore 2 Z +2235 W 2. 
That is, 100 X 6 X 2Z + 100 X 3 X 2Z—21 X100 X 6. 
Which contracted is, 900 X 2L=21 X 600. 


Conſequently, 2Z= SED which gives the following 


Analogy. : 
Viz. 909 : 21 :: 600: 2Z=141. for A's Gain. 
And 900: 21 :; 100X300 : 71. for B's Gain, 


Now this way of Arguing hath not only Reſolved the preſent 
Queſtion ; but it alſo affords (and demonſtrates) a General Rule 
= eſolving all Cue ſtions of this Nature, be the Partners never 

. | 


Aultiply every particular Man's Stock, with the Time 
it is employed , then it will be, As the Sum of all 
Rule. & thoſe Products; Is to the whole Gain (or Loſs.) 
So ts every one of thoſe ProduRts ; To its proportio- 
zal Part of that whole Gain (or Loſs.) 


Queſtion 2. Three Merchants A, B, and C, enter into Partner- 
ſhip, thus; A puts into the Stock 65 J. for 8 Months; B puts in 
78 /, tor 12 Mouths; and C puts in 847. for 6 Months. With 
theſe they Traffick, and Gain 1661, 12 5. Tis required ta find 
each Man's Share of the Gain, Proportianable to fin Stock and 
e TI NN 


. 4 


RE een = — ——— — 
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1. A's Stock 651. x 8 Months, the time it was employed 20 
2. B's Stock 78 J. x 12 Months, the time it was employed==936 
3. C's Stock 84 J. x 6 Months, the time it was employed 25g 


The Sum of thoſe Products is, 1960 

Then, according to the Rule, the ſeveral Proportions will 
ſtand thus, wo 25 
1960: 166,6: : 520 3 44,2 244 “L. 45. 0 d. fer A. 
1960: 166,6 : : 936 . 79,56 279 l. 11. 23d. for B. 
1960 : 166,6 :: 504 : 42;84=421. 16 6. 91d. for C. 


The whole Gaiffz=1661. 125. Od. 
Or you may work as in ſome of the former Examples, viz. by 
finding the proportional Part of the Gain due to one Pound, c. 
Thus 1960 : 166,6 : : 1 : 0,085 the common Multiplier. 
Then 520X0,085==44,2 forA. 
And 936X0,085 79, 56 for B. 


Alſo 5040, 8 5 242,84 forC. 


8 Sc. As before. 


. 


Queſtion 3. Six Merchants, viz. A, B, C, D, E, and F, enter 


into Part ip, and compoſe a Joint-Stock in this manner; 
Ra A EY 
A puts in 64. 10 — 
—— 78 15 6 
7. 100. OO MY 
iz. D 5 Wy for b Bag Months, 


They Traffick, and Gain 2587. 185. 454. Tis required to 


an's Share of 


ind every 
Time it was employed. 


the Gain, according to his Stock and 


| The ſeveral Stocks of Money, and their reſpective Times be- 
ing Firſt brought into Decimals, and then Multiplied together 


will produce theſe following Products. 
3 1 Months 
A's Stock 64,5 X4, 5 The time it was employed=290,25 


B's Stock 78,75 X, 
C's Stock 100, X8,25 
D's Stock 80,5X12, 
Es Stock 74,6 9, 
Fs Stock 125,1 5%, 


, „ 


The Sum of thoſe Product l 


the time it was employed 472,5 
the time it was employed =825,0 
the time it was employed ,o 
the time it was employed —708,7 
the time it was employed 880, 25 
— . 


277 
Then 


— — — | — | . 2 — TD 
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Then if you work by the _— Fs will be 
142,7 : 258,91875 : : 290, 25: 16,140025 = 1094 28. > 
07 412 It the Cain; bea erde . 9 
But if you Work by the eaſieſt way, viz. by finding the pro- 
portional Part of the Gain due to one Pound. | 
Thus 414237 : 25891875 :: 1: 0,0625. 
| CR SA. . | 
Then 290, 25 0625 218, 140625 28218. 2 . 94 for A 
And 472,5 X9,0625=29,53125 29. 10. 7x for B 
25, X0,0625==251,5625 51 . 11. 3 for C 
| 966, X, 625 = 60, 375 S600. 7. 6 for D_ 
121788, X9,0625==44,29375 =44 + 5 « 10x for E 
880,250,0625==55,015625=55 - . 3x for F 
| The whole Gain==258 . 18. 4; 
Theſe few Examples being well underſtood, are ſufficient to 
ſhew the whole Buſineſs of Fellowſhip, Sc. 


Sect. 3. Of Barkering. 

When Merchants, or Tradeſmen; Exchange one Commodity 
for another, it's called Bart:ring ; and the only Difficulty in this 
way of Dealing, lies in the due proportioning the Commodities to 
be Exchanged ; So, as that neither Party ſuſtain Loſs, _ - 3 

Queſtion 1. Two Merchants, A, and B, Batter ; A would 
Exchange 5 C. 3 27 14 pound of Pepper, which is worth 3 1. 10 5. 
per C., with B for Cotton, worth 104, per Pound weight; How 
much Cotton muſt B give to A for his Pepper , 

Note, In order io the Reſolving of this Queſtion (and al 
other Queſtions of this Nature ) you muſt Firſt find, by the Rule 
of Three (or otherwiſe ) the true Value of that Commodity whoſe 
Quantity is given ; (which in this Queſtion is Pepper.) And 
then find how much of the other Commodity will Amount to that 
Sum, at the Rate propoſed. [1-4 


Firſt 5 C. 3 978. 14 lb 5875 N 10 N 
And 31. . — 5 in Decimal, 


Then r:: 3,5 : : 5,875 : 20,5625=201. 11 J. 3 dl. the true 


value of the Pepper, F : 6 
Next, it's eaſy to conceive, that A ought to have as much 
Cottoꝝ at 104, per Pound, as will amount to 20 L. 11 f. 3 d. 
; which may be thus found; C 2 
10 d.: 1 b:: 201, 115. 3 4 4235 f.: 493,5 b. Thos 


a - _- - - 


» * OB 


Chap. v. ul of Feltowthip, Ne- To 


which indeed is ſo called, becauſe of its Univerſal Uſe. 


- work „„ mm. » ** 
—— oR— 


r 
* 1 


That is, 4 C. 1 qr. 17 + pound of Cotton. And fo much B muſt 
give to A in exchange for his 5 C. 3 grs. 14 pound of Pepper, 

Quefior 2. Two Merchants A and B Barter thus; A hath 
86 Yards of Broad Cloth worth 9s. 2d, per Yard ready Money; 
but in Barter he will have 11 s. per Yard. B hath Shalloo: 
worth 2s. 1d. per Yard ready Money; Tis required to find how 


many Yards of the Shalloon B muſt pive to A for his Cloth, to 


make his Gain in the Barter Equal to that of As. 

The Method of reſolving this, and the like Queſtions, differs 
a little from the laſt Caſe; for in this you muſt Firſt find what” 
Advance B ought to make per Yard upon his Shallooꝝ, in propor- 
tion to what A hath done upon a Yard of his Cloth. 6.1 

1 K „ 

Thus 5 2==110 : 112132: : 2. 125: 2. 630 
the Advanced Price for a Yard of B's Shalloon. Then proceed 
as before in the laſt Example. | 

Thus 1 Tard: 115. : : 86. Yards: 946 6.247 1. 6 s. the Ad- 
vanced Value of all the Cloth. a | Sy 

Next, If 2 5s. 6 d. will buy one Tard of Shalloon, at its Ad- 


yanced Price, How many Yards will 47 l. 6 5. buy. 


Thus 2, 5: 1 : : 946 3: 378,4 Yards. 3 

Thar is, B muſt give 378 3 Yards of his Shalloozz to A for 
his 86 Yards of Broad Cloth. |, Oo ner anon 
Theſe Two Examples are ſufficient to ſhew the Lanes, that the 
Methòd of Bartering, or Exchanging Commodities for Commodities, 
wholly depends upon a clear Underſtanding of the Golden Rule; 


. 
* 
A * 4 


Seck. 4. of Exchanging Coins. 


Exchanging the Coins of one Country for thoſe of another is 
like the Buſineſs of Bartering Commodities. That is, it conſiſts in 
finding what Sum of another Country Coin will be Equal in Value 
to any propoſed Sum of another Country Coir. And, in order to 
perform that, it will be very Neceſſary to have a true Account at 
al! times of the juſt Value ef thofe Foreign Coins which are 
hh © nl as they are computed in value with our Exg- 
1ſh Coin. 8 

I fay, at all times, becauſe the Par of Exchange (as the 
Merchants call it) differs almoſt every Day from London to 
other Countries. That is, it Riſes and Falls, according as Money 
is Plenty or Scarce; or according to the Time allowed for Payment 


of the Mo 4. 2 | x 
th oney in Exchange, &c. "Þ Thoſe 


\ 


_ 
—— ö¹Q . 
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French Coins. A Denier — 0 4 


2 

O 

| O 

_ A oo O 

| Low-Country Coin. A Stiver=Þ 
O 

2 

1 

O 


— 


Part 1. 
Thoſe that deſire to be fully ſatisfied in the Common Values of 
Foreign Coins, Weights, Meaſures, 8c. may find them in a Book 


called che Merchants Map of Commerce, which for Brevity fake 1 
have omitted T'ranſcribing, and onlly collected theſe Few of Coir. 


Foreign Coins, 14H | Engliſh Coin. 


F "mu 


12 Deniers=1 Soulz— 
20 Soulx 1 Livre 
3 Livres =1 Croum 


. . . * = . 


oenone Ons 0»vo00SmHO0OD 


Vin wy 


6 Stivers=1 Flemiſh Shilling= 
20 Stivers=1 Gilder = 

10 Gilders=3 32 8 %% N 

or a Flemiſh Pound J © 
Emblem Doller = 


im ye, 


Ls Campen Doll, 4 
\ +> AQZealand Doller= 

be Lyons Doller== 

Specie Doller — 

A Rix Doſler of 233 

; "$A Kix Doller of the ire 

Germany. 4 * A Gilder of N 


N Jw 


The Lore at Lyghorn= 
E: Florence Crown Conrrant= 
7 Fenice Ducat de Banco 


9 NY 


FP 47 Ta x & 7: A WE ES Shs 8 GY EY LG BY. 


O Q - O 0 OWN» 


: The Courrant Duc 
In Italy Ine Naple Ducat= 
and 4 The Cadiz Ducat — 
Spain. The Barcelona Ducat 
5 Ihe Valencia Ducat- 
| The Bergonia Ducat 
The Portugal Teftoon 
The Piece of Eight 


Note, The Exgiiſh generally Reckon their Exchange with 
other Coumtries by Pence, viz. other Countries value their 
Crowns, Dollers, or Ducats, &c. by Engliſh Pence. Except 
with ſome Parts of the Low-Courtries, with whom the Exchange 
is in Pounds Sterling. 12 99 


vin | 


— 
Qw 


Que ff. 1. How many Dollers at 4 8. 64. per Doller may one 
have for 162 J. 18s, F Anſwer 724 Dollers. 


ec — 


x 


Chap. 8. Vule ot Fellowſhip, &c. 107 


Thus 1627,” 18 5.2 258 5. and 4s. 6 4.264 d. 
| Then 54 : 1 : : 3258 : 724 the Anſwer. 


Queſt. 2. How many Saragoſa Ducats, of 5 5s. 6 d. the Ducat 
may be had for 275 Bergonia Ducats , at 4 5. 4 4. the price. 
| Anſwer 216 aud 3 3. 8 d. over. 
Thus 5 s. 6 4,=664. and 45. 4 4 252 d. 
Then 275X52=14300 4.==275 Ducats. 
| Conſequently 66) 14300 (216: the Auſwer required, 


Queſt. 3. A Traveller would change 233 J. 16 f. 8 d. Sterling 
Mouey; or Venice Ducats at 45. 9;d. per Ducat; How many 
Ducats muſt he have? Anſwer 996 Ducats. 

Thus 4 s. 91 4.=57, 5d. and 233 J. 16 5. 84.=56120 4. 

Then 57,5 d.) 561204. (976 the Anſwer required. 


Queſt, 4. A Caſhier hath received 759 Ducats, at 7 s, 6d. 
per Duiat; And 579 Dollers at 45. 8 d. per Doller ; Which he 
would Exchange for Flemiſh Marks at 14 5. 3 d. per Piece: How 
many ought he to have? 
| Anſwer 589 Marks, and 15 d. over. 
For 7s. 6 d. d. and 4s. 8 4.=56 d. | 
Then 759X90=683104. the Value of the Ducts. 
| 579X56==3242.4 d. the Value of the Dollers. 


their S093 =100734 d. | 
And 14 5. 3d=171 d. the Flemiſh Mark in Perce. 
Conſequeutly 171) 100734 (589 O. the Anſuzr required. 


Queſt, 5. A Bill of Exchange was accepted at Lon on for the 
Payment of 400 J. Sterling, for the like Value delivered in 
Anifterdom, at 11. 13 s. 6d. fbr 1 l. Sterliug; How much Moe) 
was delivered at Amſterdam ? 
: | | Auſwer 670%, Femiſh. 
For 1 . 240 d. and 17. 13 5. 6 d. 402 J. 

Then 240: 402 :: 400: 679 the Anſwer required. 


Qzeft. 6. When the Exchange? from Antwerp to London is at 
Il. 145. 7 d. Flemiſh, for 1 J. Sterling; How many Pounds. 
Sterling muſt be paid ar Londos; ro ballance 236 J. Flemiſh at 
Antwerp s : | | 
| | Anſwer 192 J. Sterling. 
Thus I /. 45. 142 295 4, ain] 11. 2240 d. 

: Then 295: 240: 236 : 192 the Auſwer. 


be: Weſt 


— — | * — — — X — I 
by Queſt. 7. A Merchant delivered at London 120 J. Sterling to 
Receive 147 /. Flemiſh in Amſterdam; How much was 101, 
Sterling valued at, in Flemiſh Money. 


3 | dnfwer 11. 4 4. 64. 
Thus 120 : 147 : : 240 f.: 294 d. = I. 45. 64. S. 


Que ſt. 8. A Factor hath ſold Goods at Cadiz for 1468 pieces 

of Eight; valued at 4 5. 61 d. Sterling per Piece; How much 
Sterling Money do thoſe Pieces of Eight amount to. 

2 e Anſwer 3331. 75. 2 d. 
Thus, if 1 54,5 4. then 146854, 5 = 83006 d. &c. 


; Que ft 9. A Travelley would have an equal Number of Crowns 
at 55s. 6d. per Crown; And Dollers at 4 s. 5d. per Piece; 
How many of each ſort may he have for 309 1. 8 5.9 


Anſwer 624 of each. 
Thus 2091. 8 5.274256 d. JJ nt, AT 
And 5 s. 6 d. ＋ 4s. 5 d. 2119 d. F 


Then 119 ) 74256 (624 the Anſwer required, 


Queſt. 10. Suppoſe I would Exchange 527 J. 17 s. 6 d. for 
Dollers at 4.5. 64. a piece, Ducats àt 53 s. 8d. a piece, and 
Crows at 6s. 1 d. a piece; and would have 2 Dollers for 
1 Ducat, and 3 Dollers for 2 Crowns How many of each ſort 


muſt I have? 

Anſw. 927 Dollers, 463%. Ducats, and 618 Crowns. 
C 544.=1 Doller. 7 © 

For 3 68 d —1 Duca. © per Queſiion., © 

bs 734,=1 Crown, | 

And 1266904 =5271. 17 5. 64. 


No if the Crowns, Dollers, and Ducats were to be equal in 
Number; Then 73+544+68 muſt have been the Diviſor, by 
which 126690 muſt have been Divided, and the Quotient would 
have bean the Anſwer to the Queſtion. As in the laſt Example. 
But here inſtead of their Sam, fuch Parts of them muſt be 
taken as are aſſigned or limited by the , that ſo the 
Number of ſome one of them may be found. 5 


And becauſe there muſt be 4 ; . oe ; 288 
| 8 | DS, 


Therefore it will be F of a Ducat for one Doller, and + of a 
Crows: for one Dollar. Lg ES on. 


Con- 


2 | IE > jr ley — — 

Chap. 3. Bule of Fellomchip,. Kc. 109 

| Conſequently, 54+*2 : +}. of 73-1364 Or *;* will be 

the Diviſor to fi — he er of Dol == 5 b 
Thus > 126690 ( 927 the Number of Dollers. 


Then 3 + of 927==463% is the amber of Ducats. 
And f of 927—618 is the Number of Crowns. . 


Or if you pleaſe you may form Diviſors to find either the 
Ducats or Crowns firſt : For if it be 2 Dollers for 1 Ducat, and 
3 Dollers for 2 Crowns, as before; 

0 Then will 6 Dollers be for 3 Ducats, and 6 Dollers for 4 
YOWN So 


| R : 
Therefore, 3 - 1 ow will be for 1 Crown. 


Conſequently, 3 of 54 : +3 of 68: + 735005 will be the 
Diviſor 4 find the Crowns firſt, Oc. 


Queſt. 11, A Caſhier is to Receive 500 J. He is offered 
Crowns at 65. 1 fd. per Crown, which are worth but 6 s. Or he 
may have Dollers at 4.5. 5 4. the piece, which are worth but 

4, Which of theſe ſhall he receiye to haye the leaſt Loſs ? 
E ow much will he loſe in Payment? 


„ 1 Cromn=720. | 
14 1 Doller=52 d. & according to the true Values, 
E? 1 Crown=73,5 d. 

2 1 : 2 1. I the advanced Values 


Now to find which will be the leaſt Loſs ; find what the 
advanced Value of a Doller _ to be in proportion to that of 
1 Crown, 


— 


3 227 22 He But he may have Dollers 
© os Fes stone fore 2 Payment in Dollers will be the 
. 3 is leſs than 53,22 Ge. 


gy} end v. kh the whole Loſs will be, Divide 120000 d. 
==5007, by 52 and 53. The Difference of cheir Quotients will 
be the Loſs. 

Thus 52) I 20000 (2307 5. And 53) 120000 2264455 

Then 23071 —226473=4 43%} 15 Dollers at 4 5, 4 4 is the 
Loſs ; viz, 91. 8 5. 0535 


| There are other ways of anſwering the laſt Queſtion, but this 
1 take to be che eaſieſt, ; 


Queſt. 12. Suppoſe 1 endings 4 10 5. 10 d. for 11 Gowns 
and 7 Doliers ; ; And at another t ne I have 4 Crowns 2 a 
ollers 


— m — — : W 
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Dollers 7 1 L. 15s. each being of the fame Viiſfe n the firſt. 
What is the Value of à Crowr, and of a Dolley ? | 


Firſt 11 Growns-+7 Dollers=10904. 
Second 2 Crowns +3 Dollers= 420 d. by the Queſtion 


Then in order to find the Value of 1 Crown, you muſt caſt off 
che Dollers by making them of the ſame Number; Thus, 


33 Growns-+21 Dollers==3270 d. the firſt Multi p.. with " EP 
De 1 Dollers==2940 d. the ſecond Multipl. with 7, 


Then 5 Crowns= 33o dl. being their Difference 
e grows 5) 330 (66 = 55. 6d. is t N 
4 Crown g 264 d. 
Then Soil ; Dollers=420d.— 264 d. 2156 d. 
Conſequently 3) 156 (524.=4 5. 46 the Value 9 I pale 


* 
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CHAP. N. 


of Alligation. 


W HEN it is required to mix ſeveral Sorts of Ingredients 
together; As different ſorts of Corn, Wines,. Wool, Spices, 
or Metals; or to compoſe Medicine s, &c. the Method o pro- 
Portioning ſuch Mixtures, is called the Rule of Alligation ; and 
+ Divided into two Parts or nn, called Medial and 
Alternate. 


Set. 1. Of Alligation Pedial : 


Alngation Medial, is that by which the Mean Rate or Price 
of any Mixture is found, when the particular Quantities of the 


Mixtures and Rates are given; And is thus performed. 


Firſt find the Sum of all the Quantities propoſed to a: mix d? 
And alſo the Sum of all their particular Rates. 


Then the Proportion wil be, „ 


7 As the Sum of all the Quartiites : Is to the Sum of 
Rule & al! their Rates :: So is any Part of the Mixture: 
To the Dean Rate or Price of that Part. 


Queſt. 1. Suppoſe 15 By els of Wheat At 5 5. the Brſhe, 


and 12 Brſhets of Kye at 35. 6d. the Buſet, were mix d 1 
; AL 


Thap. 8 3. Rule of Tale Nc. wr 


What is the Mean Rate or Price, it may be ſold for 2 Buſbel, 
without Loſs or Gain? 


This Queſtion prepared as Directed above will ſtand 
Thu The 5 Buſ bels o Wheat at 5 5. per Buſhel, comes to 900 d. 
12 25 of Rye at 15 64, each, comes to 504 d. 


27=their Sum And their Total Value 21404 A. 
Then 27 Buſbels: 1404 &. : ; 1 Buſbel: 52d 4s. r 
. Anſwer required. | | 


Queſt. 2. A Grocer Mizeth 36 Pounds of ' Tobacco, worth 1 s. 
64, a Pound, with 12 Pounds of another ſort at 2 5. a Pound 
and 12 Pounds of a third fort at 1 3. 100, the Pound. How may 
he ſell the Mixture * ro © 


4 
36 at I IN 648 
. at 2 3 per Pound Amounts to < 288 
at I . 10 © 264 


50 = the Number of Pounds; their Value T2000 
Then 60 IÞ : 1200 4. : 1 lb: * 8 d. the Aufwey 
required. 


Queſt. 3. A Vintner Mixeth 31 Gallons and half of Malaga 
Sack worth 7 C. 6d. the Gallon; with 18 Gallons of Canary at 
6s. 9 d. the Gallo; 13 Gallons and half N at 5 5. the 


Gallon; And 27 Gallons of White Wine at the Gallon, 
[Tis required to find what one Callon of this = is worth. 
Gal. . 4. Pence 
| 780 at 7. 6 283 38 
c 
2 32 2 = 5. ond Gallon comes to 555 
27 A 4. 3 C1377 


90==the AN of Gal. Their Value= 6480 
Then 90: 6480: : 724.=6 s. the Kate or Free of one 
Gallon, as was — 


The Proof of all Operations in theſe fort of Ai ixtwres, is done 
* comparing the Value of all the Mixture, being ſold at the 
Mean a with the Total Value of all the particular Quanti- 
ties, _ they had been fold at their reſpeQve Rates un- 
* Suns are equal, the Work is true, Fa: 


\ 
— TR 
— * 


Part I. 


2. " Arithmetick. 


Se. * Of Alligation Alternate. 


- Aligation Alternate, is that by which the particular Quantities 
of every Ingredieat concern d in any Mixture are found; when 
the particular Rates of every one of thoſe Ingredients, and the 
man Rate are given; being (as it were) the Converſe to Alliga- 
tion Medial; as will appear by the following Operations, which 
admits of three Caſes. TT | | 
Caſe I. The Particular Rates of any „ propoſed to 
be mixed, and the Mean Rate of the whole Mixture being 
given. To find how much of each Ingredient is requiſite to 
compoſe the Mixture; when the whole Quantity, or any part 
thereof is not Limited. | 
_ Queſt. 1. How much Wheat at 5 s. the Buſhel, and Rye at 
3 5. 64, the Buſhel, will compoſe a Mixture that may be Sold 
for 4s. 4d. the Buſhel " Sa SH? - | 
Note, Ju all Queſtions of this Nature, it: ill be convenient to 
Place the Mean Rate ſo, as that it may be eaſily compared with 
the Particular Rates, i order to find every one of their Die- 
rences from the Mean Rate, by ixſpection only. , 
4 


| Wheat b 
Thus the Mean Rate=52 44 Rye 42d 
Then take the ſeveral Differences between the Mean Rate, 
and the Particular Rates; Setting down thoſe Differences Alter- 
rate ly, and they will be the Quantities required. 


, 1 60 I09=52—42 
Thus 52 J 42 $4 8==50—52 
That is -52—42==10' for the quantity of ¶ heat. 
And 60—52=> 8 for the quantity of Rye, that will com- 
poſe the Mixture required. nd . — 
The Proof by Alligation Medial. 
- Fro Buſbels of Wheat at 60d. per Buſhel=600 d. 
Au 4 8 Buſhels of Rye at 42 d. per Buſbel 336 d. 
| 18= the Number of Buſhelss  =9364. 
Then 18 : 936 :: 1 : 524. =4 s. 44. the Mean Rate. 
Note, Altho' 10 and 8 do Anſwer the Queſtion, as plainly ap- 


pears by the Proof ; yet they are not the only Two Numbers; for 
this Queſtion, and aft others of. this kind, will admit of various 
Anſwers, and all the whole Numbers; for any Two Numbers that 
are in the ſame Proportion to one another, as 10 is to 8, will as 


tz Anſwer the Queſtion, Vir. 


* 
— 
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32 4 
V:z. 10 res . 13 de vie. 


Queſt. 2. A Grocer would mix Three ſorts of Tabacceo together 
viz. One Sort of 18 d. per Ib, another Sort of 22 d. ner R and 
a Third Sort of 25, the lb. How much of each Sort muſt he 
take, that thewhole Mixture may be ſold for 20 d. the Paung 2 

14 down the given Rates, as before: Then find each 
of their Differences from the propoſed Mean Rate; And place 
thoſe Differences Alternately. Thus, | 


18 4 ＋2 224 — 20 and 22— 20 
Mean Rate 2 22 5 1 2=20—18 
i „ 24 2=20—18 
Theſe Differences, viz. 6 . 2. 2 are the Quantities Required. 
6 lb of Tobacco at 18 d. per Pound come to 108, 


Proofs 2 Ib at 224, the Poznd comes to 44 f. 
* 2 Ib at 24 d. the Pound comes to 13 | 
o=the Number of Pounds, Their Value 200 d. 


Then 10) 200 (20 the Mean Kate. 


Or indeed any three Numbers that have the ſame Ratio to one 
another as 6 and 2 have, will A»ſwer the Queſtion, ons. 


953 
Thatin 6:24: 124 0 Ge. 
5 | 15:5 3 
But if only one of the three given Rates had been greater than 
the Mean Rate; As ſuppoſe 146. BY Pound, 18 d. per Pownd, 
and 24 d. per Pound. And ſean Rate 20 d. as before. 
Then their Difference muſt haye been placed, 


#4 4 1 
| As befe 
Thus, 0 4 10 75 ; FM oy” * 


2. A Vintner. would make a Mixture of Malaga, 
— $. ?; d. per Gallon, with Canary at 6 s. gd. per Gallon, 
Sherry at 5 s. per Gallon, and White Wine at 4s. 3d. per 
Gallen ; What Quantity of each ſort muſt he take, that the 
Mixture may be ſold for 6 s. per Gallon ; 985 

In all Queſtions of this kind, wherein it is required to mix 
Four Things together, Two of them having their Frices Greater 


——Arichmerick. SHE... 


— — öU—ů—' — 


and T½⁰ Lefſe y than the Near the AA. Megs Rate ; you muſt always Alligate 
or Compare a Greater and Leſſer Price with the Mean Price, 


ſetting daun their Differences Alternately, as in the 7591 Ex- 
aun plè of this Section. 


111 


— * 90d. nd 
hite 51 IS—=90—72 
This, Mean Rate 272 d. 5 Sherry 60d. S=81=—72 

| Canary 81 d. My 12==72—60 
ZJehce 2 21 Gallons of Mate 12 of Canary, 9 of Sherry, and 12 
of White will compoſe the Mixture Required, 


Malaga 90 d. 1 & 12 Malaga 

Js Sherry 87711 Sherry will 
4 Canary B1d.y for Canary &. 
Cop bite _—_— 9 White 


Either of theſe Mixtures equally Auſwer the Queſtion, hy 
may be eafily tryd as before in the Loft, Ge. 


Caſe II. The Particular Rates of all che Ingredients ooh 
to be mix'd, the Mean Rate of the whole Mixture, and any 
one of the Quantities ro be mix'd being given. Thence to find 
how much of every one of the other Ingredients 3 1s requiſite to 
compoſe the Mixture. 


Note, Thus 1 is uſually called A Nigation Partial. 5 
Queſt. How moch Wheat at 8 C. the Bu el, muſt be mix d 


Or thus, 72 


uith 12 ſhels of Rye at 3 5. 6d. a Buſhel ; That the whole 


Mixture may be fold for 45. 4 d. the Buſhel # 
In this Caſe you muſt ſet down all the Particular Rates, with 
the Mean Rate, and find their Differences Juſt as before ; HET ens 


oy regard had to the Quantity given. 


Wheat 69 4 

Tha, Mean Rate 52 d. 17 77 42 242 
As the Quantity found by the Differences of the ſame 
The I Name with the Guantity given: Is to the Quantity 
Siven :: So 4s any f the other Cuantities found by 
(th: Differences : To the Quanti ty of its Name. 5 
1 8: 82:: 10 15 the We or Number of Buſhels 
of Ilheat® required. | | | 
Queſt. 5. How much Mil. a at 75,'6 54 the Gallon, „ Sherry at 
5 5. the Gallon, and IWjjite gat at 45. 3d. the Gallon, muſt be 
mix'd with 18 Gallous of Canary at 6 5. 9d the Gallon ; 3 That 
the whole Mixture CINE. os ts for 6 5. the . 8 
; The 


— — 
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Ihe 7erms being ſet down, 85. * TOs nl fand . 


* 93 l. 1 
Thus, Mean Rate 7 4. Gd. White 514 


Chap. 9. 


* , 


Sherry 60 4. 
17 1 8 4. 112 121 1 
a | 21 2. 31 alone of Malag 7 
Then, As 12 : 18 :: 418 : 27 Gallons of WW bite. NC 
9 : 134 Gallons of Sherri | 
That is, 313 Gallons of Mal; 15 27 of White Mixe, and 131 


of Sherry, being mix'd with 1 r of Canary, will mill aſs 
the Mixture required, 240 


Malaga 9o 12 d 
Or thus, 72 Jerry 55 18 - 
White Sug 9. 


* 1075 the Malaga S 
Then, As 21: 18 : 15:7 the Sherry '> &c. 
5 : 7: the White. } 
Gage, So Pente. 
By 10. at Ms each = 925: 
9 5 1575 at 60 d. each 9257 
Prog 2 77. af 1 FRED = 39 P a 


„ N * 5 


Saw 51. — | 


Then 5123) 370231 (72 d. 26 5. the Mean Rate. | 
Therefore the Quantities : are as truly aſſt gned here, as in the 
laſt Work, | 


Caſe nt. The Particulay Rates of all the Ingredients propoſed 
to be mix'd; and the Sum of all their Quantities with the Mean 
Rate of that Sum being given To find the particular nent hy 
of the Mixture. | 

This is called Allieation Total, and i is thus performe l. 
det down all the Particular Rates, with the Mean 5 
theit 93ꝙ6— as before: Add together all the Differences into 
one Sum; 

As the Sum of all the Differences: 1s to the gam of 

_ all the Quantities given : So is every particy/ar 

Differezice : To its particular. Quant: 45. 
: Que t. 6. Leb it be required. to mix I heat at 58. "Buſbet, 
: with To at 3 5. 6 d. the 2 £ So as that the cl Qrantity 
: may be 27 Belle, to be ſold for d. a Buſbel; What Quan: 
> tity of ect mult be taken to = up t wy: Maxture ? 


Q 2 Mean 


er 
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| „„ II beat 60 d, 2 5x10 
Mean Rate 52 4 Rye 42439 8 
| 18=their Sum. 
; Then 18 27 :? 473 | 15 The Quantities required. 


Que ſtion 7. Shppuſe it were required to mix Malaga at 7 8. 6 d. 
the Gallon, with Carary at 6 5. 9d. the Gallon; Sherry at H. the 
Gallon, and White Wine at 4s. 3 d. the Gallon ; So as that the 
whole Mixture may be 90 Gallons ; to be fold for 6 s. the Gallor : 
How much of each ſort will compoſe that Mixture, 

« Malaga 99) 21 
Mean Rate=72 d. ys 1 1 5 18 
ary 81 74 9 
Sherry 601 L 12 
GO = their Sum 
60 : 90 u 21: 312 the Gallons of Malaga. 


60 : 90 :: 18: 27 the Gallons of White Wit; 
$602 02 1 5 the Gallons of Sherry. 
2 6 1 


bo :90 K 1 the Gallons of Canary. 


Malaga 90 I2 
Sherry 60 4 "IP 
Or thus, 72 5255 81 ; 121 
White 51 FU 9 
: So their Sum. | 
bY: : 90 : 12: 18 Gallons of Malaga. 


) 60 : 90 1: 28 : 27 Gallons of Sherry. 

DB 60 : 90 :: 21: 314 Callonsof Canary. 

* 60 : 90 * 9 : 131 Gallons of White Wine: 
Eich theſe ways do equally An the Que ſtion, as may 
be eaſily H by Alligation Medial. vin al 1 F 
Note, The Work of theſe Proportions may be much ſhortened 
( eſpecially when there are many Ingredients to be mix d) if 
obſerve the ſame Method as was propoſed in the Rule of Fellow- 
ſhip, page 99, Oc. | | 

I have made uſe of the very ſame Example both in Alligation 
Medial, and Alternate, throughout the three Caſes ; being, 
as I preſume, much better than if they had been different 
ones ; becauſe the Learner may (if he conſider a little 1 
them  cafily pe 


1 
. 
* * 
* 
* 


* 
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two 
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jive, uot only the Difference between the 6 
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two Rules, but alſo wherein the chief Difference of each Caſe 
in the Alternate Rule depends, Sc. Not but that I could have 
inſerted many various Examples, as alſo the Manner of Compo- 
ſing Medicines, Sc. which, for Brevity fake, I have omitted, 
and refer thoſe that deſire to fee into that Buſineſs to Sir Jonas 
More's Arithmetick, wherein he will find it largely handled. 
And fo I ſhall conclude with Alligation Alternate, which altho 
it gives true Auſwers to Queſtions of that kind, with ſome little 
variety, according as the Ingredients are More or Leſs in Number; 
as appears by the foregoing Examples ; Yet it will not give all 
the Anſwers as ſuch Qzeſtzons are capable of, nor perhaps thoſe 
which ſuit beſt with the preſent Occaſion : Nor can this Imper- 
fection be remedied by common Arithmetick; but by an Alge- 
braick way of Arguing it may; whereby all the poſhble Anſwers 
to any Que ſtion may be clearly and eaſily diſcover d; As ſhall 
be ſhew d er on in the Second Part. 


1 
8 


CHAP. X. 
Of Petals and their Dpecifick Gꝛavities, Ce. 
SeR. x. Of Gold and Silver, 


PUKE Gold, free from Mixture of other Metals, uſually 
called Fine Gold, is of ſuch a Nature and Purity that it 
will endure the Fire without waſting, although it were kept 
continually Melted : And therefore ſome of the Ancient Phi- 
loſophers have ſuppoſed the dun to be a Globe of Liquid or 
Melted Gold. 
; Silver having not the Purity of Gold, will not endure the Fire 
8 like it; Yet Fine Silver will waſte but a very little by being in 
the Fire any reaſonable time; whereas Copper, Tin, Lead, Gc. 
will not only waſte, but may be calcin'd or hurnt to a Powder. 
Both Gold and Siver in their Purity, are fo very flexible or 
ſoft (like new Lead, Ec.) that they are not fo uſeful either in 
Coin, or otherwiſe (except to beat in Leaf-Gold or Silver) as 
when they are allay'd, or mixd and harden'd with Copper or 
Braſs. And altho' moſt Places differ more or leſs in the Quan- 
wy of ſach Allay, yet in England it is generally agceed on, 
t; 228 8 


Stand- 


* N wy 
Dy, 
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Standard for Sold. 


22 Carracts of Fine Gold, and 2 Carracts of Copper, being mel- 
ted together ſhall be eſteemed the true Standard for Gold Coyn, Gc. 
The French aud Spanith Gold being very near of the ſame Stan- 
dard. | | | | | | 
That is, if any Qrza=tity or Weight of Fine Gold, be divided 
into Twenty Four equal Parts, and 22 of thoſe Parts be mix d 
with 2 of the like Parts of Copper; that Mixture is called Stau- 
dard Gold. + + L e 

Whence you may obſerve, that a Carract is not any certain 
Quantity or Weight, but & part of any Quantity or Weight ; 
and the Minters and Goldſmiths Divide it into 4 equal Farts 
which. they call Grains of a Carract; allo they ſnbdivide one of 
thoſe Grains, into Halves, Quarters, &c. | 


Tk Standard for Dilver. 


Eleven Ounces and Two Penny-weight of Fine Silver, and Figh- 
teen Perny-weight of Copper being melted together, is eſteem d 
the true Standard for Silver Coin, called Sterling Silver. And ſo in 
Pro portion for a. greater or leſſer Cuantity; which is a Leſs Pro- 
portion of Allay for Silver, than the other is for Gold. 

Note, When either Silver or Gold is Finer than Standard, it's 
called Better; if Coarſer, it's called Worſe ; and that Betterneſs 
or Worſeneſs, is reckoned by Carracts and Grains of a Carract in 
Gold, and by Penny- weights in Silver, and is thus diſcovered : 
The Colaſmiths or * &c, do take a ſmall Quaztity of 
ſuch Gold as they intend to Try (which they call making an 
Aſſay) and wa it very exactly, then they put it into a Cucible, 
and melt it in a ſtrong Fire, fo long that if there be any Copper, 
or other Allay mixt with it, that Allay may be conſum d or 
burnt away: When it's cold they weigh it very -exaQly again, 
and if it have loft nothing of its firſt Weight, they conclude it is 
Fine Gold, but if the Loſs be, 1 Part, they call it 23 Carract: 
Fine, or one Carract better than Standard: If ir have loſt :; 
Parts it's 22. Carratts fine, or Standard: If ,3 Parts, it's ſaid to 
be 21 Carracts fine, or rather one Carract worſe than Standard, 
and fo in Proportion as it happens to be Better or Worſe. 


In the fame Manner they make their Aſſay on Silver, only they : 


compute its Loſs by Penny. ꝛueights, Oc. 


The Author of the Freſent State of England, mention'd be- 


fore ( Page 32.) ſays, 4 


TCC 14. 1 
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That the Engliſh Coin may not want neither the Purity nor 
Weight required, it is moſt wiſely and carefully provided, 
© that once every Vear the chief Officers of the Mint appear 
© before the Lords of the Council in the Star- Chamber at Meſt. 
© minſter, with ſome Pieces of all forts of Moneys Coined the 
© foregoing Year, taken at adventure out of the Mint, and kept 
under the ſeveral Locks, by ſeveral Perſons, till that Appearance, 
; and then by a Jury of able Go/dſmiths, in the Preſence of 
| c the > Lords, every Piece is moſt exactly Weighed and 
* Afayd. | * 
| | This if it were conſtantly practiſed would keep our Coin to 
its true Standard, ge. heh et Bo | 
Many pretty Queſtions may be ſtarted concerning the Fineneſs 
of Gold and Silver, &c. | | 


Example 1. 


If an Jxgot of Silver weighing 787 oz. 14 put. 6 grains, 
Be II oz. 6 pt. fine; How much fine Szlver is there in it, 
and what amounts it to, at 5 5. 14d. the Ounce ? * 

This Ingot is better than Standard by 4 put. For 11 oz. 
2 pwt.==222 pt. the fine Silver in 12 oz. of Standard. But 
11 oz. 6 pwt.=226 pi. the fine Silver in 12 oz. according 
to the Qreſtion. 917 5 87 1 
Firſt 787 oz. 14 put. 6 grains =378102 grains, 

And 12 o. 240 fr. 
Then, As 240: 226: : 378102: 356046=741 oz. I 3 
62 ge. the fine Silver in that Ingot. | f * 7 
Which at 5 s. 144. the Ounce, amounts to 190 J. 1 5. 6 d. 
and near a half. penn x. h | IDE 


Example 2. 


If an got of Gold weighing 115 ez. 13 put. 18 Grains; 
Be + of a grain worſe than Standard: How. much Standard Gold 
is there in it, and what comes it to at 31. 11 s, an Owrce ? : 


Firſt 115 oz. 13 pwt. 18 gr.=55530 Grains Troy. 
Then iN goes 3 gy 629 =a Carrath of that Quantity, 
And 4) 2313,75 (578, 4375. CGraix of that Carract. 
Conſequently 4) 578,4375 (144, 09375 = of a grain. 
: Again, 2313 75% = F002, 5 ought to be the fine Gold in 
5 Wy bar Igot, if it had been Standards fo 


But 
8 * 
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| But 50902, 5— 144,609375==50757,890625 is the Quantity of 
mine Gold — * to the Gus fliow. p TID. L 
7 Therefore 509025 : 50757,890625 : : 55530 2 $5372,244 &. 
grains 115 oz. 7 pot. $244 Sc. Grains Troy, being the 
' Nuaniaty of Standard Gold in that got. As was required, 
Next for the Value of it at 3 J. 11 s. per Ounce; 1 o. 2480 
grains. And 31. 11 5. 2715. : 1 | 
Conſequently 480 : 71 : : '55372;144 Kc. : 8190,4777 &c. 
==409 l. 105 5+. very neat ; being the Value of that Ingot. 
As was required. 
Or the laſt Queſtion may be otherwiſe wrought thus; 115 oz. 
13 pwt. 18 grains=115,6875. And ; of a Grain, of a Carract 
is r+ ). the; of 5) wee | 
' Then 22— 2 21 TI=21,9375+ 
Conſequently 22 ; 21,9375 :: 115,6875 : 115,358842 &c, 
=115 oz. 7 pt. 4,244 grains, &c. As before. | 
Next for the Value, As 1 : 3555 : 115,358842 : 409, 523, 889 
cg. 10 5. 5 1 d. very near. F — N 


: | Sect. 2. The Specifick Gꝛavity of Petals, &c. 


- I take an Enquiry made about the different Gravities, or 
rigors of Metals, and other Bodies, to be (not only a Work of 
nioſity, but alſo) of very good Uſe n many Occaſions, 
Therefore ſeveral Authors have given us ſuch Proportions, or 
Difference of their Weights, as they are ſaid to have one to 
ancther ; ſuppoſing every one of them to be of the ſame Mag- 
#itude or Bigueſs. Some of which I ſhall here inſert, 
1. Henry Van Etten, in his Mathematical Recreations, Printed 
Ano 1633, ſets down the Proportion of their Weights. Thus, 
| Gold 1875. Lead 1165. Silver 1040 , Copper 910. Iron 810. 
Tin 750. Vater 100. i 8 
1 2. One Alſted, in his Encyclopedia, Printed 1649, hath them 
Thus ; 
Gold 1875 . Quickſilver 1500. Lead 1165 . Silver 1040 . 
Cooper 910. Tron 806 . Tin 750 + Hove! ISO . Water 100 
Oil 90. Theſe ſeem to be taken from thoſe of Var Etters, 
with ſome Additions only. r 


3. The Ingenious Mr. Oughtred, in his Circles of Proportions, 
Printed Au 1660, hath their Proportions according to the 
Experiments of one Marinus Ghetaldi, in his Tract called Av. 
chimedes Promotus. Thus, If 
| Gold 3990 . Quickfilver 2850 . Lead. 2415 . Silver. 2170 + 
Baß 1899 . Iron 1689 , Tin 1554 L "4 In 


* 
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4. In the Philoſophical Tranſactions, ( Number 169 and 199) 
there is an Account ot a great many Experiments of this kind; 
from wheace I * theſe > ing, Viz. Gol wy + 
Mercury 1 019. 1134 itver 11087 . Copper 8843 

Hammer'd Braſs 23 - C/ Braſs 8100 , Steel 7852 . P- 3 
7643 + Tin 7321. Fump- water 1000. 

Theſe laſt nd pes. being approved of and publiſhed by 
Order of the Royal Socie 3 — to be cas Tawny true : Ne. 
vertheleſs, becauſe they differ ſo much — the beforementioned 
(and thoſe from une another) 1 have fot my own Satisfaction 
made ſeveral Experiments of that kind: And have (J 2222 ) 
obtained the Proportions of Veigbt that one Body be 
another, of the ſame Bulk or nitude, as nicely as 1 4 
Nature of ſuch Matter, as may be contracted or brought into 
a leſſer. Body (viz. either by Drying, or Hammering, or other- 
yiſe) wil admit ME which are 3 ä 


Ounces Troy II Ounces Averd 


{ Fine Gold, is [10,359273 = 11,365602 
Standard God, 9,962625 = 10, 930422 
Quickſilver, | 7,384411 = 8,101753 
Lead, 5,984010 = 977955 
Fine Silver, 5850035 = 6:41 
Stardard Silver, 5.556769 = 679656 «| 
Roſe Copper, 4,747121 = 3, 208369 
Plate Braſs, 4.404273 = 4832116 
ICaſt Braſs, 4,272429 = 4,03930cþ 
Stecl, | | 4,142127 = 4,544505 
| Common Iron, | 4031361 = 4,422979 
Cnbick Block Tin, 3,861519 = 4,236638 
Inch of Fine Marble, 1,429411 1, 568855 
Common Glaſs, 1360841 = 1,49303 
Alabaſter, 0, 988456 —= 1,084477 
| Dry Ivory, 0,962083 = 1,055542 
4 Dry Box-wood, - 0,543282 = 04596957] 
Sea Water | 0,542742 = 0,59489 
Common Clear Water, „527458 =. 0,57869 
| Red Wine, 0,523766 = 0,5746« 
Proof Spirits or Brand) 489268 — 0536796 
Sound Dry Oat, 0,489c08 — O, 536569 
Linſeed Oil,  0,491591 == , 539345 
Oil Olive, 248 1569 = © 528 * 
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In this Tab/e you have the _ Gravity or Weight of a 
Cubick Inch, of various ſorts of Bodies, both in Troy Ounces and 
Averdupois Ounces, and Decimal Parts of an Ounce, which 1 
can aſſure you required more Charge, Care, and Trouble, to find 
our nicely, than I was at firſt aware of, 

Now from hence it will be eaſy to determine the Weight of 
any propoſed Quantity, of the fame Matter and Kind with thoſe in 
the Table; its Solid Content being given in Cubirk Iuches. For 
it is plain, that if the Number of Cubick Inches contained in any 

ven Quantity, be Multiplied with the Tabular Weight of one 
955 (of the ſame kind of Matter ) the Product will be the Weight 
of that Quantity in Ounces, &c. 


Example. 


Suppoſe it were required to find the Weight of a Piece of 
Marble, containing three Solid Feet, and 40 Cubick Inches. 


* 
Firſt 17 28K 325184 the Cubick Inches in 3 Solid Feet. 
And 5184-+40=5224 the Number of Cubic Inches in the 
Piece of Marble. 
Then 52241, 429411 = 7410, 066624 Ownces Troy. 
Or $5224X1,568859==8195,719416 Ounces Averdupois. 


The Veight of that Piece of Marble, in Ounces, &c. which is 
eaſily broughr into Pounds, &c. The like for any of the reſt. 

I be Converſe ot this Work is as eaſy; viz. if the Weight of 
any propoſed Quantity be given, thence to find the So/i4 Content 
of that Quantity in Cie Inches, &c. 

Thus, Divide the given Weight of the propoſed Quantity (it 
being firſt Reduced into Ounces, &c.) by the Tabular Weight of 
one Inch (af the ſame kind of Matter) and the Quotient will be 
the Number of Cubick Inches contained in that Quantity. 


Note, If you would find what Veight any Quantity of thoſe 


Bodies mentioned in the Table will have, when it is immerſed 


or put into Water, you muſt Sub/iratt the Nei gli of an equal 
Quantity of Water (with that of the Body) from the Weight 
of the propoſed Body (if it be heavier than Water) and there 
will Kemain the Weight required. As for Inſtance, 


A Cubick Inch of Lead 5, 984010 
A Cubick Inch of Mater ee Ountes Troy, &c. 


their Difference is, =5,441268 the F/eight of a Cubick 
Dich of Lead in the Water, Cc. | | 
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N 4 C HA P. XI. 


Gvolution, or Extracting the Koots out of a Dingle Powers; 
by one General Method. 
a | Set. 1. ; | | a 

Elen is the Unravelling, or as it were the L/, folding and 
Reſolving any propoſed Pomer or Number, into the ſame 
pr of which it was compoſed, or ſuppoſed ro be made up. 
ow in order to perform that, it will be convenient to conſider 

how thoſe Powers are Compoſed, c. 

A Square Number is that which is Equally Equal ; Or which 
is contained under two Equal Numbers. Euclid 7. Def. 18. 

Thus the Square Number 4 is compoſed of the Two Equal 
Numbers 2 and 2. viz. 2X2 =4. 

Or the Square Number 9 is compoſed of the Two Equal 
Numbers 3 and 3. viz. 3X3 -9. According to Euclid, 

That is, if any Number be Multiplied into it ſelf ; that Pro- 
duct us called a Square Number. 

A Cube is that Number, which is Equally Equally Equal, or 
which is contained under Three Equal Numbers. Euc. 7. Def. 19. 

Thus the Cube Number 8 is compoſed of rhe Three Equal 
Numbers 2 and 2 and 2. viz. 2%2X2 8, &c. 

That is, if any Number be Mnltip'ied into it ſelf, and that 
Product be Multiplied with the ſame Amber; the ſecond Pro. 
duct is called a Cube Number. 

Theſe Two, viz. the Square and Cube Numbers, borrow their 
Names from Geometrical Extenſions or Figures; as from the 
Three Signal Quantities mentioned in Page 2. 5 
That is, a Root is repreſented by a Line or Sive, having but 
one Dinenſion, viz. that of Length only. 3 

The Square is a Plain or Ligure of I'wo Gef e bawing 
Equal Length and Preabth. The Cube is a Solid Body of I hree 
Dimenſions ; having Equal Length, wreavrh, and Chicknefs: 
But beyond theſe Three, Nature proceeds not, as to Local Ex- 
tenſion. That is, the Nature of Place or Space, admits' no 
room for other ways of Extenſion, than Length, Breath, and 
T hickneſs. Neither is it poſſible to form, or compoſe any Figure 
or Body beyond that of a So id. | 

And therefore all the Superior Powers above the Cube or 
Third Power ; As the Biquadrat or Fourth Power, the Surſolid 
or Fifth Power, 8c. are beſt explain'd and underſtood by a RA 
or Series of Numbers in Geometrical Proportion. 2 5 

For Inftance : | hy 8 

Suppoſe any Rank of Geometrical Hroportionals, whoſe Firſt 
Nm and Ratio are the fame; And to them let there be 
R 2 aſſigned 


- 
2 — 


2 —e— — é 
aſſigned a Series of Numbers in Arithmetick Progreſſion, begin- 
ning with an Uxit or 1. whoſe common difference is alſo 1. as in 
age 79. | 1 hk 
1 0 2 A 3 0 P 0 . 7 Adtce . 
Thus, $3 1840-86118 Sc. in = 9 
Then are thoſe Numbers in + produced by a continued Mul- 
tiplication of the Firft Term or Root into it ſelf ; And thoſe in 
Arithmetical Pre greſſton or Indites, do ſhew what Degree or 
Power each Term in the Geometrical Proportion is of. 
For Example ; In this Series of = 2 is both the Firf Term 
or Foot, and common Ratio of the Series. | 
Then 2X2=4 the Secord Term or Square. 
nd 2X2X2=16 Or 8x2=16 the Fourth Term or Bi- 
quedrat. And fo on for the reſt. 
Note, This is called Ynbolurien, viz. When any Number 75 
drawn into it ſelf, and afterwards into that Product, Sc. it's 
faid to be ſo often involved into it ſelf ; And the Indices are the 
Exponents of their reſpective Powers ſo involved. | 
And according to theſe Involutions, is formed the following 
Table of Powers; wherein the Root is only one Singe Figure, 


* 


ol 


| a r Th | 
| 2 52 5 
E$.]| 8] = [| |& x = 1 Vs 
2 * E 4 38 F | IL 2 
EE Feng | 2 |S | 58 
3 8 — ts -« V X 2 © * | E 2 ; 15 2 — 
8 — 228 3218 S > R 2 D 
— 8 22 = * - - < N N 
1 ö J 3 A 5] 8 ſhe + L * 
] | Index index y x 7 | Index 
| — LO) | (9) | 
; T W MK" 
13 ETA T7] 
* 19633 
. 1953125 
— | 10077695} 
{= 2 40453607 
1— ou 134217728 
2 — 242289 


| This Table plainly ſhews (by Inſpection 1 any Power (under ; 
the Tenth of all the Nine Figures; and from thence may be 
E „ : N hes 1 


= _ — cc ——— 
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taken the neareſt Root of any Square, Cube, Biquadrat, Sc. of 
any Number whoſe Root or Side is a fingle Figure. 

But if the Root conſiſt of Two, Three, or more places of 
Figures, then it muſt be found by piece-meal, or Figure after Fi- 
 gure, at ſeveral Operations. | 

The Extraction of all Roots, above the Square (viz. of the 
Cube, Biquadrat, Surſolid, 8c.) hath heretofore been a very tedi- 
ous and troubleſome Piece of Work: All which is now very much 
ſhortned, and rendered Eaſy, as will appear further on. 

When any Number is propoſed to have its Root Extracted, the 
firſt Work is to prepare it, by Points ſet over (or under) their 
proper Figures; according as the given Poier, whoſe Koot is 
ſought doth require; And that's done by conſidering the dex of 
the given Power, which for the Square is 2. for the Cube 3. for 
the Biquadrat is by &c. (as in the precedent Tab/e) Then allow 
ſo many Places of Figures in the given Power, for each ſingle 
Figure of the Root, as its Index denotes ; always beginning thoſe 
Points over the Place of Unity, and aſcend towards the Left 
Hand if the given Number be Iutegers, and deſcend towards the 
Right Hand in Decimal Parts. As in theſe following. 

duppoſe any given Number; As 75640387246 which I ſhall 
all along hereaſter call the Reſolyerd. | 

Then if it be Required to Extract any of the following Roots, 
it muſt be pointed (according to the fore-mentioned Conſideration), 
in this Manner: | 


Square Root Thus 75640387246 

| Cube Root 756 0 972 0 

Vir. For the mY * * 
ä | Biquadrat Root 75640387246 


gurſolid Root 75640387246 
Or ſuppoſe the Number to be 0,674035982 


0.70 SS 


Square Root Thus 0,67403 59820 
Then for the < Cube Root „674035985 
Eiquadrat Root 0,6753598 2000 


Now the Reaſon of Pointing the given Reſolvend in this 
manner; v7z, the allowing Two Figures in the Square ; Three 
Figures in the Cube, and Four Figures in the Figuadyat, &c, For 
ane F. (gre an the Root, may be made. evidear ek ways e | 

I unk 


_ — _ „ — ———————_——n— ne, 
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I think it's eafily conceived from the Nhe of fingle Powers, 
wherein you may obſerve that all the Powers of the Figure 9 
(which is but a ſingle Figure) have the fame Number of Places of 
Figures, as the Index ot thoſe Powers denotes : Therefore fo 
many Places of Figures muſt be taken or aſſigned for every ſingle 
Figure in the Root. Conſequently by theſe Points is known 
how many Places of Figures there will be in the Root, viz. 80 
many Points as there are, ſo many Figures there muſt be in the 
Root, and whether they muſt be Iztegers or Decimal Parts, is 
eaſily determined by the reſpective Places of the Points. 


Sec. 2. To Extract the ®quare Roof. 


And Firſt how to Extract the Square Root, according to the 
common Method. | | 
_ Having pointed the given Reſolvend into Pereods of Two 
— ack as before directed; then by the Table of Powers (or 
otherwiſe ) find the greateſt Square that is contained in the fir/? 
Period towards the Loft Haxd (ſetting down its Root, like a 
Quotient Figure in Diviſion) and SubſtraR that Square out of 
the ſaid Period of the Reſolvend: To the Remainder bring 
down the next Period of Figures, for a Dividend, and double 
the Root of the Fr Square for a Diviſor; inquiring how oft it 
may be had in Dividend; ſo as when the Quotient Figure 
is aunexed to the Diviſor, and that 7zcreaſed Diviſor being 
Multiplied with the fame Quotient Figure, the Product may 
be the greateſt Number that can be taken out of that Dividend; 
which Sah tract from the ſaid Dividend, and to the Remainder 
bring down the next Period of Figures, for another New Di- 
vidend: Then fee how often the Laſt increaſed Diviſor, can 
be had in the New Dividend (with the ſam? Caution as before, 

viz.) So as that the Quotient Figure being Arnexed to the Divi- 
for, and that increaſed Diviſor /Multiplied with the ſame & uoti- 
ent Figure, their Product may be the greateſt Number that can 
be Sub/teatted from the New Dividend. (As before.) And fo 
proceed on from Period to Period (viz. from Point to Point) 
iu the very ſame manner, until all be finilhed. | 

An Frample or Two being well Olſerved will render the Work 

of forming the New Diviſors, &c. more Plain and Eaſy than 
can be expreſſed in a Multitude of Words. 


* 


| Example 1. Let it be required to Extra the Square Root out 
of 572199960721. This Kcſolvend being prepared or pointed 


Thus, 


as be re directed, will ſlang 


* 
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Thus $72199960723 (756439 the Root. 
| 7 .. _ the greateſt Square in 57._ 
1. - Diviſor 149) ©. \B3p 15%: 
Es >, 72 _72=145 X 5 


2. Diviſor 1506 0 9699 
9036=2506 X 6 


Diviſ 15124 522) 66395 
* 60496=15124 X 4 


4 Diviſer "151 * 590007 
3 453849=151283 X 3 
5. Diviſer 1512869) 13615821 


9 13615821==1512869 X 9 


Proof 756439X756439 = 572199960721 the Reſolvend. 
WT" th r 2. ' the Square Root of 1850701764025 


23) I 
3 — | 
266) 167 Hence 1360, 405 is the 
ö 6 1596 | Y Koot required. 
172 1101 76 
F +4 1088 16 2 
7250 13 604025 
5 13 604025 


— — — — 


| (0) | | : 
Ex. 3. What's the Square Root of o, 6076225 Decimal Barts & 
Operation 0,06076225 (0, 2465 the Roo? required 
904 -=,2 82 | 


244) 207 
4 296. - * f EEG 
r roo 0,06070225 the 
5486 | 3162 Reſol D 


Wo 2916 


4925) 224625 
2 24625 


©) 


428 Arithmetick. Part J. 
What is here done in Whole Numbers, Mi xd Numbers and 
- Decimals, may alſo be done in Vrlgar Fractions; if you firſt 


Change the given Faction into Decimals (As in Seb. 5. p. 68, 


Example 4. Let it be required to Extract the Square Root 
of 4. Firſt 47 20564 5 5 o : 3 
. Ik) ben 0,64 (8 the Root required. 

b 564 | 


ES; | 
In theſe Four Examples the Reſolvexd hath been a perfe# 
Square ; and therefore the Root hath been Extracted without 
Leaving any Remainder :. But it very often happens that the 
Keſolvend is not a true F gurate Number, according to the 
propoſed Power. That is, it's not a perfect Square, Cube, 
Biquadrat, &c. and then ſomething will Remain after the Ex- 
traction hath been made throughout all the Points. Such Num- 
bers are called Surv Numbers, and their Roots can never be 
truly found, but will become a Continued Series, ad infinitum : 
If to the Remainder there be hill Aunexed Cyphers according as 
the propoſed Power requires, viz. by Twos in the Square; Threes 
in the Cube, Fours in the Biquadrat, &c. And the Operations 
continued on as before. | 8 
_ Example 5. Suppoſe it were required to Extract the Square 
Root of 6968, , = 


Operation 6968 (83, 4745, Oc. * 
0 6 b 5 


> "+" * 
163) 568 
3 489 
1664) 79,59 | * * 4 

4 66 56 a 
16687) 12 440 W p | 

BS 11 6809 . 
166944) 759109 

4 667770 

1669485) 9132499 

MY 8347425 
1669490) 784975 Ge. 


Then the Root of any Surd Nuinber may be continued on | 
to what Exactueſs you plea e, but cannot be truly found. 
In my Compendium of Algebra, Chap. 9. I have propoſed 
another way of Extractiing the Square Root, and there given 
Examples of the Work; which to avoid Prolixity is thus OY — | 
8 | ving | 


\ 
4 
4 
( 
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Having pointed the given Reſolvend, and taken the greateſi 
yp to firſt Point from it, as before, Then Divide the 

emainder of the whole Reſolvend by 2 (that is, - halve it) and 
Point it a-new. (This I call a New Dividend) Then make the 
Root of the fir/# Square a Diviſor, inquiring how oft it may be 
found in the New Dividend to the next Figure forward, re- 
ſerving that Figure under the next Point for the half Square 
of the Quotient Figure. Which being found, Multiply the 
Diviſor with it, adding to that Produtt the Ius of the half , 
Square if there be any; As in plain Diviſtor. 

Then annex the Quotient Figure to the laſt Dziviſor for a 
new Dzviſor, with which proceed in all Reſpects as with the laſt 
Diviſor ; and fo on until all be finiſhed. 


Example 6. What's the Square Root of 2999667959 


Operation 2990667969 . 2 6 
— 25 (5 The firſt Single Root F 


2) 499667969 The Remainder to be Dizided by 2; 
r 
1 225886 T the Square of 6. 
oy 2 1 po 546X8 : +75 the Square of 8. 


Diviſor 4568) 3827845 53 
7 82784,5 5468 C7 : the Square of 7, 


(0) | 
Hence the Root is tound to be 54687 As was required. 


All the difficulty in this Method is only the true placing of 
the half Square of the Quotient Figure, when it happens to be 
an Cad Number; In that Caſe you muſt bring down one Figure 
more of the Dividend; viz. of the next Period; under which, 
place the odd 5 that will always ariſe from the half Square of an 
64d. Number: As 7 whoſe Square is 49; the half of which is 24,5 
to be placed as in the laſt Operation of this Example. 

N. B. hen the Number of Figures iz the Root of any Sur 
Number are limited; you need not proceed in Extracting the 
Whole Root as before ; but only to One Figure more than hal, 
the de uw Number of Figures; for the reſt may be oltained 4 
Plain Diviſion only. | 


8 N 2 812 
= 


128 Arithmetick. 3 
What is here done in Whole Numbers, Mix'd Numbers and 


2 'Decimals, may alſs be done in Vrlgar Fractions; if you firſt 


Change the given Fract ion into Decimals (As in Sect. 5. p. 68.) 
Example 4. Let it be required to Extract the Square Root 
2. Firſt ,— 0,604 +: » WN 

ö Ihen 0,64 (8 the Root required, 
| 564 6 


| 00 | 
In theſe Four Examples the Y olvexd hath been a perfeq 
Square; and therefore the Noot hath been Extracted without 
Leaving any Remainder :. But it very often happens that the 
Reſolvend is nat a true F gurate Number, according to the 
propoſed Power. That is, it's not a perfect Square, Cube, 
Biquadrat, 8c, and then ſomething will Kemain after the Ex- 
traction hath been made throughout all the Points. Such Num- 
bers are called Surv Numbers, and their Roots can never be 
truly found, but will become a Continued Series, ad inſinitum: 
If to the Remainder there be hill Annexed Cyphers according as 
the propoſed Power requires, viz. by Twos in the Square ; Three, 
in the Cube, Fours in the Biquadrat, &c. And the Operation; 
continued on as before. WS 
Exmmple 5. Suppoſe it were required to Extract the Square 
Root of 6968. 2 < 
Operation 6968 (83,4745, &ce 
+ +" 04 Fr. 
568 
. 489 


4 66 56 


— — — : 
a 


16687) 124499 _ 1 
7 11 6809 | 


166944) 759109 
4 667770 


1669485) 9132400 

5 8347425 
1660490 849 Ge. | ” 

Then the Root 400 Surd Aube may be continued on 

to what Exactueſs you plea e, but cannot be truly found. 5 
In my Compendium of Algebra, Chap. 9. I have propoſed | 
another way of Extra&t;rg the Square Root, and there given 
Examples of the Work; which to avoid Prolixity is thus = — 7 
2 5 | | ving 


— —— er_— — — — 
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Having pointed the given Reſolvend, and taken the greate/? 
e to firſt Point from it, as before, Then Divide the 

emainder of the whole Reſolvend by 2 (that is, halve it) and 
Point it a-new. (This I call a New Dividend) Then make the 
Root of the fir Square a Diviſor, inquiring how oft it may be 
found in the New Dividend to the next Figure forward, re- 
ſerving that Figure under the next Point for the half Square 
of the Quotient Figure. Which being found, Multipiy the 
Diviſor with it, adding to that Produtt the Ius of the Ha 
Square if there be any; As in plain Diviſion. 

Then annex the Quotient Figure to the laſt Dzviſor for a 
new Diviſor, with which proceed in all Reſpects as with the laſt 
Diviſor ; and fo on until all be finiſhed. 


Example 6. What's the Square Root of 2999667959 


Operation 2995667969 * 7 | 
= (5 The firſt Single Root 


2) 499667969 The Remainder to be Dizided by 2. 


Firſt Root 5) 2453339845 (54687 
+ 4 20650 + | The Square of 4 vix. 12.8. 


Diviſor 54) 4733 | 
+ 6 3258=56%5 : + the Square of 6. 

Diviſor 546) 47539 ws 

* 43712 5468: + z the Suare of 8. 


Diviſor 4568) 382784, == | 
+ 7 382584,5==5468X7 : + ; the Square of 7. 


(0) | 
Hence the Root is tound to be 54687 As was required. 


All the difficulty in this Method is only the true placing of 
the half Square of the Quotient Figure, when it happens to be 
an Cad Number; In that Caſe you muſt bring down one Figure 
more of the Dividend; viz. of the next Period; under which, 
place the odd 5 that will always ariſe from the half Square of an 
64d. Number: As 7 whoſe Square is 49; the half of which is 24,5 
to be placed as in the laſt Operation of this Example. 

N. B. hen the Number of Figures in the Root of any Sur 
Number are limited; you need not proceed in Extracting the 
Whole Root as before ; but only to One Figure more tha! haf 
the deſigned Number of Figures; for the reſt may be ol tatued 4) 
Plain Diviſion only. | | | 
| 8 Famęl⸗ 
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Example 7. Suppoſe it were required to Extract the Square 
Root of 7 (a Surd Number) to have 12 places of Figures in it. 


7 (2,64575z Firſt part of the Roos. 
1 II. 


Remainder 


2) i, So half the Remaindev. 
$45.16 1,38=2Xg6 : + + the Square of 0,6=0, 18 
26) 1200 
. +.,04 1048 6 
2,64) I52000 


E. 25, 132125 


2,645) 1987590 
+ 4,007 1851745 


2,6457 13575500 


| ++ ,00005 13228625 
2,64575) 34687500 
„00001 260457595 __ 
25645751 8229995 


Having thus got 7 of the 12 Figures required in the Root; 
the reſt _ be — ſily Found by the contracted way of Diviſion 
propoſed in page 68. 


Thus 24645751) 8229995] (2,64574131106 
2279372353 | 


— —wäu 


292742 


— 


| 1 | 

Hence 1 find the Root of 7 to be 2,6457131106 As was i 
required. 
Thus you have Two ways of Extractixg the Square Root, 4 


1 
ct. 
K-14. 
* 
3 

* 
2 
* 


either of them may be practiſed as every one likes beſt. 


264575 


F a+ «II44 


a A «as oa ca xc. » OY 
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Sect. 3. To Extrad the Cube Root. 


The Method that I ſhall here propoſe for Extradtixę the Cube 
Root admits of Two Caſes; both which are to be very well obſerved. 

Having pointed the giver Keſolvend, (as before directed) viz. 
into Periods of Three Figures; Then ſeek a Cube Number by 
the Table of Powers (or cHherwiſe) that comes the neareſt to the 
Firſt Period of the Reſolvend, whether it be Greater or Leſs 
than that P eri od, 


Caſe 1. If the Cube Number ſo taken, be Leſs than the Fir/t 


Period of Reſolvend, 


Call its Root Veſs than Juſt. 
And Subſiratt that Cube from the Firſt Period of the Reſolvend. 


op 2. But if that Cbe be greater than the Firſt Period of 
the Keſolvend, | 
Call its Root Maze than Jult. 


And Subſtra& the Reſolvend from that Cube, Annexing Cyphers 
to jt, that fo Subſtraction may be made. | 

To the firſt Root, whether it be Leſ5 or More than Fuft, Annex 
ſo many Cyphers as there are remaining Points over the whole 
Numbers of the Reſolvend, and Multiply it with 3; Then make 
that Product a Diviſor; by which you muſt divide the Difference 
between the Reſolvend — the foreſaid Cube, then will that Cu- 
tient be the Reſolvend Depreſſed to a _— and therefore it 
muſt be pointed as ſuch : viz. into Periods of Two Figures each. 
That being done, make the Firſt Root (without theſe Cyphers that 
were Arnex@ to it) a Diviſor, inquiring how oft it may be found 
in the Firſt Period of the New Reæſolvend (as before in Extractixg 
the Square Rogt) with this Conſideration, that if the Root (now a 
Diviſor) be Leſs than Tate as in Caſe 1. you muſt Annex the Quo- 
tient Figure to it, and then Multiply the Root fo increaſed, into 
the faid Quotient Figure; Setting down the Units place of their Pro- 
at under the Pointed Figure of that Period, Suhſiracting it, as in 
Diviſion. And fo on from one Period to another. As before. 
But if the ſaid Root (now a Diviſor ) be More than Juſt, as in 


04ſe >. Then you muſt 9. the Quotient Figures from a 
c 


p Py; 
bo 


in each Caſe will render the Work Plain and Eaſy. 
' R * „ 1 8 2 "IRE. a 


r 

8. 
* 

- 


Jeb Annex d, or ſuppoſed to be Aunexed to the laid Diviſor 
ultiplying rhe Ngo! ſo Decreaſed into the Quotient Figure; 
ſetting down their Product as before, G. An Example or Two 


Exam ple 


| 132 - - . Arithmetick. Part f. 
What's the Cube Root of 146363183 the given Reſolvend, to 


be pointed thus 146363183 (the Firſt Robt, Leſs than Juſt. 
125: the neareſt Cube to 146 


500 X Z=1500) 21363183 (14242,12 New Reſolvend 


Firſt Rcof 5) 14242,12.(527 the Root required. 
| 2 104 


1 Diviſor 52) 3842 
| . 

2 Diviſor 527 (153) the Remazndey to be rejected. 

Here the Root 527 is the true Root at the firſt Operation, as 
may be eaſty tried by Involving it. tg 
That is 527 X 527 X 527 = 146363183 the given Reſolvend. 
But if it had not been the true Root; Then every thing that 
; hath been here done muſt have been repeated; Ouly inſtead of 
the firſt ſing'e Root (viz. 7 you muſt have taken the Increaſed 

Root (viz. 527) and this I call a Second Operation; Which 
wauld IJncreaſæ the Laſt Root to Nine places of Figures; viz, 
every Operation Triples the Number of places in the Laſt Root; 

As will appear further on. 

N. B. It often happens that Four, or ſometimes Five Places 
of Figures may be taker into the Root: Eſpecially when the Se. 
cond Place proves to be a Cypher. That 38, when the Firſt Cube 
comes very near to the Firft Period of the Reſolvend. 


| Example 2. f ; 
What's the Cube Root of 675078 229 ( 4000 Root Leſs 
Firſt neareſt Cube S _ 5 p 2 A ft 0 
Root 4000 X 3=12000 ) 3597824239 ( 292318,68 
2 08 4 ren | | i , 
+ oO 292318,68 ( 4971,8 


40) 2923 
| 7 264 9 

; 2 Diwiſor 4%) 7418 
Þ wer 1 4571 


3 Diviſor 4071) 3347,68 
2 _—_ | 
+ 8 3257,44 Kc. 


1 Diviſor 


KRoot = 4071,8 k 
In this Example I have taken Five Figures into the Root, 
becauſe the Second Place proved to be a Cypher. And in theſe 


Figs 


\ 


8 4 
. ” 
af " . 
 % 
G p 
4, 4 
8 0 


S 
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Five the Exceſs is not an Unit in the Laſt Place; for if there 


were made a Second Operation, the Root would be 4078 Oc. 


As may be eaſily tried. 
Example 3. 
Let it be required to Extract the Cube Root out of this 

Number ; 

Viz. 9763796029890739602796 0298890 
The neareſt Cube 10 976 is 1000 _ oot is 10 being More 
than 4 uſt. . . * « . 
Its Cubes is 100000 οοοοοοοοοοοοοοοοοοDτ 

+ 976379602989073960279630298890 the Reſolvend 


Remains 236293970199260397203697JOI1I0 
The Firſt Koo? 10000000000%3=30000000000 the Diviſor 


Tuben 30000000009 7 enn (© 


* * 0 * 


: | . OOOOOOOOOO 
Firſt Nor 100 *7873465 670308000 New Reſolo, 


— OO 5 G 
. —_ 
I. Diviſor 100 7873 
wee 2h. - | 
2. Diviſor 993 92246 Firſt Root=1000000c000 
| | — 9 9 — 007929 
3. Diviſor _, — — $ 9920710000 
4. Diviſor * = 
| 9 8928639 
5. Diviſoy 992071 Kc. 


At this Firſt Operation J take but 99207 to which I Annex 5 
Cyphers for the Remaining Points, viz. 9920700000 Which being 
Involved to the Third F or Cube, for a Second es 8. 

will be 976398156022743000000000900000 

— 976379602989073960279630298890 Reſolyend 


Remains 1855 30336690397 20369701110 


The Laſt Root 9920700000X3=29762109000 the ac Divi or 


Then 29762100000) 185530336690 397 20369701110 ( 
x 62337784 1921091 The Quotient or New Reſolvend. 


Laſt Root 9920F being More than Juſt, therefore the new 


Netten muſt be r. fed, as in the Loſt ee 


Thus 
418 


} 
$5.2 pay 
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netic. Part l. 
Thus L | 7 3 rel A, bu 83 wh 
99207 623377841 921091 (62836,45 

— 5952384 og zn _ 
ö yu: A eration 

Divife 1 — 19647 = the Figures 

1 — ; on this fide 

Dtvifer 9920638 * 8298165 2 the Line and 


1 — — — vi. Ff- 
( 99206372 35616861610 1 7 


* |: 2976191151 ae uſeleſs, 
9920637] 64037P45991 * 7d might 
5 — 5 Wo 59523 22984 4 0. 
9920637164 4 9 
99206371636 54468141560 
n 496318581775 
9920637163, 55 . K. 


Laſt Root 9920700000 
OLE IN — 62836,45 &Cc, 


9920637163,55 the Root required. 

Thus I have obtained the Cube Root to Twelve Places of Figures, 
viz. 9920637163,55 at Two Operat ians; being but an Unit too 
much in the Laſt Place of it, as may be tried by zzvolving it to a 
cube, and comparing that Cube with the given Reſolvend. 

In the ſame manner the Cube Roots of Decimal Parts; or of Vulgar 
Frattions, being firſt changed into Decimals, may be Extracted. 


VCF 11 | A 
Ses. 4. To Extract the Biquadrat Root, 

In. Extratting the Biquadrat Root, or that of the Fourth 
Power; (and indeed the Roots of all even Powers) there is 
ſome ſmall Difficulties, not ſo eaſily Expreſs'd and Explain d in 
a few Words, as they are by an Algebraict Theorem (ſuch as ſhall 
be ſhewed further on) I have therefore in this place made choice 
of Extracting ſuch Roots by Two ſeveral Extractions; And the 
rather, becauſe 7 1 * the Reader by this time thoroughly 
acquainted with the 


which this may eaſily be performed. Thus: 
Firſt Extract the Square Root of the propoſed Reſolperd, 
Then the Square Root of that firſt Koo? wil 

Foot required. 5 . 


*. 


7 


be the Biqualrat 
EDaample 


uſineſs of Extracting the Square Root, by 


$4 


Cm . — —— 
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Example 1. What's the Biguadrat Root of 16 ? 
Firſt E-raft its. Square Root, 49575324 


— 9 — eateſt Sauare, whoſe Root is 6. 


_ IE 


1257532416 Remainder to be Divided by 2: 
Firſt Roo? 6) 628766208 ( 69696 A 
+ 9 


9 = / 
69 826 
6 4526 
696 668620 
— 9 626805 
6969 18158 
418158 
* p 2 firſt Root, whoſe Square Roo? 
Then 69696 4 + — — — 


| 29696 Remainder to be Divided by 2. 


Firſt Root 2) 14848 (264 the Biguadrat Root as was requir d. 
＋ 6 138 | 


26) 1048 
4 1048 


264 (0) | 
This is fo Eaſy 1 need not z»ſert any more Examples. 


— ata 


Sec. 5. To Extrad the @urſolid Root. 
Having pointed the given Keſolvend according as its Jaden 
denotes ; viz, into Periods of Five Figures; Seeking ſuch a 
Surſolid Number in the Table of Powers (or otherwiſe) as comes 
the neareſt to the Firſt Period of the Reſolvend, whether Greater 

or Leſs; and call its reſpective Root accordingly ; viz. More 
than Juſt; Or Leſs than Zuſt; Aunexing ſo many Cyphers to 
at, as there are remaining Periods of whole Numbers in the 

1 As before in Extracting the Cube Root. 

en find the Difference between the Reſolvend, and the Surſolid 
Number fo taken, by ſubſtracting the — form the Greater, 
(as before in the Cube). Next find the Cube of the aforeſaid 
L444 SV. urſolid 


- 
— v9 
py " " " + . * * 
: —— = 7 * „ 1 gw 1 * 1 _— ye Fe + L 
v „ 2 0 .. 
- % Aa 4 
8 


Serſolid Root with its Annexed Cyphers, (which you may alſo do 
by the Table of Powers) and Miltiply that Cube with 5 the 
Lade of the Surſolid, the Product muſt be a Diviſor, by which 
the Difference between the Reſolvend arid the Surſolid Number 
muſt be Divided; that ſo it may be depreſſed to a Square (as 
before in the Cube ) which muſt be pointed into Periods of Iuo 
Figures each, calling it the Ne Reſolverd, (as before). Then 
make the Fir/t Root, without its Cyphers, a Diviſor, Iuquiring 
how oft it may be found in the F/ Period of the New Keſol. 
verd, with this Con ſideration, if the Root (now 4 Diviſor) be 
Leſs than Zuſt, you muſt Annex Twice the Quotient Figure to 
it; but if it be More than Juſt, you muſt Subſtraf Twice the 
Quotient Figure from a Cypher either Aunexed, or ſuppos'd to 
be Aunexed to that Diviſor or Root, Multiplying it ſo Increaſed 
or Diminiſhed, with the ſaid Quotient Figure, ſetting down their 
Product, &c. as before, An Example in each Caſe will render it 
plain and eaſy. | ; : 


Example 1. Suppoſe it be required to Extract the Surſolid 
Root out of this Number 12309502009375: . 


I 2309502909275 The Reſolvend Pointed. 
The neareſt Surſolid Number to I 230, the Firſt Period of the 
Keſoltend, is 1024; whoſe Root is 4 being Leſs than 7uft. | 


Therefore 1 2309802009375 
— 1024 2 


| 2069502009375 their Difference. 

Next the Cube of 400 is 64000000 per Table, &c. 
And 64000000 X 5320000000 the Diviſor. 

Then 3200006000) 2069502009375 ( 6497 &c. 


Furſt Root 4 6467 (8 
+ 1X 2=2 42 Firſt Rodt =q00 


Diviſor 42 2267 
+ 5$X2=10 2150 the true Root 415 as required. 


JF 7 + TIA 
Thar is 415 is the Su oll Root of the given Reſolve nd. As 
may be caſily tried by involving it to the Fifth Power. 


Viz. 415X415X415X415X4152212309502009375 the given 
= Example 


RN eſolvend, 


' 
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Example 2. What's the Surſolid Root of 2327834559873 
The neareſt Surſolid Number to 232 is 243 whoſe Koot is 3 
being More han . : . 
Therefore 20202090090 
e = 2827881559873 Aovori nord 
3 Remains 1021 440127 For a Dividend. 
The Cube of 300 is 25000000 And 270 =135900999 
Then 135090009 )) 102145449127 (756,810 New Reſolvend. 


Firſt Root 300 J 756.7810 ( 2,958 


—20 K 228 4 $992 
1. Diviſor 296) 16478 
Na 147,50, 
2. Diviſor | 295,00 17,2819 
—5X2= zo 14,7459 


| | ' 294,990) 2, 53600 G. 
The Fi- ſt Root was 300, being More than Juſt. 
Therefore it is — 02,558 | 80 


The New Root, 297,442 An! is very near the true 
Root, which is 297,436 Be. Now the Reaſon why 
this Root comes out to ſo many places of Figures at the Firſt 
Operation; is becauſe the Firſt Surſolid SG 8 was ſo near the 
Reſolvend, &. As before 


_ 


© Sect. 6. To Extract the Root of the Square Eubed. 


Tbis may be eaſily performed by Two Extractions, according 
as its Name denotes. | 
Thus, Firſt Extract the Square Root of the given Reſo!/v2nd ; 
then Extract the Cube Root of that Square Root: And it will 
— the Root Required. That is, it will be the Root of the Sixth 
ower, _ | 
Or thus, Firſt Extra the Cubt Root of the Reſolvend; then 
Extract the Cube Root of that Cube Root: And it will be the 
Root Required. Del | 
Example 1. Let it be Required to Extract the Square Cubed 
Root out of. this Number 14522053735315625 the Reſolvend. 
. Firſt I Extract the Square Root 4 this Reſo/v2zd, which I 
take to be the beſt and catieſt way. | 


Thus 


1 __"Arithmetick; Part 


„ HUEY” 
| 145220537353515625 


Remains $6230537353515625 To be halved. 
Then 3.) = 27610268676757812,5 ( 381078125 
- + 8: 272 


i. a OL on FF  * 70 


3810 ) 2976867 | | | 
+ 7 2667245 | 
38107) 3096226 
+ 8 3048592 

2381078) 47634757 
—+ I 38107805 


+2 <p ) 95269528 
** 2 76215622 
2 38107812 10905390612, 
2 28 . —— 


3875787 25 (o) 


ö . o aAad Aa. - 2 


_—_ 


Eving found the Se Root of che given Reſolvend, I pro- 
ceed to Extra the Cube Root of that Square Root. 


„I is, of 281078125 
18G: 375A — 343 = the n neareſt Cube, its Root is 70 


Then 700 X 2-100) 38078125 ) 18161 
Firſt Root 75 ) 18167 025 


Hs. p62 44 ö 
1. Diviſo 72) 3761 PFirſt Root 700 
r ß Oo 
2. Didi ſos- 725 (136) 725 


Hence I find 725 to be the Snare Cube Root required; a3 | 
may eaſily be tried by luvptoing | it to the Sith Power, | 


That is, i e e ee will be found ; 
-” :, gol 


==145220537353515725 the given Keſolvend 


| 
"4 
i 
| 
| 
| 
j 
N 
| 
| 
| 
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Se&. 7. To Extract the Noot of the Seventh Power. 


Having pointed the given Reſolvend, as its Index Henotes, viz. 
into Periods of Seven Figures, ſeek out ſuch a Number of the 
Seventh Power, by* the Table of Powers, as comes neareſt to 
the Firſt Period of the Reſolvend; whether it be Greater or 
Leſſer, calling its reſpective Root More than Juft, or Leſs than 
Fuſt, Annexing its proper Number of en * As in the 
Cube and Surſolid. 

Then find the Difference between the given Re Nerd nd 
that Number of the Seventh Power (found by: the Table of Powers) 
by Subſtratting the Leſſer from 80 Greater. 

Next find he Surſolid or Fifth Power of that Root with its 
Annexed Cyphers (which you may alſo do by the Table of 
Powers) and Multiply that "Surſolid Number with 7, the Index 
of the given Keſolvend, that Product muſt be a Diviſor, by 
which the foreſai Difference muſt be Divided; that fo it may 
be Depreſſed to a Square, to be Pointed, &c. as before in the 
Cube, &c. then make Firſt Root, without its Cyphers, a 
_—_—; ; wo _ with it and the New Nſolvend (as before J 
only here you muſt Zzcr#aſe, or Diminiſh the Diviſor with Thrice 
the Quotient Figure, | 
5 Example. 


What's the Second Sur ſolid Root, or that of the Seventh Power, 


of 3 25 the Reſolvend pointed. . 
 — 2178 the weareſt of ti of the Seventh Power, 


155436553955078125 their Difference. 


The Firſt Root is 300 being Leſs than Fuft, And the Fifth 
Power of 300 is 2430000000000 which being Multiplied with 
7 is I7O0IO000000000 for a Diviſor, by which the aforeſaid 
Difference muſt be Divided ; which ContraBted may ſtand thus, | 


1701) 15543655 ( 9137,95 G. 
Fiſt _ . ) 9137 (25 


TÞ+ 2X 72 Firſt Root =300. 
80 3 851 NT + 25 
I. Diviſor r | — 
+5X3=15 1875 Due Root 325 


2: Diviſor 37 (6 29 (62) the 8 tobe rejected as before. 
2 Hence 
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Hence I have found 325 to be the Tue Root required, that 
is, the True Koot of the Seventh Power. e 

I think it needleſs to proceed farther ; viz. to inſert Examples 
of higher Powers. For if what is already done be welt underſtood, 
it wilt be Eaſy to conceive how to proceed in Extracting the 
Root of any Sixgle Power how high ſoever it be (for the Method. 
is General and alike in all Powers) due regard being had to 
their Indices; and to the Fir/t Single Side or Root. That is, 
whether it be More, or Leſs than Zuft, &c. 

Vet methinks I hear the young Learner ſay, 'tis Fefe to 
follow the Directions and Rvamples. as they are here laid down; 
but flil} here is not the Reaſon why they are ſo, and fo, 
performed ; And why there ſhould be a Remainder Left after 
the True Root is found; viz. when the given Reſolverd hath 
a True Root of its kin. 

Tis true, the Reaſons ot theſe are not here laid down ; neither 
indeed can they be fendred fo plain and intelligible by Words, as 
by ai Algebraic Proceſs, from whence the Theorems or Rules 
here given, had their fir Invention; as thall be ſhewed in the 
next Part, when I come to treat of Reſolving Compounded or 
Adſfected Aquation; however, take this ſhort and general 
Account of this Method. Ty | 

This, and all other of the new Methods of Converging Series 
(as they are called) are very diſſerent from the former (and ſtill 
common) Methods of Extratting Roots, which requires the Fir 
ſingle Side or Root of the Firſt” Period (in any Rſolvend) to be 


taken exactly True, and then by [zvolving, and other Tedons | 
Ways of ordering it, there is formed a Diviſor ; which helps | 
to grope out by Trials a Second Figure in the Root. And fo | 
Proceeds on from Point to Point ; full repeating the whole Work 

1 And if by 2 
Chance there be a Miſtake or Error committed in any one Figure 
(as tis poſlible there may) it ſpoils the whole Progeſs, which 
muſt then be wholly begun azew, or at Leaſt from that Part 


for every ſixgle Figure that comes into the 


of it where the Error firſt entered. | 


But the Nature and De ſigu of the Method which I have here | 


Laid down is quite otherwiſe; it being ſo contrived, as to 
gradually Leſſon the Difference betwixt any propoſed Power, 


and the like Power of another Number aſſumed ; viz. it Leſſes | 


that Difference' until it's either quite Fanquiſbed, or become” fo 
Tifinitely ſinall as to be In revificant. 


Therefore when any Numter is propoſed to have its Root 


Extracted; it is here required to take the next zeareſt Koot 
ot the firſt Period in the Refolpend ; thay fo che D 
1 , i 4 , , # h 


erwixt 


a aw 9 rw a He * TT, aL 
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berwixt the given yo hg „and the Homggereal Power (viz. 
the like Power) of the Root thus taken, may be Leſs either 
in Exceſs, cr Defect. Which Difference being Reduced, or 
De pre ſſed Lower, becomes ſo prepared, that by plain Divi ſion 
. ely) there will ariſe ſuch Que tient Figures as will 

th Correct and Increaſè the Firſt Root to Three places of 
Figures at leaſt, ſomerimes to Four, or Five places of Figures; 
according as the ſaid Fir/t Difference happens to be More or Leſs; 
(of which you may have obſerved Inſtances) : But yer there 
will be a Remaindey left, and 8 an Exceſs or Defect in 
the Root fo Increaſed, viz. in the Laſt F fon of it. | 


Now to rectiſy the ſaid Exceſs or Def in the Root, and 
to m whether the given Nſolvend be a true Figurate 
Number, or not: That is, Whether it have a True Root of its 
kind; it will be zecefſſary to make a Second Operation; by 
taking the Root fo paar #1 and proceeding with it and the 
given Reſolver, in all reſpects as in the firſt Work (like to the 
Third Example of Extracting the Cube Root) I fay, if the 
given Reſolbend have a Tue Root, it will appear at this Second 
Operation, and all the aforeſaid Differences, &c. will be Var. 
quiſhd; Provided the Root required is not to have more than 
T hree (or Four) places of Figures init. . 

But if the Root be to have more than Three Figures in it; Or, 
that the given Reſolvend prove to be a Surd Number. Then 
there will be a Difference as before; which will afford Quotient 
Figures to Rectity and Increaſe the Root laſt taken, to Three 
times as many places of Figures, as it had at the Beginning of 
that Second Operation. As you may fee in the aforeſaid 
Example 3. of the Cube Root ; wherein that Root is increaſed to 
Twelve places of Figures at Two Operations; which if it were to 
be Extracted the Cl (and fill Common) way, it would require 
at leaſt Forty times the Number of Figures I have here uſed, a7 

Again, if there chance to be a Miſtake committed in any 
Operation perform'd by the Method here laid down, that Miſtake 
will not deſtroy the precedent Work, but will be Rectified in 
the ext Operation, although it were not diſcovered before. And 
thus you may proceed on to a Third Operation, which will afford 
27 places of Figures in the Root, &c. with very lite Trouble, 
if compared with former Methods. FEE AER BH 

The brief Account, which I have here given (by way of 
Explaining the Nature of this Method of Extracting Roots) be- 
ing well conſidered and compared with the ſeveral Operations of 
the” foregoing Examples, muſt needs help the Learner to form 
ſuch an Idea of ir, chat he cannot (I perſume) but underſſand 
= 333 n TS ee 3 T3 


* 
. s = 5 » 


1 
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how to proceed in Eutradting the Root out of any Single Power, 
how high ſoever it be; — the Help o _ ee 
Theorem. Not, but when that comes to be once underſtood; 
the Work will be much readier and eaſier perform'd : As will 
appear in the zext Part. 7 | 
1 did intend to have here inſerted the whole Buſineſs of 
Intereſt and Anmuities; but finding that it would require too 
large a Dif _ to ſhew the Groumds and Reaſons of the ſeveral 
Theorems uſe ul therein, I have therefore reſerved that Work for 
the Cloſe of the ext Part. Neither indeed can the Raiſing of 
thoſe Theorems be ſo well delivered in NWords, as by an Algebraick 
way of Arguing ; which renders them not only much ſhorter, 
ol phone Rt er to be underſtood. | 
have alſo Omitted that Rule in Arithmetick, uſually called 
the Rule of Poſition, or Rule of Falſe : Becauſe all ſuch 
Queſtions, as can be Anſwered by that Gueſ/mg Rule, are much 
better done by any one who hath but a very ſmall ſmattering of 
Algebra. I therefore conclude this Part of Numerical 
Arithmetick ; and to that of Algebraick Arithmetick, 
wherein I would adviſe the young Learner not to be too haſty in 
paſſing from one Rule to another, and then he will find it very 


cally to be d 
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Mathematicks. 
PAR T II. 


PR OE M. 


H Aving formorly wrote a ſmall Pact of Aigebra, perhaps 


ad 


it may ſeem ( to ſome ) very improper 10 write again 

upon the ſame ſubject; but only (as the uſual Cuſtom is) 

to have referr'd my Reader to that Paci. However, becauſe the 
following Parts of this Treatiſe are managed by an Algebraick 
Method of Arguing ; which may fall into the Hands of thoſe 
who have not ſeen that Tratt, or any other of that Kind ; I 
thought it convenient to accommodate the Young Geometer with 
= the Firſi Elements, or Principal Rules, by which all Operations 
n this Art are performed; that ſo he may not be at a Loſs as 
5 2 farther on: Be ſides, what 1 formerly wrote was only 
a Compendium of that which is here fully handled at large. | 
The Principal Rules are Addition, Subſtraction, Multiplica tion, 


Diviſion, Inbolution, and Evolution, as in common Aritbmetick 
but differently perform'd; and therefore ſome call it Jlgebzaick 


Arithmerick, Others call ir Arithmetick in Spectes, becauſe all 
the Qrartities concerned in any Queſtion, remain in their Sub- 
ſtituted Letters (howſoever manag d by Addition, Subſtraftion, 
or Multiplication, &c. ) without being deſtroyed or changed into 


others, as Figures in common Arithmetick are. 
Mr. Harriot called it Kogiſtica Specioſa, or Specious Com- 


putation. 


CHAP. 


i Ar 


=” ks 


HE Method of Noting down Letters for Quantities, is 
various, according to every one's Fancy; But I ſhall here 
follow the ſame as in my former TYa&t : And repreſent the Quan. 
tity ſought (be it Line or Number, Sc.) by the ſmall (a,) and if 
more Quantities than One are t, repreſent them by the other 
ſmall Vowels, e. u. or 7. Ks 
The Fav: — are repreſented by the Fran Conſonants, 
F. . 


Concerning the Method of Noting down Nuantitics ; and 


af a> mo as vw. 2, 2 o# 


. c. . 

And for Diſtinctios fake, mark the Points or Ends of Lites 
- all — with the Capital or Great Letters, viz, A. B. 
4 — ROY | 

When any Quantity (either given or ſought) is taken more than 
Once, you muſt prefix its Number to it; As 3a ſtands for a taken 
Three times, or Three times a, and 7b ſands for ſever times b, &c. 

All Numbers thus prefixt to any Quantity, are called Coo ff. 

- Gents ot Fellom. Factors; becauſe they Multipiy the Quantity; 
And if any Quantity be without a Coefficient, it is always FA 
pos dot underſtood to have an Unit prefix d to it; As a is 14, ll } 
{ 

| 


or is 15, &c, 8 | 

The Sers by which Qzaztities are chiefly manag2d are the 
ſome; and have the ſame Sigrificatibz; with thoſe in the Fir 
Part, page 5. which 1 here preſume the Reader to be very well 
acquainted with. To them muſt be here Auded theſe Three more, | 


&? 5 T Tnvolution. A 
Vie ui >the Sign of S Elution or Extratting Roots. 
Qty D trrationality, or Sig: of a Surd Root. 
All Quantities that are expreſs d by Numbers only (as in Vul- 
gar Arithmetick ) are called Abſolute Numbers. . 
Thoſe Quantities that are repreſented by ſingle Letters, ., 
a. b, c. d. &c. or by ſeyeral Letters that are immediately joined 
ere As ab. cd. or 7bd, &c. are called Simple or Single whole 
Quantities. Rane Vos _ 18 | 
But when different Quantities tepreſented by differett ot 
unlike Letters, are. connected together by the Sigas ( or — ); 
As a +6. a-+. or ab—dc, &c, they are called Gompoynd who! | 
Nrartiti!s. | Care FO. A F 
wa. 4 | as 


; 2 2 | pre, IR —f — — — . - - — 
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And when Quantities are Expreſs 4 or ſet down like Vu gar 
Fraftions, Thus -. Or . Or a: 
1 called Fractional or broken N 
Sign wherewith Quantities are Connected, always belo 
to that Cuantity which 12 1 follows it ; And therefore — 
the Quantities concern d in any Queſtion, yay! Head in any or- 
der at Pleaſure, viz, the moſt convenient for the zext Operation. 
As a+b—d ma _ thus }þ— Ta. Or thus 8 * 
Or—d-+4-+þ &c. n 
That Quantity which hath no Sign before it (as Generally the 
Leading Quantity hath not) is ge underſtood to have the 8 ig +- 
before it. As A + 4a Orb is E -A &c. fer the Siga -+ is 
the Affirmative Sig, and therefore all Leading or Poſitive Quar- 
tities are underſtood to have it, as well as thoſe that are tc be Added. 
But the Sig — being the Negative Sigz, or Sign of Defekt, 
there is a Neceſſity of -preſixing it before chat Quantity to * 
it belongs, where ever the Gang ſtands. a 


n 


4 


Sc. 2. Of Tracirig Pg Steps uſed. in bringing Nuan- 
tities to an Æquation. 


The Method of Tracing the Steps, uſed in bringing the Quan- 
bg concerned i in any Que ſtiom to an AX ion, is beſt perform'd 
by Regi) wh 42858 ſeveral Operations wi NN and Sig vs pla- 
40 in 8 _ 'ork, according as the ſeveral Operations 
uire ; being eful in e and Tedidus Operations. 
'or Ieftance: Fir be to ſer down, 'and Re guter the | 
Sn of the Ting Quantities, 3 a and b, the Work will 4 g 


Thus 1 Fiſt ſet down the propoſed Quantities, a and B, 
2 | che Figures 1. 2, in the Small Co- 
(which are here called Steps ) and againſt 3 
I+2[3 a-+b (rhe Third Step) ſet doun their Sum, viz. a f B. 
Tien = | that Third Step, ſet down 14-2 in the Magin; 


which tes that the Quantities againſt the Firſt and Second 
_ N added together, and that thoſe in the Thire Step are 


a> — bats this in Nunbers, ſuppoſe 429 and N 


rug, =9 
2 286 
* Je 


To | U TOR Agaia, 


_ EEE 
—— _____D___—_— _ 
of = 
* 
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fame Two Quantities ; ben it will 
Thus 


Then it will be, 


Again, If i ir were required to Het. * — Difference ol the 


22 9 
526 
— che Diff. between 9 and 6. 


I 
„ 


Or if it were waticed to ſet down their Produdt. 


'Thus 223 

5 — 

4 * * nn of 9 into 6. 
—_ 


I x 21314 


Note, tetters ſet or joyned immediately to ether ( like 6 

Mord) ſegriſy th: Rectangle or Product of 2 Quantities they 
ELLE As in the Laſt Example, wherein ab=54 7s the 
Product of a==9 and b==6, &c. 


Arioms. 
1. If Equal Quantities be Added to Equal Quantities, the 


Sum of theſe Quantities will be equal. 
2. If Equal Quantities be Taken from Equal Quantities, the 


Quantities Remaining will be equal, 


3. If Equal Quantities be Multiplied with Equal Quantities, 
their 1 nets will bee 


If Equal Quantities be Divided by Equal Quantities, 
their Quotients will be e 


5. Thoſe Quantities, chat ate Equal to one and the ſame 
Thing, are equa! to one another. 


Note, I adviſe the Learner to get _ we Axioms perfedty | 


ty Heart. 


Theſe Things being premiſed, and a perfect l e of 

the Sigus and the 

braiſt may proceed to the following Rules. "Bur Firſt | mul 

make bold to Adviſe him here (as I have formerly done) that 

he be very ready in one Rule before he Undertakes the Next. 
That is, He ſhould be Expert in Addition, before he m2ddles 


with Szubſtra&tion ; And in Subſtrattion, before he undertakes | 
Multiplication, &c. becauſe they have a Dependency one upon 


auother - 


2 
bo 
5 p 2 
. 
l N 9 8 
& * 
by. 
1 


ir &ygui ficat ions being ined, the * 41 6 


18 


Chap. 11. 


— ﬀ. 


the Co-efficients or prefi 
Adjoy 2 Quant ities with the ſame Sign. 


Addition of Muantities. 147 
— — — — 


CHAP. Il, 


Concerning the Sir Principal Rules, of Algebzaick 
Arithmetick, of Whole Quantities. 
Se, 1. Addition of Whole Quantities. 


Addition of whole Quantities admits of Three Caſes. 
Caſe 1. If the Quantities are Like ,and have Like Sjgns; Ada 


xt Numbers t 


ogether ; and to their Sum 


Exam. 1. Exam. 2.) Exam. 3.|Exam. 4. 
1 4 1 5... +4 
| 2] & - — 24 355 A | —8 be 5 
1123 22 —2a | 85 > 
— — 9D » 4 its 2 
Thus| |Exam. 5,|Exars. 6.| Exam, 7 N 
1 34a ＋ 534 — 55 Gab 12 
224 f 242-7 Zab 24 
1 +213] 5a +124 5a—1244 26 


The Rea » of theſe Adilitions ts evident from the Nor, of 


Common 


2 a, 


. rithmetick. For ſuppoſe a, 
Ito which if I Add one Crown, the Sum 
As in Exam. 1. 

Or if we ſuppoſe — a, to vepreſent the Want ar Debt of One 
Crown, to whichif another Want or Debt of One Crown be Added, 


fo repreſent one Crown, 
will be Two Crowns, or 


the Sum muſt needs be the Want or Debt of Tiwo.Crowas, or —24 ; 
As in Example 2. And ſo for all the reſt, _ 
Caſe 2. If the Quantities are alike, and have nlite Sigzs ; 


Sul ſtract the Co-efficients. from each other, and to their Difference- 


en the Quantities with the Sig of the Greater. 


Exam. . 
I} + 5a 


2] — 34 


I+2 3) "as 


Exng. 9. | 


— 54 2 Thc 


* 2 


Exam. 10. 


2 


Exam. IT. 


|. —- gabd. 


* 7abd 
we 2atd 


Exam. 12. Exam. 13. 


— 


1 7a-=5þ — Sab —7JE+15 


12 —5a . +12ab +7bc—24 


441—90 


T2 
4 LOI” | 


. 


Th: 


* 
2 


'T he Reaſon of the Operations i in this C may be 2g un- 


Lerſtood by any one that duly con ſiders the comparing of Stock and 


4 to _ or the | Ballancing of N 8 betwixt Debtor 
a 


That is, The Affirmative Quantities repreſent the Stock o- 
Creditor : The Negative Quantities repreſent 2 Debts; And 
their 4. W h the Ballauce, * p 


Caſe hen the 8 are wilike, Set them all down, 
without "ering their Sus; thence will arife « 
ann which can be no aherwig Added Abet by their Sigas. 
Thus if | „ 

| 2] __| 3 
1+2[21a+5} 4 FE 


Hence follow a few Examples wherein all the 3 Caſes are pro- 


miſcuouſly concerned, 
2 8 be 7 


= [ln — ab ＋5—64 
E 


TA = 6bc—7ab A 
LT? 3 + 2ab-4-$1 . — 4 a 


4 
3+3q4++f 


{al abab D L 
aa + c — þþ + 

2 205 — 9 — Ru its 

3. . 24 — 3abc—3 _ 


2 2 19223 2 ad 1 = | 
- Seck. 2. faubſi:action of Wholg Quantities. 
E raction of Whole Quantities i perform d by one General 


ule. 
<0 5 
ä ber al th & Signs of. the Subſtrahend, (viz. of theſe Quan- 
tities which are 150 be Subflrafted) or ſuppoſe them in your Mind 
to be changed. Then all the Quantities together, as before in 
Hon, and their Sum will be the Hire au or Difference 
7 1 .* 


* * * a . 
« E*J | | 
- SG. 


— * 


14242 


1 


* 
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This General Rule is deduced from theſe evident Troths. | 
To Subftraft an Affirmative Quantity, from 2 
is the ſame as to Add a N r 
3 ke: dr abs [Ae 
Added to + 


aw uus 2 2 0 222 


to an Affirmative 
That is — 24 Tater from + Kos * the fame with - 20 


Added to- za. 


F * | 
24 — 


If theſe 1 . be compar wie thaſe in Kane 8 
the Work will appear very evident, theſe being only the Converſe. 
or Proof of thoſe ; bon: bon to the Nature & Au.. ang, 
Sub ſtractian in common Ari it hmeticl. 


More Examples in Suß ration. 


© Aigevm. _ | FR, ahi Part IT. 


ee F : 
1 4 FE Har et: ED b |- how 1 
| 2 a — £34] —. 4 | : 


1424 b. 76 
4—35.— i 2 — 
Lee, : 


That a — 5 Token Bom 9 of k Lees I-85 for the Rexigin- , 
der; as in the firſt of theſe * may be thus proved: | 


Let a+b=z , 55 
Andſzl a- Xx 
2489 o = X- Ns 4 Axiom 1. 
1-34 þ—z—x—bÞ. per Aixom 2. 
4 +315]25—z—z which was to be proved. 


The Truth of all Operations in Subſtation, xz where any Dowlr 
ariſes, may be Proved, by Adding * to the Re- 
W As in Common Arithmetick. | | | 


12 
n 11 


1—113 


From'x| +5 on * 
1— 263 +74] 34 
2+314 4+54___c 


Sl. 3. Pultiplication of Whole Quantities. 


Atultiplication of Whole Quantities; admits of Three Caſes. 
Caſe 1. When the Quantities have like Sjgrs, and no Coeffi- 


cients, ſet or join them together, and prefix the Si before 
em; and ante will be hee Pro TY ? f of T 


| um 1. Vid 2. Exam. 3. Exam. 4. 
| 44 275 — 7 
31 2a ab © [adhd +4 14-18. 


_ Y 


Thus$j21\; 


122. 


| Caſe 2. If 8 be coefficients Multiply them, and to their 
Product Adſois the Quantities ſet * as before, | 


| 2 | Thus 


L 2% Wultipliation of NDuantities. 
| [Exam. 5. Exam. EF. 7. Exam. 8. 


11 5a — 6d 2b b 
Thus4 2 by —7b * 52 


56 __ | ” 
122 3 15ab +424b 1804-12 [gab F-5hp 3:7 


3. When the Quantities have Lil Signs ; Join they 


*. y Product of their Cor fficience together (as before, but 
prefix the Siga - before them; * Fo 0 A 


2157 
| That i is Fs into +, of — into ives 
But But + 22 or — into pit bade Pridut. | 


That + into + will Pro64nce & in the Product is enden 
from Multiplication in Common Arithmetick, | 


viz. into + 7 will give 5 Oe. | 
My Fe + into "9% T3 . — + ſhould Pat the 
eg. | 


__ —, As in the four laſt Ex 

And that — into — ſhould uce the axes ＋ As in the 
ſecond, fourth and fixth Examples may perh 1 ſomewhat 
hard to be conceived; and requires a 4 ration. 


Firſt to prove that — 76 into + 3f =— 21. As in Ex. II 
Suppoſe 1 
Then w 


But 1＋ 7 =+3F 
; 5 HEH per Axiom 2. 
ail fu 5 2 per Axiom © 


ently 4- into —, Or — into Produces — , which 
was ths T5 hing he proved, 1 


Per Axiom I. 


Secondly to prove —7b into—3F gives + 21 as in Eu. 11. 


Let. 1 Tb—0 
re- kee 
But 3 


—37 
the 2 « 3 is|4 1 by what is proved above. 
4 + 212f|5\—124f+bf=0. per Axiom 1. 


_ Conſequently — into — gives + which was to be proved. 


Or 


nn — — 


Thu, erbt 11 1 N47 AN 
- Then Kan c—d4—z per Axiom 2. 


Axiom 2, 


\ tn bucwnd=6x4 = = 
but . 29 to the Precedent s, will 80 
ar d + b4 - da, which if true muſt be Equal to 24. 


4 = 20 x 12=  eþ==12 * 142166 
Proof ien Sn _— | x 20=160 
Hence 2 L352 
And SID WE being Subftrafted, 
* A which plainly ſhews, 

— OS moon 
a A k- Fel. he N. 
9 . 2. E. D 

wbt i the Multiplier confiſts of & fone Terms, then every 


one of thoſe T-rms be Multi plied into all the Terms of the 


Multiplird: And the Sum of thoſe pars Produtts, will be the 
Product jopures As in Common Arithmetick. 


Examples. 


| — | A 
"_e 3 EY 
ba—da b 
b x 03 SS * . 


1 | 
1 * 203 TID . 246 


H 11 


a+2 


D 
E Shes — Deter 
I x 2 


— . — — — 


FA 


9 
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Sect. 4. Diviſion of whole Quantities. 


Diviſion of Species, is the 8 or direct contrary to that of 
Multiplication, and ny performed by converſe Operations. 
(As in common Arithmetick) And admits of Four 6 1 

Caſe 1. When the Quaztitzes in the Dividend, have Like Signs 
to thoſe in the Diviſor, and no Co- e ſficiexts in either; Caf? off or 
Expunge all the Quantities in the Dividend, that are like thoſe 
in the Diviſor; and ſet down the other Quantities with the Sign + 
for the Quotient required. 


If ab Ia fad dA -i 
Thas4 2] b = b 44 — 
12 131 4  j|+ 4 fa [a+b 


— A— — 


Caſe 2. When the Quantities in the Dividend have Unlike 
Signs to thoſe in the Diviſor; then ſet down the Quotient Quan- 
tities found as before, with the Sig — before them, 


Il +ab | —ab—bd\ abe -CF 
wank. — B+ : ; \ 
122 |? — 


Ae i. 
nn {7}, 
- 


— — 
—— » 


=, 


Caſe 3. If the Quantities in the Dividend and Diviſor, have 
Co-effictents ; Divide the Numbers (as in Common Arithmetick) 
and to their Quotients Adjoin the Quotient Quantities. 


11 15 4 2 6% | 12 af—21 bf 
Thusy 2]. 36 — | 1 
12 [3] 54 [—- 6 | 44—76% 
— — — 


— 


Note, When the Quantities and Co-efficients inthe Diviſor and 
Dividend are all the ſame, the Quotient will be an Uxit, or 1. 


i] ab | - gbe | pab+5he Sab 
Thus } 2) ab |— obe 7ab + 5be [— Rab —-44 


6— —„— 
— — — — _ hems. Ada rn. al 


Caſe 3. When the Quantities in the Diviſor cannot be exatly 
tound in the Dividend; then ſer them both down like a // gr 
: Fraction, As in Common Arithmetick. | | | 


x w 


154 5 Agebꝛa. Part II. 


11 4 6bc aa Sade 

Thus | 5 | 3d 55 7b gabe 

SEED || 2 | 2 5b Ha 24 
i—2 3 & 3 4 54 - « b 


N. B. In Diviſion one thing muſt be very carefully obſerved ; viz, 

that Like Signs give , and Unlike Signs give in the Quotient: 
which needs no other Proof than that already laid down in the laſt 
Section, if duly compared with what hath been ſaid concerning 
Multi plication and Diviſion, in Vulgar Arithmetick, 


Examples of Diviſion at large. 
121ba+ISda—35bf—254df (+34 
2.76-1 54 mY 
2 x 343 21/5 

I—3140' —35% 25% (—5f 
2 x —5f 5 —35bf—25df 
W 0; O "IA 
12% 34—5F the Quotient collected fromthe 3. and 5. Steps, 


Or Diviſion of Quantities may ſtand as Numbers in Commor 
Arithmetick do; Thus | | 
34— 6) 6aaaa—96 (2aaa+4aa+8a+16 


Gaaaa — 1 24aan 


O +. 12448 — 96 | 


a” 0 
That is, 6444 — 96 = 34—6 gives 1aaa + 44 K 82 4 16 
for the Quotient as may eaſily be proved by ede, 


viz, 2aaa + 4a + 84 + 16 x 44 — 6 will Product 644 . 96 
and fo for the reſt. 


Se, 5. Inbolution of whole Quantities. 
Involution is the Kai ſing or Producing of Powers, from any 
propoſed Root, and is performed in all reſpects like Multi plication, 
fave only in this; Multi plication admits of any different Factors, 
but Ixvolution till Retains the fame, 


Exam- 


181 


K e - 
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Examples. — 
; — |the Root, or fingie Power. 
16-2]21aa [aa quare, or Second Power. 


16-3 3 aaa — Cube, or third Power, 
aaa |Biquadrat, or 41% Power. 


10-4 AA 
10.56 aagaal—aaaaa I Surſolid, or Sth Power, c. 


— 


Note, The Figures placed in the Margin, after the Sign (G) 
of Involution ; ſhew to what height the Root is Involved; and 
are called Indices of the Power ; and are uſually placed over the 
Involved Quantities, in order to contract the Work, Eſpecially 
when the Powers are any thing high. 


2 =a C 45 =aaaaa 
Aa a*=aaanaa 
5 — And as & —aaaanbbbbb 
a* —aaaa a? b dB:=anabbbadi 


If the Quantities have Coefficients, the Co-efficients muſt be 
Involved along with the Quartities. As in theſe, 


Thus 11 24 — 5 Be 
10-2] 4a [-+9aa 25bbce 
18 3 3] aaa 27a 125 
10-44] TG 8 Taaaa 625. 
16-515! 32a 2432 3125 &c. 


_ be — 


Irvolution of Compound Quantities is performed in the fame 
manner, due regard being had to their S7gs and Co-efficients, if 


there be any. | 
As for inſtance, Suppoſe ah were given to be voſved to 


the 5th Power. 


Thus 1 a4-b called a Binomial Root 
ab 
I x 4:2] aa ab 
I x 530 —+ab-+bb 
16-214] aa Ca the Square o a- 
4A = E 


4 415 aaa Pee a 
4 x bo] + aaa UU 
1G 217,aaa+3aab +3abb4-bbb the Cube of a4+Þ 
X-2 | aaa 


e 
2 J . N " | 1 


_—_—— 


V HART 7 
7 44 T-34ab T3 U- CU os 9 
a+} 


2 ＋32 bF2aabb- abbb 
+ "b+30abb4-3abbb4-54 


8 


ee e 

d a +b 5 

10x411 aÞ+4a%+6a3bb4qaah? + abs. 
I eh op a*% + 40% b+ baab? +gab+4-bs 
10513) ,I I 5 bs 
888 &c. 


Again, Let a—3, called a Re ſidua! Root, be given. 
Ther] 1] @a—+ ; | I 


ab 


| A na—ab a 
4 


18 7 na—2ab+1b the Square of a - 
EE: a—b 
4 * 4 Slana—2aab+b abb 
7x —t 5 — aab+2abb —bbb | 
18 i} Jaaa aa gab the Cube of a 
Bis os: 
8 
9 


I x4 


7 x Af Sacaa—3aanb+3aabb— abbb 
7x —t| 9| — acab+3aabb—3rbbb+1bbb 
1G-4|1c IST DOS TIO | 
| 42 — 25 
IO x III a—4a%+6a3%bb—4aab*+ abs _ 
10 x - — a*%+4 bb— baabs+gabs - bs 
1 & 5/13 a= $a%+10a%b—10aab + $abt—ts 
| STC» | „ 


By comparing theſe Two Examples together, you may make the 
following Obſervations. SOT 

1. That the Powers Raiſed from a Reſidual Root (viz. the 
Difference of Two Quantities ) are the ſame with their lie Pow-, 
ers Raiſed from a Binomial Root (or the Sum of Two Quanti- 
ties) ſave only in their Sg; viz. the Bznomal Powers have 
the Sig + to every Term; but the Re ſidual Powers have the 
$1915 + and — prterchangeatle to every Term. 

2. The dies of the Powers of the Leading Quantity 
(a) continually Decreaſe in. Arithmetical Progreſſion ; viz. in 


the 


——_— 


eat. end — * — * 8 0 —— 
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the Square it is an, a. In the Cube aan, aa, a. 
In the Bigundrat it is aaan, aan, an, a, Bc. 
3. The Vadices of the other quantity b do continually incren "af 
in Arithmetical Progreſtion; viz, In the Square it is b, bb. In 
the Cube b, bb, bbb. In the Biquadrat it is b, bb, bub, bbbb, Ko. 
4. The Firſt and Loſt Terms, are always pore Powers of the 
ſingle Quantities, and are both of the ſame Height. 
5. The Sum of the Indices of any Two Letters joined together 
io the intermediate Terms, are always Equal to the Index of the 
higheſt Power, viz. of the Firſt or Laſt Term. | ; 
. Theſe Obſervations being duly conſidered, it will be eaſy to 
tonceide how the Terms of any propoſed Power raifed from a 
- Binomial or Reſidual Root muſt ſtand, without their Vaciæ or 
. Numeral Figures. | | 
For Inſtance, ſuppoſe it were required to Raiſe the Binomial] 


. + Root a--b to the Seventh Power; then the Terms of that Power 
will ſtand without their Uncze in this Order, 


Viz. a'4+a* a ba. b3 4 a3 b4+@ Babs -I. 


And becauſe the Uncie (not only of any firg'e Letter, but alſo) 
of every ſingle Power, how high ſoever it be, is an Unit or 1 
(which neither Multiplies not Divides) and all the Powers of 
any - Binomial! or Re ſidual Root are naturally raiſed by Multi- 
plying of the Precedent Power into its Original Root, which is 
done by only joining each Letter in the Root to the Precedent 
Power, with its Unci@, and then removing the ſaid Power, when 
it is ſo join d to the Second Letter, one place forward (either to 
the Left or Right Hand) it muſt needs follow, N 

That the Laciæ of the Second Terms (in any ſuch Power) will 
always be the Sum of fo many Units Added together more one, as 
there have been MHultiplicnations of the Firſt Root; which will 
13 be determined by the Index of the Firſt Term in the 

uns; 

And becauſe the Uncie of all the intermediate Terms, are 
only removed along with their Letters, it alſo follows; that iF 
they are Added together, their reſped ive Suins will produce the 
true Uzcia's of the intermediate Terms in the new Rſed Porar. 
As doth plainly appear from the following Numbers {> removed 
Without their Letters; which both thews and Demonſtrates an 

eaſy way of producing the Uncia's of any Ordinary Power (vic. 


| 4 one not very high) Raiſed from either a Biuomial or Re fidunl 
* 400k. | Vn 8 W 


Thus 


gebs. 


The two Lucia s of the firft Root, 


1 The Uncia's of the Square. 
DS | | 
Add 4 T5 3 931 The Urcia's of, the Cube. 
2444321 
4 k 4 1 The Uncia's of the 4th Power, 
* 4.7. | 
1 0 . 10. 5 oy i Uncia's of the Sth Powey, 
Add 4 NN WW St | 


— — — 


x; 6 6 1 Uncia's of the 6th Power. 
Ad 4 1.6 415 20 15 61 


And fo on in this manner ad in finitum. 
Now if theſe Numbers are prefix d to the aforeſaid Letters, all 


the Terms will be compleated with their reſpective Uzcza's, and 


will ſtand thus ; 
La 210566 + 354%3 +3501 b +74b* +b. 
But that the buſineſs of finding theſe Uncia's, may be rendred 
yet more eaſy for Practice, it will be convenient to conſider what 
Series or Progreſſion, the Uncia's of each Term do make, from 
the aforeſaid Additions 


2 „12 jo 4% 2 le 12812 

= .| =s|e|E8|5.|5 .|SE|=es 

SE 5 s SU S SB SIS (s 

eh Calera er} pj oE]s 

32 38127 E 8.222212 8 E 

52 5381338 3 835 3[8 [85 
| - 1» DEI DOTIDOGIDBGID WE 
py 5 32 25 * | ö | -» Uncia's of the ſingle Quantities, 
* 2 ©0 þ „ „% os 20 | 0 * 2 Uncia's of the Square. 
„„ Bet fr . — | „ Uncia's of the Cube. 
„ BY: oy CE HI Uncia's of the 4th Power. 
#0 EIS ICNTIGSE. of Vera of me nh Pour, 

' Er Uacia's of the 5th Power. 
423 1-7 1H $19 2nf 715 Uncia's of the 7th Power, &c. 


The Uzcia's of the Firſt Term is only a Series of Units, whoſe 
Sum is every where the Uncia's of the Second Term. 
The Urcia's of the Second Term, is a Series of Numbers in 
Arithmetick Progreſſon; whoſe Sum is every where the Uncie 
of the Next Superior Power in the Third Term, and may be found 
by Propoſition 1. Chap. 6. Part 1, 5 


That 


* 


Part II. | 


I . 7 -21 +35 -35 +21 . 7 . I Unciasof the 7th Pow, 
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That is, in the 7th Power it will be 6 1* 6 
Unciæ of the Third Term. | 2 — 21 

The reſt of the Uncia's are a Compounded Series, whoſe re- 
ſpective Sums may be obtained from the Uncia's of their prece- 
dent Terms. 


Thus — 3s. Then . 36. Again =21, 


An = =7 Sc. 


— 


From hence may be deduced this General Rule. 


Rule. 


If the Index of the Firſt Letter of any Term be Multiplied 
into its own Uncie, aud that Product be Divided by the Number 
of Terms to that place; the Quotient will be th? Uncie of the 
next ſucceeding Term forward, 

That is, by the help of thoſe Jadices that belong to the ſeveral 
Powers of the Firſt or Leading Letter only (as a) the true Uncia's 
of every Term may be eaſily underſtood, | 


Example 2. 


Let it be required to compleat all the Terms of the aforeſaid 
ſeveral Powers viz. a) +d*b +4b* +a%* +@b* +a*bi+abs4-b7 
with their proper Uzcia's. 

I. The [ndex of a3 the Firſt Term will be the Urcia of the 
Second Term, Thus a?7a%. 8 | 

2. Then half the Second Terms Index into its Lucia, 


viz, 2 — 21 will be the Third Term's Uncia, 
Thus a -l ab will be the Three Firſt Terms. 
3. Again ——=-=35 is the Uncia of the Fourth Term. 
Then it will be a1+72%b*+2145Þ*þ+ 35a4b?, 
4 And 3 will be the Lacia of the Fifth Term. 


Then a? + 7a% + 214: + 354 + 35 Oc. until all 
the Terms are compleated with their reſpective Urcia's ; and then 
they well ſtand 

Thus, 47 + 74% + 214%6* + 35%ab? + 35% + 21223 
＋ abs + . ITY | 


Now 


2 


— 3 
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Now here it may be furt her Obſerv d, that the Uzzcia's do only 
increaſe until the Indices of the Two Letters become Equal, or 
change places; and then the reſt of the Uzcia's will return or 
Decreaſe in the fame order, That is, wherever the Jadices of 
the Letters are Alike, there the Uncia's will be Alike. 

And therefore one needs to find the Urcia's (as before) but to 
balf the Number of Terms in any Power, 

If what hath been faid, and the Work of the Example be 
well underſtood, I preſum? it will be found very eaſy to Raiſe 
any Power from a Binomial or Ae ſidual Root, to what Height 
you pleaſe; withont the trouble of a continued Involution; and 
without the help of ſuch a Table of Powers as is propoſed by 
Mr. Gughtred in his Key to the Mathematics, Page 40. and 
ſince by others. | | 

Now from theſe Con fideratiqns it was, that I propoſed this 
Method of Raiſing Powers in my Compendium of Algebra, Page 
57, as wholly New (viz. fo much of it as was there uſeful) having 
then (1 profeſs) neither ſeen the way of doing it, nor ſo much as 
heard cf its being done. Bur tince the writing of that Tract, I 
find in Dr. Wallis's Hiſtory of Algebra, Page 319 and 331, that 
the Learned Mr. Iſaac Newton had diſcovered it long before: 
which the Doctor ſets down in this maer, 


Let n be the Exponent of the Power. 


M—O M—I M—2 —3 —4 
Then —  ——  _  — Oc. 
1 2 3 4 5 
Will be the Series of the Uncia's required ; but he doth not tell 


ns how they firſt came to be found out, nor have I ever met with 
the leaſt hint of it in any Author. 


— 


Secl. 6, Evolution of whole Quantities. 


Evolution is the Extratting of Roots from any given Power. 
Thar is, it is the Converſe Work to that of- Ivyvolution, and in 
ſirgle Quantitzes it's eaſy, it the given Power have ſuca a Koot 
as is required, which may be thus known. 

If the given Power have no Numbers prefix d to it, and its 
Judex can be Divided by the Index of the Root required, the 
Quoti2»t will be the Index of the Root ſought. | 

Thus, it the Cube Root of aaaaaa, viz. a5 were required (the 
Index of the Cube is 3) then 3) 6 (2. Thar is, 3) 4 (a the 
Foot required. And ſuch Operations are uſually fer _ 

| Ws 


: . 
— i... —— — — „ 
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Thus: 2 2 255 2 ebe i 
1202 a? azbz h! 

1 33] aa 8 abb, 

3 w2 F ad 


* 
— —_ — —— — 


Note, The Figures placed in the Margin after th? by * () of 
Evolution, denote the Index of the Root to be Extracted. 

If the given Powers have Co-efficients : (viz. Numbers pre- 
fixd to them; ) then you muſt Extract their reſpective Roots 
as in Vulgar Arithmetick, 


Thugi] 8144 | 12964%"® 20736a#b4c* 


I wy gaa 36⁴⁰f I 44aabbce . 


—kkꝛ !—-—ꝛ—ͤ . 


I wv 3a | _ Gaabb I 2abc 
8 ; — yn — 
Or 2uv 34 Gaabb | 12abc 


But if the Root required cannot be truly Extra cted out of both 
the Co-efficients and Indices of the given Power; then it is a 
Surd, and muſt have the Siga of the Root required prefix d to it. 


Thus 1 as 5 G7aaan 216bbbdad 
Iw 22 4/4  v/67aaaa v 216bbbddd 
Iw 333 vas | 314/ 67aana | 6b 


Evolution of Compound Quantities or Powers, i a little more 

troubleſome than that of Single Powers; and would require a 

great many Words to Explaiz the manner and Reaſor of forming 

the ſeveral Canons, that are commonly uſed in Extracting the Root s 

of Compound Quantities ; eſpecially if the Powers be very high, &c. 

1 ſhall therefore for brevity's ſake omit them, and ſtead thereof 

propoſe an eaſy Method of diſcovering the Roots of all Compound 

Powers in general; And in order to that, it will be neceſſary to 

PRO ; that if either the Sum or Difference of ſeveral Q νties 
Involved to any Power, there will ariſe ſo many ſiug e Powers 

of the ſame height, as there are Different Qnantities. 
As for inſtance, if agb be Squared, that is, be Þrvoſved 

to the Second Power, it will be aa+24b+2a4 +bb4-2bd +47, 

here you have aa, bb, and dd. | | . 

Again, if a+b+d were cubed, viz. Irvol-d to the Third 

Power, then you will have aaa, _ ddd, in it, Cc. 


\\ hence | 
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Whence it follows that in Extractixg the Roots of all Compound 
Quantities, there muſt be conſidered, 

1. How many Different Letters (or Quantities) there are in 
the given Power. _ 

2. Whether the Single. Powers of each of thoſe Letters be of 
an equal height, and have in them ſuch a ſingle Root as is re- 
quired : Which if they have, Extract it as before. 

3. Connect thoſe ſingle Roots together with the Sigz g, and 
nvolve them to the ſane height with the given Power; that 
being done, compare the new Xaiſed Power with the given Pou- 
er, and if they are alike in all their reſpective Terms, then you 
have the Root required; or if they Differ only in their Signs, 
the Root may be Eaſily corrected with the Sig — as occation 
requires, 

— 1. Let it be required to Extract the Square Root of 
ee Lach - 2 EE — 2bd4-4d. 

In this Compound Square, there are Thres diſtindt Powers, 
viz. bb, cc, dd, whoſe ſingle Roots are b, c, d, wherefore I ſup. 
poſe the Root ſought tobe b-þc+84, or rather Ye d, becauſe 
in the given Power there is —2cd, and - 2bd therefore, I con- 
clude it is 4, then Ye being Square, produces bb-2bc 
— 2bd cc —2c4-+dd, which I find to be the fame in all its Terms 
with the given Power, although they ſtand in a Different Poſition ; 
conſequently - is the true Root required. 

Example 2. "Tis required to Extract the Square Root of 
at — 2aabb bt, Here are but Two ſixgle Powers, viz. a+ and 
5, whoſe Square Roots are aa, and bb. And becauſe in the 
given Power there is— 2aabb, therefore I conclude it muſt either 
de aa - or bb—aa. Both which being Javolved, will produce 
4%—22abtd-bt ; conſequently the Root ſought may either be 4a 
b, or bb —ag according to the Nature or De ſigu of the Queſii- 
on, from whence the given Power was produced, 

Example 3. Let it be required to Extract the Square Root of 
36aaaa- 108aa+81, Here the Two ſingle Powers are 36 aaad, 
and 81, whoſe Roots are 64a and 9. And becauſe the S7grs are 
all + therefore I ſuppoſe the Root to be 64a + 9, the which be- 
ing /zvolved doth produce 36a44108aa481, confequently 6aa49 
is the true Roo? required, 

Example 4. Suppoſe it were required to Extract the Cube 
Root of 129 + 3 — 450 + 2504ee == 72048-64802 
-+ 5492 — 288ec-5-4326—216, = 


* 


Jo 
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In this Example there is Three diſtinct Powers, viz, 1 25a, 
64eee, and — 216. 

The Cube Root of 125aaa is 5a. Of 64eee is 4e, and the Cube 
Root of is — 6. | 

Wherefore I ſappoſe the Root ſought to be 5a Þ4e—6, which 
being Juvolved to the Third Power, does produce the ſame with the 
given Power, conſequently 5a+4e—6 is the Cube Root required. 

But if the new Power, raiſed from the ſuppoſed Root (being 
Involved to its due height) ſhould not prove the ſame with the 
given Power, viz, if it hath either More or Fewer Terms in it, 
c. Then you may conclude the given Power to be a Surd, and 
muſt have its proper Sig prefix d to it, and cannot be otherwiſe 
Expreſsd, until it come to be Evolved in Numbers. 

Example 5. Suppoſe it were required to Extract the Cube 

Root of 27aaa54baa+8bbb. 

HFere are Two diſtiuct and perfect Cubes, viz. aaa, and 8b&, 
whoſe Cube Roots are 3a and 26. 

Wherefore one may ſuppoſe the Root ſought to be 3a - 25 
which being Involved to the Third Power, is 27aaaÞ54taa 
3b 8, Now this new raiſed Power hath one Term 
(viz. 36bba) more in it than the given Power hath ; but this 
being a perfect Cube, one may therefore conclude the given Power 
is not ſo, viz. it is a Surd, and hath not ſuch a Root as was Ree 
quired, but muſt be Expreſſed, or ſet down, 


Thus J 27aaa454#4aa-B8tbs, 


If theſe Examples be well underſtood, the Learner will find 
it very eaſy by this Method of proceeding to diſcover the true 
Root of any given Power whatſoever. 


„ 


CHAP. I. 
Of Algebzaick Fractions, or Bzoken Quantities. 


$:7, 1. Notation of Fra7ional Quantities, 


Fraftional Quantities are Expreſs d or ſet down like Vulgar 
Fractions in common Arithmetick. 


> Th a 2b 5b—_qa Numerators. 
Anus 4 To "41 4dfgb Denominators. 
* 


2 How 


= "> 
: 
: 


ä — — — — — — 
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How they come to be fo, ſee Caſe 4. in the laſt Chapter of 


h 2 Theſe Fradt ional Quantities are managed in all ye- 
ſpecls like Vulgar Fractions in Common Arithmetick. 


Sell. 2, To Alter or Change different Fractions into one 


Denomination, retaining the Tame Value. 


Rule, 


Multiply all the Denominators into each other for a New 
Denominator ; and each Numerator into all the Denominators 
but its own, for New Numerators. | | 


» * 


Examples. 


Let it be required to bring _ and into one Denomination, 
Firſt a xc, and d xb, will be the Numerators, and N 


* x - . * bd 
will be the common Denominator, viz, — and —- ate the 
. E + 00 4 4 33 
Two Frafiions required, That is, ET and 


A gain, let => and == be brought in one Denomination, 


And they 5 bbbebd--de 1g . 
will be $ 


F- 0 ET 


Selb. 3. To Bing whole Quantities into Fractions of a 


given Denomination, 


Rule. 
Multiply the whole Quantities into the given Denommatey, 
For a Numerator; under which Subſcribe the given Denominator, 
ard you will have the Frafion required. 


| Examples. 
Let it be required to bring a-++ into a Fradtion, whoſe Deno- 
miator is d—a, Firſt a x da is daqbd—an—ba, 


Then Ze is the Faction required. 


Again + —- will be EF And — —a will be = 


Alo a+5+ <> will be 2 
When 
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When whole Quantities are to be ſet down Fraftion-wiſe, 
Sub ſcribe an Unit for the Denominator. 


Thus ab, is LA And aa -b, is —— &c. 


Sef. 4. To Abbz eviat e, or Reduce Fractional Ouan- 
tities into their Loweſt Denomination. 


Rule, 

Divide both the Numerator and Denominator by their greateſt 
ommon Diviſor, viz. by ſuch Quantities as are found in both ; 
and their Quotients will 3 200 — ix its ny Term. 

aac. aa abbh . bac 
Thus * =” And 77 Wa Alſo aT ad. 

In ſuch fingle Fractions as theſe ; the common Diviſor (if there 
be any) are eaſily diſcover d by Iaſpection only; but in Compound 
Fractions it often proves very troubleſome, and muſt be done 
either by Dividing the Numerator by the Denominator, until 
nothing Remains, when that can be done: Or elſe finding thezr 
common „ N ; by Dividing the Denominator by the Nume- 
rator, and the Numerator by the Remainder, and ſo on as in 
Vulgar FraRions ¶ Sect. 4. Page 51.) 


Examples. 
Suppoſe — were to be reduced Lower. 


Then -d) aaa (5 the Faction required, | 


9 08 i 
In this Example it ſo happens that the Numerator is Divide 
juſt Off by the Denominator; but in the Next its otherwiſe, and 
requires a Double Diviſion to find by” * common Meaſure, Viz. 
: aaa—a 
Let X be required to Reduce n to its Loweſt Terms. 
Firſt aa+24ab+8b) ana abb (a 
LESS aaa+-2aab — abb 
aal —2abb the Remainder. 


Then—24ab—3abb) aa bb . I 
| 5 es 5" oh (- "EI 


a g#: 28 
ab +bþ 
ab 


* 


Hence 


. ©PP—— 


x66 © Pier . 


Hence it appears that — 2aab— 2abb is the common Meaſure; 
by which aaa - abb being Divided. 
Viz. 2aab— zahl) ana—abb ( 1 
37 
Aab — abb 


— abb aab 


Ve — — 


O O 


8 —— SL bs the New Numerator. 
2b 2 


And YF — _ + — is the New Denomi nator. 
i 1 24-4-2b a+b 


But — IT == = the Numerator. 
| I 1 24 —25 a2 ＋ 3 : 
And — ry Se” Co apt} Pb, Bt "ogg the Deromirator. 


Let both be Multiplied with 2a and you will have 
aa tab the Numer ator. 00 * 


— a— che Denominator. Os Changing the Signs of 
all the Quaztities, and it will be 22 the New Fraction Re- 
aa— ab aaamabb | WY 


quired. That is, IF an” 


= 3 7 „ 
Again, let it be required to Reduce 227 


The Common Meaſure of this Fraction will be the ea ſeſt 
found (as appears from Tyials) by dividing the Denomirator by 
the Numerator, &c. 5 


Thus 4d 55) d- (4 


ddd —bbd 5 
) dd-bb ( d 
8 dad — bd \Þb | 
bbd — þ3 
O O 


Hence it ap pears that Þd—b is the common Meaſure that will 
Divide both the Numerator and the Denominator. 


©. Conſe⸗ 


„„ 


— _ * E 3 ” 2 — 
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Conſequently b4—bb) 4%, ( + 1.isthe New Nuerator 


＋ — bb 
dh bb 


9 © 


And 5d. bb 2 2 — - -+4-+6 the New Denominator, 
"+ ddb—bbb : 
aa -d 
ee —+bhb4—bbb 
bb4— bbb 


O O 


Let both be Multi plied with 5, and then you wil! 
d4b the Numerator, \ of the Fraction 


nave dd d bb the Denominator, | required. 

But after all Means uſed (as above) there cannot be found Oue 
Common Meaſure to both the Numerator and Denominator, then 
is that Fraction in its Leaſt Terms already. 

Note, Theſe Operations will be underſtood by a Learner after 
he hath paſs d thro Multiplication, and Diviſion of PFrattions. 


Set. 5. Addition and Subſtraction of Faactional 
Quantities. 


The given Fractions being of One Denomination, or it they 
are not, make them ſo, per Sa 4. Then, | 


Rule. 


Add. or Sub ſtract their Numerators, as Occaſion requires, and 
to their Sum or Di _ Subſcribe the common Denominator : 
As in Vulgar Fractions. 


Examples in Addition. 
Eb-aaja4b [2a—b 


[1 a- 

"T6 * | d+c aa 
2144 22 4e 2b—a] fa -A 
[= © wary - == 


24 


I+ 243 


1 


Part II. 


WIPER + 


Examples in fubſfraction. 


1|bb+aa| a+ b| 3a+b-þe] 2Þ 
dc 4 d- 
; | 2b—al 2a4+c | a+b—4 
1 . 1 | 
| 242—5 a+b Sar 
* 25 _4+c d | dyra_ 


Se&. 6. Multiplication of Fra7ional Ouantities. 


Furſt prepare Mix'd Quantities (if there be an ) by making 
them Improper Frattions, and Whole Quantities by ſubſcribing 
an Unzt under them. As per Sect. 3. Then, 


Rule. 


Multiply the Numerators together for a new Numerator: And 
the Denominators together for a new Denominator. As in Vul- 


gar Fractions. 
Thus| 1 ab 32—25 
| "gs 2d +c 
4 
f d 
1X2 j abld | 12aa—20b—4bb 
: 24d -|-dc 


Rand 


Thus : 


2 


rx2[ 
| 


Suppoſe it were required to Multi ply 22-T＋— —25 
with 35-+ 4c, Theſe prepared for the Work (per Sect 3.) will 


2a ＋— 25e 
— 
34. 
— | 
6bacr + 3bb—95hc+Bacc4-4bc—100ct 
10 25 = | ; 
6b1—71b+84—100cÞ - per Sect 4. 


0 


. 


N. B. 


1 
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N. B. Any Fraction is Multi plied with its Denontinator by 


taſting Off, or Taking the Bere away. 


Thus = X 4 * For = x <= =p a: 


. 1 . 4 F 4 » Ty 5 \ 
at * 2.9 — 3 * As * * * 


Sea. 7. Diviſion of Fra;onal Quantities. 


The Fractional Quantities bei epared, as directed in the 
laſt Section. Then, 9 


Rule. 


Multi pi py the Numerator of the Dividend, into the Denonil- 
ator of the Diviſor, for a New Numerator ; and Multiply the 
other two together for a New Denominator ; as in Vulgar Fract. 


— 
Let 2 9 7 be Divided by = the Work may ſland 
* abd * a 

Or Thus 1 _ | + aaa 
| ef . | " bf _ _— 
(| ab _j_ cb. aa—ab+bb 
eee 
De 
1 = 2 


4 it were required to Divide aa —.— 
By a+}. Then the Work prepared will ſtand 
Thus Lang aaa J-4aab 4-3abb f aaa+gaab4-24bb. 
4 , a+4b  aa+5ba+4bb_ 
Bat aaa 4a ο. -A * OR. 
ata ag ler S 0 
When Fract ions are of One Denomination, caſt off the D216; 
Min ators, __ Divide the Rs 


Thus if 3 —— were to be Divided by == — it will be 


250 ab} (ab the Quotient required; 5 
Z For 


' 
: * 


* 
= 
_ 3" 4a £.]. . _ * * 
— ee ee EE Rs <p> a eo — — 
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1 abs ahr B56 | 

For =) <> (A But == ab (per Sec 4, 
ar—abb 


Again, Suppoſe it were required to Divide = ; 


By E Coftiig Off c—d into both, it will be 


; att. —_— ** 


Seat. 8. Involution of Fraftional Quantities. 
Rule. 


Involve the Number into it ſelf, for a New Numerator s and 
the Denominator into it ſelf, for a New Denominator ; each as 
often as the Power requires. 


* I bd 
Thu: 2  2ad- | 1 
3 | Obe | DTB d 
212 —k1— 
Aal — 
. _bbb 4304-43640 | add 
10313] 7a Saad a — aac d= 3A - 


Se&. 9. Evolution of Fra7ional Quantities. 


If the Numerator and Denominator of the Fraction have each 
of them ſuch a Root as is required (which very rarely happens) 
Then evolve them; and their reſpective Roots will be the Nu. 
merator and Denominator of the new Fraction required, 


r| _2aabh - | aa-206 +bþ 
Thus | 449d | aa—2abÞ+bb 
48 gab a+b 
Again x | __27aaabbb aaa +3agh +3abb -U 
5 S | aaa—3aab4-3abb - 
5 =. 48 
e e ED eee ee 


1 it ſo falls out, that the Numeratur may have 
h a Koot as is required, when the Denominator hath 8 ; 
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Or the Denominator may have ſuch a Root, when the Numera- 
tor hath not. Inthoſe Caſes the Operations may be ſet down, 


| | aabb ana Þ4abb—Aad 

| — — bb. reno 

Thus f ee | _TaaF20b {bb 

10 22 — | y aaa F4qbb —dd 
85 L | a+b 


But when neither the Numerator, nor the Denominator have 
juſt ſuch a Root as is required, prefix the Radical Sign of the 
Root to the Fraction ; and then it becomes a Surd, as in the laſt 
Step, which brings me to the Buſineſs of managing Surds. 


hb — 


CHAP. IV. 
Of Surd Quantities. 


HE whole Doctrine of Surds (as they call it) were it fully 

handled, would require a very large Explanation (to render 
it but Tolerably Iutelligible) even enough to fill a Treatiſe it 
ſelf; if all the Various Explanations that may be of uſe to make 
it eaſy ſhould be 7»ſerted ; without which it's very 7tricate and 
2 for a Learzer to underſtand. But now theſe fedious, 
Reduction of Surds, which were heretofore thought vſeful to fit 
Aguations for ſuch a Solution, as was then zuxderſtood, are wholly 
laid afide as wſeleſs : Since the New Methods of Reſolving all ſorts 
of Equations render their Solutions equally eaſy, although their 
Powers are never ſo high. 

Nay, even fince the true Uſe of Decimal Arithmetick hath been 
well under ſtood, the Buſineſs of Surd Numbers has been managed 
that way; as appears by ſeveral Iuſtances of that kind in Dr. Hal- 
lis's Hiftory of Algebra, from Page 23 to 29. 
ake, paſs over thoſe tedious 
un 


I ſhall therefore, for Brevity 1 
Reductions, and only ſhew the Yourg Alge braiſt how to deal 


with ſuch Surd Quantities as may ails in che Solution of Hard 
Queſtions. | 


Sect. 1. Abdition aud Subſtraction of Sud Quantities 


Caſe 1. When the Surd Quantities are Homogeneal (vis. 
Rational Part, if they are 
joined 


are alte Add, or Suhſtract = 
4 2 


| g 


2 Algebza, Part II. 


Pied to any, and to their dum, or Difference, Adjoin the bra. 


Flongl c or Surd. 


Examples in Addition. ; 
5 Ve 6 Vac * Jaa 
2 e 3 NU 
I J2ve 22 4by/ == 
44 yaa 2 os be VA 
d.. aa C Vaa — cc A2 V4 
— 2 3 — .. — 
Examples in @ubſtraction. 
I2\/bc 10 ac ba Tce 
Z 3 ar * Tce 
2 = 2 S g 


44 Va e er a 
4 yaa A A . | 


54 N EE b+c | Je Jaa 


When the Surl . are 8 (viz, 


heir Indices are unlike they are only to be Added, or Su ſtracted 
by their S7 gs, viz. + or — And from thence wil ariſe Surds 
either Binomial, or Refi idual. 


Examples in Addition. 


tc 477% ESP | *lac—ba 
a 35. lac l 


2 LE . —— — 2 — | 


Examples in — 
a/bc bend | Jaand-c, 
3 ba F4 2 157 


— [F — — 2 


8. 
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$48. 2, Multiplication of Sund Quantities. 


Caſe 1. When the Quantities are Pure Surds of the fame 
kind ; Multiply them together, and to their Produft prefix their 


Radical Sign. 
FEY Examples. 
il 4b Magda 4/ aa +bb 
7 * | Vca | * =; 


—— 


IX THEY | T= | 2 


Caſe 2. If Surd Quantities of the ſame kind (as before ) are 
joined to 9 Quantities, then Multiply the Rational into 


the Rational ; and the Surd into the Surd, and join their Pro- 
dugs together. | | 
Examples. 
H da bc | Sd da | I54/ ab 
21 364/a 2a af ca 2 
IX 2 Kg 34by/ bra I Sed braa+ dcaa | 75 Vabd 


Sec. 6. Diviſion of Surd Quantities. 
Caſe 1. When the Quartities are Pure Surds of the fame kind, 


and can be Divided Off, (viz. without leaving a Remainder ) 
Divide them, and to their Quotient prefix their Radical Sign. 


Examples. 
[7 a beaadcaa Jaa =- 
2] 5 Vca Jaa 
. — —„—-V—- — —— 
122131 V | a ba-+ 4a 1 S/aa-t bb SY 


Caſe 2. If Surd Quantities, of the ſame kind, are joined to 
Rational Quantities ; then Divide the Rational by the Rational, 
if it can be, and to their Quotient pain the Quotient of the Surd, 
Divided by the Surd, with its Firſt Radical Siga. 


DN Examples. 
I] 23dbyba IScda\ſbcaa4dcas | 75abd 
2] 3b va __ 3a\/ca 3 LAN 
122131 & bc Dada I 155 


Vote, 


| if 
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Note, if any Square be Divided by its Root, the Quotient will 
be its Koot. 


Examples. 
11 2 bb 2be--ce | aaa - 25a LU 
EL 
1203 ya |, „ B55 Tab cc | J — 2bbaa-+bv 


Sell. 4. Involution of Surd Quantities. 
Caſe 1. When the Szrds are not joined to Rational Quantities ; 
they are volved to the fame height as their Index denotes, by 
only taking away their Radical Sign. 


Examples. 
I a Idea | Jaa—bhb 5 — da f 
10.2 2 | bra | aa—bb of aa da | 


Caſe 2. When the Surds are joined to Rational Quontities; 

Tnvo've the Rational Quantities to the ſame height as the Index 

of the Surd denotes; then Multi ply thoſe [rvolved Quantzties 

_ * Surd Euantities, after their Radical Sign is taken away. 
before. | 


SE] Examples. ; 
N ba 5d ca 35 / aa — dd 
185 2 | 7 ba 28d 9bbaa o 


þ 4 / | 34 yaa+bb | das yh 
1G-3|2] a | 27d4ddaa3-37dddbb | dddaaab 


2 


—_— — 


The Reaſon of only taking away the Radical Sign, as in Caſe 1. 
is eaſily conceived, if you conſider that any Root being Iavolved 
into it ſelf, produces a Square, &c. 5 | 

And from thence the Rcaſon of thoſe Operations performed by 
the Second Caſe may be thus Stated. 


- Suppoſe B Va x. Then ,/a == per Axiom 4. and 
both Sides of the Zquation being Equally Involved, it will 
be a=» Then Multiplying both Sides of the guat ion 


into bb, it become bba==xx per Axiom 2, 
Which was to be proved. * ; — 5 : 
XA | £7 Again 


7 


ä —5— 2 —— 4 i Wil 'Y 
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Again, Let 5dca=s. Then cam 


— 


n 
And ca 254 | | RE 
Alſo from hence it will be eaſy to deduce the Reaſor of 
Multiplying Surd Quantities, according to borh the Caſes. For 
h— | 
Suppoſe 4 = > Example 1. Caſe 1. 
10-23] b5=zz 
20-204] a=xx 
3 * 415] La = xxxx. per Axiom 2. 
Suu2'0! y/ba==zx. which was to be proved. 


Let {NES Example 1. Caſe 2. 
14% i= 


a 40=S 

4 * 3 Vel. from what is proved above. 
5 x 36416] 3d. bea. xx, &c. for the reſt. 
— — — — 


3 being the Converſe to Multiplication, needs no other 
* oE: 5 


— 2 


——— 
* 


C HA. P. V. 


| Concerning the Nature Aguations and how to prepare 
them for a Solution. 


When any Problem or Queſtion is propoſed to be Analytically 
Reſolved; it is very gy Ce the Te De ſign or Meaning 
thereof, be fully and clearly Conprebeatee (in all its parts) that 
ſo it may be Truly Abſtrated ſuch Ambiguous Words as 
Queſtions of this kind are often Diſguiſed with; otherwiſe it will 
be very Difficult, if not Impoſſible, to ftate the Queſtion right in 
its ſubſtituted Letters, ever to bring it to an Æquation, by 
ſuch various Methods of Ordering thoſe Letters as the Nature 
ot the Queſtions may require. 


Now 


* 
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Now the Nuowledge of this difficult Part of the Work is only to 
be Obtained by Prattice, and a careful minding the Solution of 
ſuch Leading Queſtions as are in themſelves ve 5 N 
And for that Keaſor: I have inſerted a Collection of ſeveral 
_ "Queſtions; wherein there is great Variety, 
* Ring ot fo clear an U rſtanding of the Que ſdion propoſed, 
as to place — all the Quartities concerned in their due Order, 
diz. all the Subſtituted Letters, in ſuch Order as their Nature 
requires; the next thing muſt be to Conſider whether it be Limiten 
or not. That is, whether it Admits of more Anſwers than Ove, 
And to Diſcover that, Obſerve the Two following Rxles. | 


Rule. 
IWhen the Number of the Quantities ſought, Exceed the 


Number of the given Equations, the Queſtion ig capable of In. 
numerable Anſwers. <% 


Example. 
| Suppoſe a Queſtion were propoſed thus; There are Three ſuch 

Numbers, that if the Firſt be Added to the Second, their Sum 
will be 22. And if the Second be Added to the Third, their dum 
will be 46. What are thoſe Numbers, 

Let the Three Numbers be repreſented by T hree Letters, thus, 
call the Firſt a, the Second e, and the Third y. 

Then 4 e + y=46 C names Laid ca eons 

Here the Number of Quantities Sought are Three; a, e, j, 
and the Number of the given Zquations are but Two. Therefore 
this Que ſtion is not Limited, but Admits of Various Anſwers; be- 
cauſe for any One of thoſe Three Letters you may take any Num- 


ber at pleaſure, that is Leſs than 22. Which Ay a little Con. 
fideration will be very Eaſy to Conceive. ” 


Rule 2. 

When the Number of the given 8 (not depending 
«upon one another) are guſt as many as the Number of the Quan- 
tries fought ; then is the Queſtion truly limited, viz. each 
Quantity ſought hath but one * Value. | 

As for inſtance, Let the aforefaid Queſtion be propoſed 


thus. There are Three Numbers ( a, e, and % as before) 


if the Firſt be Aled to dhe Second, their Sem vill be 22; 
V 


( 
1 
1 
a 
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if the Second be Added to the Third, their Sum will be 46 ; and 
if the Firſt be Added to the Third, their Sum will be 36, What 
are the Numbers © 


That is, a+e==22: e+y==46. and a+y=36. 


Now the Queſtion is perfectly Limited, each ſingle Quantity ha- 
ving but one ſlagle Value, to wit a=6, e=16, and y=30. 


N. B. I the Number of the given Fquations exceeds the 
Number of the Quantities ſought ; they not only Limit t he Que- 
ſtion, but oftentimes render it impoſſible, by being propos d In- 
cox ſiſtent one to another. 


Having truly ſtated the Queſtion in its ſubſtituted Letters, and. 
found it Limited to one Anſwer (or at leaſt ſo bounded as to have 
a certain determinate Number of Anſwers) then let all thoſe ſub- 
ftituted Letters be ſo ordered or compared together, either by 
Adding, Subſtratting, Multiplying, Or Dividing them, Gc. ac- 
cording as the Nature of the Weins requires, until all the 22 
known Quantities except One, are caſt Off or vaniſhed; but there- 
in your Care muſt be taken to keep them to an e act yy, 
and when that antun Quantity, or ſome Power of it (as 
Square, Cube, 2 is found Equal to thoſe that are kzow? ; then, 
the & ue ſtion is ſaid to be brought to an Ægquation, and wnſequently 
to a Solution, viz. fitted for an Anſwer. _ - 

But no particular Rules can be preſcribed for the Caſting off, 
or getting away Quantities out of an Æaquation; that part of 
the Art 1s only to be obtained by Care and Practice. And when 
that is done, it generally happens ſo, that the z2known Quar. 
tity which is retaĩned in the Æquation, is ſo mixed and entau- 
Hed with thoſe that are knows ; that it often Requires ſome 
Fouble and Skill to bring it (or its Powers, &c.) to one Sid of 
the Æguation, and thoſe that are knsw-2 to the other Side; (ſtill 
keeping them to a juſt Equality ) which the Ingeni ous Man Scooter 
in his Principia Matheſeos Univerſalis, calls Reduction ot Æqua- 
tions. / 5 
The Buſineſs of Reducing Æquations (as of moſt, if not all 
Algebraick Operations) is grounded and Depends upon a right 
Application of the Five Axioms propoſed in Page 146, and tlere- 
fore, if thoſe Axionis be welk Und:rftood, the Reaſon of ſuch, 
Operations muſt needs Appear very plain, and the J/ork be en ſily 
performed ; as in the following Seti ions. 
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Sect. 1. Of Reduction by Addition. 


Reduction by Addition is grounded Axioms 1. and is only the 
Tranſpoſing (viz. the Removing ) of any Negative Quantity from 
either ſide of an — to the other ft ide, with the Sig + 
_ it; As in the | 


Examples. 
Suppoſe | 1] 4a—b —d4 Again, 


Then! 2| a=4+6 Let | aa—d=c—aa 
For] 3 = 1+4 | aa=c—as+d4d 
1-+314 a=d+b  2-haal2aa=0+8 


— — — — — 


© NEWS _ 5 Note, Vbe abſolute Numb 
Let r 3a—4= 6—4 Regiſtered i in the 1 mu 8 
1＋4 2 34 6 ＋4— 2 a ne aver Ne to dimguiſ it Fog the 
= — Se 
2＋4 |3 44= 6 +4 IO \ 75 e s + in the 2d Step 7 
"La I 3 b=dd 254 5 
I-i+-b 2a de=dd —2ba+b 
2 + dc 3 Aa = dd 2ba-+b ＋ dr 
3-+2ba | 41aa+2ba—dd+b-+dc 


Suppoſe | 1 | 2da—d=——3oaa—aas 
i+aaa | 2]44a+2d4a—d =cc—3baa 
a-+3baa| 3 | aaa--3baa + 24d ce 
3＋ : aaa Laer e. 


—— — 


9 * 


Seck. 2. Of Reduction by Subſtraction. 


ReduBlion by Su hſtraction is grounded upon Axiom 2. and is 
perform'd by Tranſpoſing (or Removing) any Affirmative Quan- 
tity from either fide of the AÆgquation, to the other f ide, with 
the Siga — before is. As in theſe. 


ee 


1 
24 426 
24 26—4 22 


Suppoſe 
And 
1—2 

Suppoſe 


1—2ba 


g a+hb=d Let 
TIO ( 4M 
4 Ae" 3 3 


46. Pal. b=dd L258 
aa 2b AAC Aα 
2 - de Za - 2 h d. -e 
3514 44—2ba .. —5 


—— r _ * 2 7 4 
—— — — 


1 
2 


Ur 


he re. A. Jon. 
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4aa4-d cc ZA 2d 

1—35⁴⁴⁴ 2|aaa—3baa+d=iud-244 

2— 2d 3 aa 3baA— 2da A cc 
3-4 | 4|aaa—3baa—2da=cr—d 


——ßi — 
— — 


Let [1 


\ 


Set. 3. Of Reduclion by Multiplication. 


Fractional Quantities in any Aquation, are brought into 
whole Quantities ; by Multiplying every Term in the Aqua- 
tion with the Denominators of the Fractions, per Axiom 3, 
As in theſe 


Examples. 
Suppoſe 1 7 _— 
! 
Then | 2[4=6X5=30. For Fu 14 
Let | 16= Suppoſe 1 a= 
IX2b |2| 65 = dc IXa—b| 2] aa—ba=dd 
- | _— 7 0 —ññññ— — 
Suppoſe 5 1 „ 
1X6 42 e 
| 2X4 3 la b fa Aub ; 
r 
2 1 
| aaa - ba- bb 
IXaa—bb 2a 1 
IXa+b | 3| acaa-baza=baaa—bbaa—bbba4+bbbb 
— — —— en —¾—᷑ een on 


Sec. 4. Of Reduction by Diviſion. | 


When any Quantity (either known or unknown) 1s in every 
Term of an Æquation; if the whole Æquation be Divided by 
that Quantity, it will be Reduc'd into Lower Terms, per Axiom 4. 
fs in thels following Examples. 

: A 4 2 Exam, 


/ 


* * 
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Part II. 
. | Examples. bb ge 
. 1 I E Let — 7 
I- ]2]a2-Ha=id 1 14 A 
- Let \11ffaa-+-ffeaa—ffa=ffda-t-ſfiida 
I—ff | 2] aa+iaa—a=da + dda 
2<a |3la+ca—1=d-+44 


1 6 * 
— — — 


— — 


Or when the urhnoum Quantity is Multiplied (viz. joined) 
with any that is &zows ; let the whole ÆAquation be Divided 
by the krowr Quantity, that ſo the unknown may be Cleared, 
As in theſe | | | 
. Examples. 

8 I -c | Loet * [ca2—daa=ed—dd 


 ISb—c 124-4 i ai d. 
| as —4 


2 — 
= | 


Suppoſe | I] &haga—2bbaa da- cba 
Ia 2| baa—2ba==d-+c 

IA c 
b 


2b] 35aa—24a= 
— —— — — — 
Le 1 =7bcaÞ21a © 
127 [2j 7d baa== bca+ 3ca 
3] 74a + 6a= be ＋＋ 3c 
38 
12 


_ — * 


2—4 
37 


12 — 


1 1 * 
— B IE BE 
" 


Sect. 3. Of Redu7ion by Jnvolutian. 


When there happens to be an Æquation, between any Homo- 
geneal or like Surds ; Take away the Radical Signs from the 
Cuantities, and they will become Rational. As in theſe | 


| Examples. 
Suppoſe { 1] V= | Let i q per Sect. 
wy . NI 9 adobe $4 Ch. Zo 


O_o ——— — — + 


. * 
1 * 3 
— 


Or if one fide of the Aguation conſiſts of Surd Quantities, 
and the other fide be Rational ; Then Involve the . 


— 1 a þ} 


— ol | 1 
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Quantities to the ſame Power (or height) with the Index of 
the Surd, and take away the Ridical Sign. As in theſe 


Examples, 
Let 2 — 
18-312 a=36 18-212] a==bb+2bke 
Su ſe 11 3. aA. 1 Let 1154/04 =7 
10.302 9 512 an —16807. 


— — — 
wad — 


. 1 


Sect. 6, Of Reduiizon by Evolution. 


When any ſingle Powers of the Unknown Quantity is on one 
fide of an Xquation ; Evolve both ſides of the ¶Æquatior, accord- 
ing as the /zdex of that Power denotes, and their Roots will be 
Equal. As in theſe 


Examples. 
Suppoſe | T | 44==36 | Let [1 | annz=2 
Iw2 2 28 9 2 1 0312 4a=I/27=3, &c, 


Suppoſe | I 1aa —bb | Let } aca =b? + 3bbc-3bcc * 
12 2 — | Ing | a=b--c 


— —— — — 


—— 


Or if any Compound Power of the unknown Quantity be as 
one Side of the Æquation (that hath a true Root of its kind) 
Evolve both Sides of the Æquat ion, and it will be Depreſs'd 
into Lower Terms. As in theſe 


I 


Examples. | 
Suppoſe | x T7 9d ed aa. — 2 ＋οο dec 
160212 a - Ac 


ar- 


7— — 
* 2» ä ü; 


» Tu. ® n 
2 — 


» 


Here follow a few Examples of Clearing Fguations, wherein 
all the foregoing Reductious are promiſcuoully uſed, 
As Occaſion requires. 

| Example 1. 


Suppoſe I EEE —.— What is a=to 


2 
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2Xb| 3 baab-bc—bd=4g—4an 

4 | #aa-t-qaabc— b4=4g 

4+bd S aa HA g 

6 Laa TAa A = be 
6—b4-417 
8 


48+bd—tc 
* 


1 5 224 2M As was required, 


— * 


— — — ——— —uJ 


Example 2. 


21354 What is the Value of a: 
_ — 
. aa 
_ * 
2X353—4|3|125316—aa==3aa 
34 * | 44@TI25ZI6 
—4| 5 [44=31329 
4 2 r the Value of a required. 


a” 4 1 
5 " 


Suppoſe | I 
IN 


2 


Example 3. 
PE apy * 22 
Suppoſe 1 DD =y/ a :0=? 
— q 
at ay i * 7 —.— 
18˙212 ned bes 
2 + - LY 


"a*—gb+ __ baa 


That is ; I r. —— 
For e ger 3 


; 2 


And 72 2 ER = νν 


Then ee X VE — =  2= —. — 
3b &. 4 T2 = 


4 


* 
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baa aa baa a4 964 
a ba* ba _ a*—ghv 
582 6 C | Fs 


val a4 , bba* = , bas 
6-4 7 + En EEEn+= 
22. . 9hs _ bas 


CC 4 3 c 


ce &---© 
9 xc[10[bet+E® a, 


to X 4|11]4ha* + geeb3 Ae. 
II—44þ+] 12 erb ca- 4. 


12— azar = 
For 13 4 - 4b N. — 4a! — 459 


A 

us 

2. 
S 
> 


13 w 2|14 a2 = = 
gcch3 - 
14 2[15[a=v =. As was required. 


** 
— — 


By help of theſe Reductions (properly applied ) the unknown 
Quantity (a) or its Powers, are Cleared and brought to one 
Side of an Æquation; and if the unknown Quantity (a) chance 
to be Equal to thoſe that are &zowr, the Queſtion is Anſwered. 

As in the firſt Example of Sect 1. and 2. | 

Or if any ſin le Power of the unknown Quantity (a) is found 
Equal to thoſe Gat are known, then the reſpective Root of the 
known Quantities is the Anſwer ; as in the firſt four Examples 
of SebF. 6. &c. | 

But when the Powers of the antnoum Quantities are either 
mixed with their Root; As aa + ba — dd, &c. Or do conſiſt 
of 1 Powers; As aaa + baa = dd, &c. Then they are 
called Aﬀetted, or Adfected Aiquations, which require other 
Methods to reſolve them, viz. to find out the Value of (a) as ſhall 
be ſhewed further on. 


CHAP. 


Algebra. Part II. 


I — 


CHAP. vi 


Of P2opoztional Quantities; both Arithmetical, Geo⸗ 


HA T hath been ſaid of Numbers in Arithmetrical Pro- 
Series of Homogeneal or Like Quantities. 


greſſion, Chap. 6. Part 1. may be eafily applied to any 


Sect. 1. Of Quantities in Arithmetical Progreſſion, 


Thoſe Quantities are ſaid to be in the moſt Simple or Natural 
P Aileen, that begin their Series of Iacreaſe or Decreaſe with 
a Cypher: | „5 
Thus o a: 24: 34: 44: 54: ba : &, Increaſing. 

O :—4:—24:—34:— 44:54: Ga: &. Decreaſing, 

Or Univerſally, putting a the firſt Term in the Pagel los, and 
e the common Exceſs or Difference. | | 

Then LA: e aÞ2e : a+3e : a +48 : age: 4Þ6e : &, 

5 a: -e : A—20 : 4—3e : a—-4e: 45e: 4-6: &c. 
In the Firſt of theſe Series it's evident, that if there be but 
-_ Terms; the Sum of the Extreams will be Double to the 
Mean. dT 
As in theſe, o: 4: 24: Or, 4: 24: 3a: Or, 24: 34: 4a, &. 
vi. 2a, Tora Ta: Or, a Lga g a 2a, &c. | 

Alſo, in the Second Series, either Increaſing or Decreaſing, 
it's evident, that if the Terms be a: a : are, &. in- 
creaſing ; Then a + a T 2e, viz. 2a-+2e the, Sum of the 
Extreams, is double to ate the Mean; Or if they be a : a— 
e : 4 — 2e, &c. decreaſing ; Then a ＋ a — 2e : viz. 24 — 22 
the Sum of the Extreams, tis double to a—e the Mean. And 
ſo it will be in any ocher Three of the Terms. . Secondly, if there 
are Four Terms ; then the Sum of the Two Exireams, will be 
Equal to the Sum of the Two Means. As in theſe, a: ae: 
a+2e: a +3e, in the Series increaſing; Here a+ a+3e=a+e 
— 4 +-26. 

Alſo in theſe, a:a—e:ta—2e:a= ze in the Series 
decreaſing ; here a + a — 3e =4—e + a4—2e, &c. in any 
other Four Terms. . 

Conſequentiy, If there are never fo many Terms in the Series, 
the Sum of the Teo Extreains will always be Equal to the Now 
FG 
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of any Two Means, that are eqnally diſtant from thoſe Evtreams. 
As in E :a+e: N 9p pas pp e &c. 
Here a+ a+ 5e=apepaq+hqge= a+ 2e+ a+ ze, &c. 
And if the Number * Terms be Odd, the Sum of the Nuo 


Hxtreams will be double to the Middle Term, &c. As in Corol, 1. 
Chap. 6. before -· mentioned. 


Whence it follows, (and is very eaſy to conceive ) that if the 
Sum of the Two Extreams be multiplied into the Number of all 
the Terms in the Series, the Product will be Double the Sum of 
all F- —_ p fat 0 i | 4 
ow for the eaſier reſolving ſuch Queſtions as depend upon 
theſe Progreſſtonal Quantities, | 4 | 4 


a — the Firſt Term, as before. 
y = the Laſt Term. | 
Let Je = the common Exceſs &c. as he fore. 0 
N= the Number of all th? Terms. WY : 
S = the Sum of all the Series, viz. of all the Terms, 


Then will 2 + y x N== 28, by the precedent Conſectary: 
That is, Na + Ny = 28. Conſequently 2 ==S, the 


* Sum of all the Series, be the Terms never ſo many. Thirdly, In 
theſe Series it is eaſy to perceive, that the Common Difference 
(e) is ſo often Added to he Laſt Term of the Series; as are the 
Number of Terms, except the Firſt ; That is, the Firſt Term (a) 
hath no Difference Added to it, but the Laff Term hath ſo many 
times (e) Added to it, as it is diſtant from the Firſt. 

Conſequently, the Difference betwixt the Two Extreams, is only 
the Common Di 8 (e) Multiplied into the Number of all 
the Terms Leſs Unity or 1. 

That is, N— 1xe==y 2, the Difference betwixt the Two 
Extreams, viz. Me. e = y — a. 


2 Conſectary 2. 


 Whence it follows, that if the Difference betwixt the Truo 
Extreams be Divided by the Number of Terms Leſs 1. th? Quo- 
tient will be the Common Difference of the Series. 


5 — 41 
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186 28 Algebꝛa. PINT + Part II. 
| Now by the Help of theſe Two Conſectaries, if any Three of 


the aforeſaid Five Parts (viz. 4. y. e. N. S.) be given; the other 


Tuo may be e fily found. 
Thus, | 1 NatAy —$S 


2 ; 
Ang | >}y—a=e As before. 
"0 (if: 
2K Neel} 3 — 
3 be 4 * 
4e 5 . N The Number of Terms. 
— ec 
I x 2] 61 Na-+Ny =2S 
„ | 8 
5 = N 2S Na i 
one: has M =3J T laſt Term. 


6-—yN p| Na=2S— Ny 
[2S—Ny_ 


S N 10 Da The firſt Term, 

bl The Number of Terim. 
Ie 28 
5, and _ 12 = per Axiom 5. 
e a 

1 
12 * a+ 13] A +a+y =28 

: 3— 2114 — 2828 The Sum of all the Series. 


I4 x 2215) 4a Kae =2 Se 
15— a? 16% -a e = 282 -a 
I6—92|17|yy - =282 = a. = 


ee The Common Difference. 
28—4-— 

19 Ne — 3 The laſt Term, ; 

201 NN e = e 

21 | ye Nera The firſt Term, 


— ,  _ . —ẽ— — — —— EC I ⏑—jä—4 — — ———— ů — 


h like Manner you may proceed to find out any of the Five 
Ouantitius (a. e. y. N. S. ) otherways, viz. by Varying or 
(C.omparicg of thoſe Aquatio's one with another, you may 
produce new Fquiitions with other Data in them; the P- 

| | . I ſhalt 


17 18 


34 
Ie 
20 Ne 
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I ſhall here omit purſuing, and leave them for the Learner's 
Practice. * | 


Se&. 2. Of Quantities in Geometrical Proportion. 


Geometrical Proportion continued has been already Defined in 
Sct. 2. Chap 6. Part 1. And what is there ſaid concerning 
Numbers in = may eaſily be applied to any Sort of Fomageneal 
Quantities that are in =, | 

The moſt Natural and Simple Series of Geometrical Propor- 
tionals, is when it begins with Unzty or 1. | 


AS 1,4, 44. 444. 44a. 4 of, &c. in & 
For 1: 4:4: 44 :: 44: and :: 444: 44a, &c. 


Or 4 1. —. 


A as aaa 4. 
For 4: b:: b: bb . Ubb 1 — 2 —— 14 Sec 
3 - 
4 4 a 44 4 . 


&c. are Terms in & 


That is, when all the middle Terms betwixt the Tuo Extreams 
are both Conſequerts and Antecedents, that Series is in Geome- 
trical Proportion continued. 

Therefore in every Series of Quartities in = all the Terms 
except the Laſt are Antecedents; and all the Terms except the 
Fig are Conſequents. | 

t Univerſally putting « the Firſt Term in the Series, 
and e the Ratio, vi. the Common Multiplier, or Diviſor ; then 
it will be 

4. Ae . ace. afee , aceee . ac. ae5, &c. in ** 


6 — — _ &c, are in = Deor. 
et eite tie e. 


R 6 
For 4: ae: : ae : £9. — ace, &c. 
a 
ae 4 aa a a £ a 
100% ²˙ ae FE CT- 3 Pee 5 hoe the. 
e e ace ee ee ae 


I. In any of theſe Series it is evident, that if Three Quan- 
tities are in = the Rectangle of the Two Extreams will be 
Equal to the Square of the Mean. 

As in theſe, 4: ae. ace here aXace = aeXae, = ante. &c. 


Bb 2 | Or 
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Gre £4 +” Bu 8 
„ 3 


II. If Four Quantitiesare in in = the Rectangle of the Extreams 
will be Equal to the Rectangle of the Means. 


As in theſe, 4. ae . ace. acee , here 4 x 4 e x ace. 


N A a a — a a aa 
ee eee os”; ee eee 


Conſequently, If there are never ſo many Terms in the Series 
of > the Rectangle of the Extreams will be Equal to the 


Re cangle of any Two Means that are 2 di ant from thoſe 
Extreams. | 


As in theſe, s 8 . ae. ace. eee. AE) &c. 
Viz. ac x 4 = a4 x at, Or a x 4=atce x aee=4a05. 


III. If never fo many Quantities are in & it will be, As any 


one of the Antecedents is to its Con Rc; So is the Sum of 
all the Antecedents, to the Sum of all the Conſequents. 


4. 4e. ace. aree . acc. ae,, &c. Increaſing, 
et, „ 

e ee eee vere 65 7 &c. Decreaſing, | 

ataet: a T0 ＋ gee + ac3 To" : Na ace Ca Ae ae 


4 a 5 
£3 my . 
Viz. 4 x „ X abarbacebtacrd-act 


That is, the Rectangle of the Extreams is Equal to the Ref 
ang e of the Means; per Second of this Sed. 


Vote, The Katio of any Series in & increaſing is wand by 
Diviling any of the Conſequents by its Arntecedents. 


Thus, a) ae (e Or ae) ace (e &c. 


But in the Series by Decreaſing, then the Ratio is found by Di- 
vi ing any of the Autecedenti by its Conſequents. 


Thus, © Jae Or =) Cs Kc. 
e ee) e 


Con- 
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| Conſectary. | 


Theſe Things _ premiſed, ſuch Figquations may be deduced 


from them, as will ſolve all ſuch Queſtions as are uſually propoſed 


about Quantities in Geometrical Proportion & In order to that, 
«—=The Firſt Term 
FA e = The Common Ratio. [ as before. 
5 The Laſt Term. 
S=The Sum of all the Terms. 
Then S—y=the Sum of all the Antecedents. 
And S—a=the Sum of all the Conſequerts. 
Analogy.| 1[a : ae: : S-: S—a Per the III. of this Sed. 
I*.'| 2| Sq—aa=atS—aty 
2a] Z|S—a=eS—ey 


— — 


L 


3 ey 4|SÞHey—a=es 
. | 6 s The Sum of all the Series. 
5 —1 
— : 
A ce The common Ratio. 
5＋41 8 2 Se S- 
8e 9 E — The Laſt Term. 
FS BBA 
| | 
«| 10 |Shey =eSÞa | 
| ny 11|S+ey—eS=a The Firſt Time. 


Note, The *.: ſet in the Margix at the ſecond Step, is inſtead 
of Ergo; and imports that the Re&argle of the Two Extreams 
in the Firſt Step, is Equal to the Rectangle of the Means. And 
ſo for any other Proportion. | 


Sect. 3. Of Yarmonical Proportion. 


Harmonical or Muſical Proportion is, when of Three - 
titzes (or rather Numbers) the Firſt hath the ſame Katio to the 
Third, As the Difference between the Firſt and Second, hath to 
the Difference between the Seeond and Third, As in theſe fal- 

wing. wok 

Suppoſe a, b, c inMufical Proportion. . 

n 1 8 1 5 
I.. Iazlce - ca- 14 2+ 


emcee —mm—mmm_——_— ** a — 1 "I 
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| 2þeal cb 414 | (1 
ITS. 4 — — The Firſt Term, | ” 
23+baj 51 2ac —=cb-+ba 
546 i The Second Term. 
5 -c 7 2ac—b=ba 
Fran. 5 = The Third Term. 
"ou 4 


If chere are Four Terms in Mi ſical Proportior, the Firſt hath , 
the ſame Ratio to the Fourth, as the Difference berween the Fir 
and Second hath to the Difference between the Third and Fourth. 
That is, Let 4. b. c. d be the Four Terms, &c. | 
Then}1]a: :: ba: d—e 
1 2 tb -- da==da—ca 
2—d213|[db==2da—ca | | 


3724-4 


37405 


6 
7 


ab ca —2da 


3 * 
ca = 2da db 


64 


Of Proportion Disjund, and how to turn Z£quations 
into Analogies, &c. | 


Proportion Disjun&, or the Rule of Three in Numbers, is 
already explain d in Chap. 7. Part 1. And what hath been chere 
ſaid, is applicable to all Homogeneous Quantities, p7z. of Lines | 
to Lines, (5c. | 
Sea. 1. : 
If Four Quantities, (viz. either Lines, Superficies, or Solids) be 
Fre portional: the R ectangle qomprehended under the Extreams, | 
| 13 


— - — — — —C— — 
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is equal to the Rectangle comprehended under the Two Means, 
(16 Euclid 6.) rod 

For Inſtance, Suppoſe, a 5. c. d. to repreſent the Four Ho- 
mogeneal Quantities in Proportion. | | 

viz, a:b::c:d, Then will ad = be. 

For Suppoſe 5 then will 4=2c, 

And it will be a: 24: : c: 2c. Here the Ratio is 2» 
but ac ac = 2a Kc. viz. ca ac. 

Or ſuppoſe +—3a then will G c. | 

And it will be 4: 3a :: c: 3c. Here the Ratio is 3! 

but aX(3c=3aXc. viz ZAa=3ar. 


Or Univerſally putting e for the Ratio of the Proportion; 
viz. making ae, then will & ce. 
And it will be a: ae: : c: ce | 
but aXcemarxe viz. ace aer. 


Conſequently, ad = be which was to be proved. 
Whence it follows, that if any Three of the Four Proportion 
Quantities be given, the Fourth may be eaſily found. 


Thus, 
Let IIIa: 5: :c:d. Then 
x *.*] 2| ad==bc as before 
224 3 
| 
27714 
2245 
2 — al 6 
4 | Note, P. this Manner Euclid, 
2 ＋ bdl7 in his «th Book, expreſſes the Ratio 
| of Proportionals, viz. the Ratio of 
"Ze DP = 
Or 2 = 468 a to b i 


If Four Quantities are Proportionals they will alſo be Pro- 
portional in Alternation, Inverſion, Compoſition, Divi ſion, Con- 
verfior, and Mixtly. Euclid 5. Def. 12, 13, 14, 15, 16- 


That 
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: £: 4 be in Direct Proportion, as before. 
:b:d Alternate, For ad- be 

: d:c Inverted. For ad = e 

5: : 4 : Compounded. 


N 4 2 


7 
8 | 
| 9 ad—bd=tc—bd That is, ad be. | 
Or|10|a—ctc::b—d: d Alternately Divided. 
10*£|11{ad—@ -d That is, ad be. 
a:b+a:: c: d+c Converted. 
2213 ad. Lac = bc. Tac is, ad hc. 
Laſtly | 14|a+b:a—b:: d: c- Mixtly 
I4*.*| 15| ai — ad-þ bo bd==ac ad cba 
15+] 16] 2bc=2ad; That is, ad = c As at firſt. 


ac: c:: Ad: d Alternately Compounded. 


* 


* 


Note, What has been here done about whole Ouantities in 
Simple Proportion, may be eaſily perform d in Fractional Quan. 
tities ; And Surds, &c. 


k 5 1 . . ab 
For Inſtance, If —: — — and if it be required to 


find the Fourth Term, 
it wil be . — the Rectangle of the Means; which being 
Divided by the Firſt Extream © it will become 


ab N dd , dae -c dd c Td 
D EE "af" the Fourth Term, 


Or if : Mac:: V Kc: to a Fourth Term. 
Then is, N y/b4Þ+bc=bd +be the Rectangle of the 
Means, And Y) d Lc (4-+c the Fourth Term. 

That is, ): 4/ Þd—<tc :: e: de &cc. 


Sect. 2, Of Duplicate and Xriplicate Pzopoztion. 
The Proportions treated of in the laſt SeAior, are to be under- 


ſtood when Lines are compared 10 Lines, and Superficies to 
Super: 


Oo. Red a od a + Ai AL 


— 
. 
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Superficies ; or Solids to Solids, viz. when each is compared to 
that of its like kind, which is only called Simple Proportion. 
But when Lines are compared to Super ficies, or Lines are com- 


pared to Solide, ſuch Compariſons are diſtinguiſhed from the for- 


mer, by the Names of Duplicate, and Triplicate, (&c.) Propor- 
tions; ſo that Simple, Duplicate, and Fiplicate, &c. Proporti- 
ons are to be underſtood in a different Senſe from Siyge, Double, 
Treble, &c. Proportions, which are only as 1, 2, 3, Sc. to 1; 
but thoſe of Simple, Duplicate, Triplicate, &c. Proportions, is 
that of 2 . aa . aaa ., &c. to 1. Or if the Simple Proportions 


be that of a to b, whoſe Ratio or Exponent is — or — 


Then * * = is the Exponent of the Duplicate. 
. ; 


of 1 


A 2 


And 4 * = * 7 = z is the Exponent of the Tr. Prop. 
Sc. 


And if there are - Three, Four, or more Quantities in =, as 


[ 


1. 4. ag. aaa. 4 as, &c. (As in the Firſt Series, Sact. 2. of, 


the laſt Chapter.) Then, that of the Firſt to the Third, Fourth, 


and Fifth, Gc. (viz. 1 To an. aaa. at. as) is Duplicate, LN 2 
ute, Quairuplicate, &c. of the Firſt to the Second (viz. I 
To a;) And by [zverſfioz, that of the Third, Fourth, Fifch, is 
Duplicate, Triplicate, 8c. of that of the Second to the Firſt 
(a To 1) per def. 10. Eucl. 5. But the Name of theſe Propor- 
tions will appear more Evident, and be eaſter underſtood when 
they are applied to Practice, and illuſtrated by Geometrical Fi- 
gures, Further on. 


n 


2 
— 


Sea. 3. How to turn ZEquations into Analcgies. 


From the firſt Sect ion of this Chapter, it will be eaſy to conceive 
how to turn or diſſolve Fgquations into Aualogies or Proportions. 
Nor if the Rectangle of Two (or more) Quantities, be Equal 
to the Rectangle of Two (or more) Quartzties ; then are thoſe 
Four (or more) Quantities Proportional. By the 16 Eucl. 6. 
That is, if ab cd. Then is g: :: d: b. 
| Orc: a:: h: &c. 5 
From whence there ariſes this general Rule for turning AÆgua- 
Pons into Arnalozics, | 
Cc Rule 


Q 


8 


- 
* 8 — = —_— — — K 


194 Algeb ea. Part II. 


Rule. 


Divide either Side of the given Fquation (if it can be done) 
ito Two ſuch Parts, or Fatlors, as beirg multiplied together, 
will produce that Side again; and make thoſe Tio Parts the 
Jo Extrrams. Then Divide the other Side of the Fiquation 
(if it can be done) in the ſame Manner as the Firſt was, and 

let th-ſ- Two Parts or Factors be the Two Means, 


Far Inftance, Suppoſe ab T ad +7. | 
Then a: h:: d: bd. Or: a:: j Td: d &. 
Or taking ad from both Sides of the Æquations, and 
It will be d= d- ad. Then a: d:: B- 4: 5. 

Or, b:d::b—a:a8&. 71 
Again, ſuppoſe aa+2ae =2 . | 
Here a and a + 4. the Too hors of the Firſt Side in this 
Æquation; for a 20Xa==aa+24e. 
Again, y and 265 are the Two Factors of the other ſide. 
Therefore, a:y:: 2b+9: a+2e. 
Or 25 y:aÞþ2e3:a:y &c. 


When one Side of any Equation can be divided into Two 
Factors, as before; and the other Side cannot be ſo Divided, 
then make the Square Root of that Side either the Two Ex- 


treams or the Two Means. | 


For inſance. Suppoſe BC -A Ada g. 
Then z: daÞg::ydig: cd. 
Or dag: G:: cd: yada 1 gl. &c. 


Of Sutftitution, and the | Solution of Quadzatick 
Zquafions. 


Se, 1, Of Subſtitution. 


W HEN new Quartities not concerned in the Firſt ftating of 
any Queſtion, are put inſtead of ſome that are engaged in it, 
that is called Subſtitution. 6 | 
For inſtance, If inſtead of g- dc you put z, or any other 
Letter. 
That is, make z c dc. Or 


* 
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Or ſuppoſe aa ca ,a dc, inſtead of B- put 3, 
or any other Letter not engaged in the Queſtio7, 

Viz. „ - 4 d. Then aa5-5a = de. 

That is, if c be greater than 59d, it's aa +54 dl. 

But if Y be greater than c, Then it's aa sa dc. 

And this way of Subſtituting or putting of new Quantities 
inſtead of others, may be found very uſeful upon ſeveral Occa- 
ſions ; viz. in order to make ſome following Operations in the 
Que ſtion more eaſy, and perhaps much ſhorter than they would 
be without it, as you may obſerve in ſome Cue ſtions hereafter pro- 
poſed in this Tyact. 

And when thoſe Operations, in which the Subſtituted Quanti- 
ties were aſſiſting or uſeful, are performed according as the Na- 
tore of the Que ſtion required, you may then (if there be Occz- 
ſion) bring the Original or Firſt Quantities into the Igquat ion, 
in the Place (or Places) of thoſe Subſtituted Quartities, which 
is called Rt itution, as you may ſee further on. 


* 7 7 


Sect, , The Solution of Nuadzatick Aquations, 


When the Quzartity ſought is brought to an Equality with 
thoſe that are known, and is on one Side of the Aquation, in no 
more than Two different Powers whoſe Indices are double one 
to another, thoſe Æquatious are called Quadratick Aquations 
Adſected; and do fall under the Conſideration of Three Forms 
or Caſes. 


Caſe 1. aa4-2ba==ac. a. 2 de. 
Caſe 2. aa 2 =. And Jae. 


Caſe 3. 2ba—aa=dc. 2ba*—44 = dc, 


wy, a$4-2ba3 = dc. 28. 25%. = dc. 
Alſo 2 46.— 25 48 And Lare, &c. 
2ba3—a*=dc. Czba.—4 c. = 


When there happens to be more rms in one of theſe kind 
of Æquations than Two, and the higheſt Power of the unknown 
Quantity is Multiplied into ſome known Co:efficzents ; you mult 
| Reduce them by Diviſion; as in Sea. 4. of Chap. 5. and for the 
Frattional Quantities that may ariſe by thoſe Diviſions, Sul ſti- 
tute another Quantity Doubled. 

For Inſtance, Let baa q caa- ca- daradc cb. 


Then aa — (a da * de- Cl make c= A4 


51  b+c * 
i 3 F And 


, * 
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ded-cb 
bc 

Then will aa — 2X x be the new Æguation, equal to the 
other, being now fitted for a Solution. 

Now any of theſe Three Forms of Æquations being thus pre- 
pared for a Solution, may be reduced to ſimple Powers by caſt- 
ing off the Second or Loweſt Term of the unknown @nartity ; 
which is done by Subſtitution, thus, always take half the known 
Coefficient, and Add it to (Caſe 1.) or Subſtract it from (Cate 2.) 
its Fellow Factor; and for their Sum, or Difference, Subſtitute 
another Letter. As in theſe. | 


And if you pleaſe, for put 2, 


Let] 1a +2ba=dc Caſe 1. 
Put 2a Te 
2G6-2| 3]aa+2ba+bb=ee 
—Tj|4 bb See de 
4 fe cen Ede 
w2;0,e=4/bb4-dc 
2 and 6|7|a4-b Nude Per Axiom 5. 
7 SL Nd: —b 


— — — — — 


Again. 


Let abr, Caſe 2. 
Putt 2 A- e 5 

28 2|3!'aa—2ba+bb=ee 

4 | bb==ee—dc 

5 ee de = 
Sw2|6|e=y/de$b 

2, 6|7|a—b=ydc+t 

7438 a=bÞvdÞbb 


—1 


44 ac 


- 
— 
— — — — — 


— 


In Caſe 3. From half the known Co- efficient Subſtract its 

Fellow Factor. | | Ne | | 
+ 

Thus, Let] 1| 24a — gar dc 

-+Put| 21 #mmg=e  _- 

2G6-2!13;4b —2baÞaa=ee 

1＋3 A dee 
4 - 5 erg dc 


5 ur 2 


„1 
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\ 5% 61e=/bb— "BS . = 


(2, 6 — a==,/bb py 


7+a's8 ; SA LV d 
8c. 9 a=b—y/bb—ac 


1 — — — — — _—_ a. — 
m— 
[ — 
ä — 2 — 
" 


- 


And this Method holds good in thoſe other Xquations, where: 
in the higheſt Powers are af, as, a, &c. As for inſtance, _ * 
Let 11a*-Þ-2b3—dc Caſe 1. : 
Put 21a*' + b=e + 
20.2 314%+2ba3 bb —ee 
3—1 4% See- dc 
4 8 
June = bb dc 
2, G- Y + dc 
- . —5 
9 EF”. 4 — ——_— — 


Joy 2 —_— n ti. Y — — 
— — — — & 


The ſame may be done with all the 7ſt, Care being taken to 
Add, or Sub ſtract, according as the Caſe requires. 

But all Qu dr atict 7 quations mny be more ea fily Reſolved by 
Compleatiug the Square, which is grounded upon the Confederation 
of Raifing a Square from any Binomial, or Re ſidual Root, 
(See Set. 5. Chap. 1.) 4 

Viz. if a-+b be involved to a Square, it will be aa 2A? 

And if a- be fo involved, it will be aa—2+a-þ#b 


W hence it is eaſy to otſerve, that aa C2 Ac. Caſe 1. 


And aa—2ba=d:. Caſe 2. Are imperfect Squares, wanting 
only B to make them Compleat. And therefore it is, that if Half 
the known Co-effictent be involved to the Second Power, and the 
Square be Added to both Sides of the Æquation, the Unknown 
Side will become a Compleat Square. | 5 | 


5575 half the Co-effcirnt 2b 


| 
Ilaa - 2 Ac is b, which being ſquarcd, 
of bb Dis bb. 
I 203A 2 +bb =4c4+-bb Caſe 1. 
z A CE c As before. ; 


« „ — 
— 2 l — 
e . # Y - % . 
1 a q 
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Again. 
aa. 2ba—dc Cafe 2. 

bb==bb 
1＋3 13 [aa 2ba + bb==dc+bb 
2w214\a—b—ydc+bb &. As before, 


Lee ——_——_—_—C_—_——_—__——_—— — — __ — 
r 4 


But in Caſe 3. you muſt change the Sigus of all the Terms in 
the Ægquation, 
Thus 1 2ba—aa=d: Caſe 3. 
1+] 2] 44a—2ba==—d: | 
Then | 3| 4a—2ba + bb =bb. dt 8c. 


—_—_——_——_—— — — 


Let 
But 


1 
2 


* 


And this Method of Compleating the Square, holds true in thoſe 
other Æquations. 


Viz, | I aaa e u Caſe 1. 
2 bb=bb As before. 
123 Laa F2baa+bb=dc+bb 
3921, Laa T= 
4-1/5 la — 
Sw216[a=y/ : J: —b And fo on for the reſt. 


A— — — 


* 


I | a*2baaa de As before, Caſe 1. 


Or let 

And 2 bb==bb 

12 3 I T 2ανi ub d + bb 
Iw92!4 aca b=\/dc+bb 85 
4—5 Me 

53 = dt : mb &c. 


* 


r 


** ä — TG 18 
— — . — — 
- — _ 
p 
© ww. SP *6 


* — 
* 


Corollary. 


Hence it's evident, that whatſaever Method is uſed in ſolving 
Theſe (or indeed any other) Aquations, the Reſult will ſtill le 
the ſame, if the Work be true; as you may obſerve from the 
Operations of this Section: For both theſe Methods here pro po- 
ſed, give the ſame Theorems in their reſpectiue Caſes for the 
Value of (a). Ms 9 | 

4 q 5 Thus 


180 


Chap. 8. Of Nuadzatick Equations 199 


Thus, when aa 2 dt Then 


Theorem 1. a=v/dc+bb: —5 
And when aa aba = dd Then 
Theorem 2. a=bÞ+ /dc+bb 
Again, when 2ba—aa—dc Then 
Theorem 3. a=b—4/ bb—dc 


The lite Theorems may be eaſily raiſed for the reft, 


If the known Co-efficierts ( of the Second or Loweſt Term ) be 
any ſingle Quantity, as aa Da gd, &c. Then is & b its Half, 
and 5 bb will be the Square of that Half; That is, 25 „ 25. 1b. 

And then the Work will ſtand 
| Thus] IIa TBA = i 
1 CO]2|aa+ba+Þ+1bb =di4-3bb 

212] 3|4a+ib=4/ di+ bb 
3— 35 4:a=4/di+30bb:— 15. And ſo for the reſt. 


— 


1 


— 12 


Note, C placed in the Margin againſt the Second Step, 
ſgviſies that the imperfect Square aa , ba in the firft Step, is 
there compleated, viz. in the ſecond Step. 

Now by the help of theſe Theorems, it will be eaſy to Calcu- 
late or find the Value of the unknown Quantity, (a) in Numbers. 


Example 1. 


Suppoſe aa-+2ba=z, Let b=16. And z=4644- 
Then a=\/z+bb : —b per Theorem 1. 


But z bb —4644+256==4900 And / 4900==70 
Conſequently a=70—16, viz. a=54. 


But every Adfected Æquat ion, hath as many Roots (or vai her 
Values of the unknown Guantit ) either Real or Imaginary, as 
are the Dimenſions (viz, the Plex) of its higheſt Power; and 
therefore the Qzartity a, in this Æquation, hath another Value 
either Affirmative or Negative; which may be thus found. 

The given Æquation is aa+324==4644, and its Root a=54, ' 

Let theſe two Æquations made Equal or Æquated to o, 
vx. to Nothing. | | 


Thus, 


N 4 | | | | | *. | | 
00 5 — — — | 
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Thus, aa +324a—4644=0 And a—54=—0. 


Then Divide the given Æquation by its firf? Root, and the 
Quotient will ſhew the ſecond Value of a. 


Thus, a—54=0) aa+324—4644=0 (a+86=0 
| aa—544 
—+ 864—4644 
864—4644 
G | 
Hence the Second Value of a is =— 866 Or 86 =— 2 
which ſ-ems impoſe ble, viz. that an Affirmative Quantity ſhould 
be Equal to a Negative Quantity ; yet even by this Second Value 
6 a, and the ſame Co-efficient, rhe true (or firſt) Æuuation may 
ormed, 


Thus, Let|1ja== — 85 
I O 2024 = +7396, viz. — 66X—86== 4-7396 
I X 32313242 = —-2752 

2 * 314140+=324= 4644. As at firſt. 


— — — — — —— 
— 0 - 


Example 2. 


Suppoſe 
10 02a -=- =948,75+ = 961 

2 w 2134 — (Or 3,5) 961231 

3 -+ 3514 2231 3,5 3453 5 


Again, for the Second Value of a, 
Let aa — 7a — 948, 75 = o. And a — 34,5 2 0 
Then, a — 34,5 = 09) aa — 7a — 948,75 = (4 ＋ 27,5=0 
Conſequently this ſecond Value is a = — 27,5 Y : 
which will ſorm the Original Zquation, aa — 7a =-948,75 it 
it be ordered as the laſt was. | | 


Example 2. 


1 as 948,75 Then per Theorem 2. 


Snppoſe 364 — 4 143 Then per Theorem 3. 
a —18 — vV 324—243 viz, half 26 ſquared is 324 &c. 

at is, a=18 — 4/ 81 but \/ 81== 9. ; 
Fi = 2 « 9 ty Now this Third Form 1s called 
an Amliguous Fquation, becauſe it hath Two Affirmative 
Values of the unknown Quantity (a), both which may be found 
wathaut ſuch Liviſion as was uſed before. 5 
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For in this Cafe, a = 18 + / 81, viz. a=18 +9= 29, 
Or, 2 =18 — 9 =9, As before; And both theſe Values of a 
are equally true, as to forming the given Æquation; 
Viz. 36a — aa 243. For if a = 9, then an ==81, and 
364 == 324 ; but 324 — 81 = 243, therefore a= g. 

Again, if 2 = 27, then will az = 729, and 36a = 992 t 

But 972 — 729 = 243, 3 it may be, a2 2 27. 

Now either of theſe Values of z may be found by Diviſion, 
as thoſe were in the other Two Caſes, one of them being Firſt 
found by the Theorem. | | 

Thus, let 364—aa—243z2z) And 9-a=9 

Then 9—a=Dd) 36a—aa—243=0 (a—27=0 

ga- 


27⁴.— 0—243 
"BY Si. = 
(o) (00 ' 


Hence, if A—27=0 Then a=227 As before. 925 

Notwithſtanding all quadratict Zguations of this Third Form 
have Two Affirmative Roots (as in this) yet but one of thoſe 
Roqts will give a true Anſwer to the Queſtion, and that is to be 
choſen according to the Aature and Limits of the Queſtion, as 
ſhall be ſhewed further on. 1 | 

bs  Scholium. | 

Prom the Work of the Three laſt Examples, it may be obſerved; 
that the Sum of both the Roots will always be Equal to the Co- 


efficient of t heir reſpeFive Equations, with a contrary Sign. 


In Example 2. 1 4a—7a 948,75 | 
| | ere a= 34,5 \ 4 
And 4-27, * 7 Ad 


: | 2amb7 
In the laſt Example 36e - =243 
Which was changed into aa - 36 - 243 


nd A 227 


24 236 | 
| D d Hence 


— 


LES 
8 =. : 
- 72 De 4 . — ——— — —— — I . * „0 „„ „ Py \ b my Y — 4 
& M Part Il 
202 Alg + Part II. 
„ 0 Ce * - oe 
PE 


— 2 —— — 


© 


Hence it's evident, that it either of the Roots be found, the 
other may be eaſily had without Diviſions. 

If the Contents of this Section be well underſtood, it will be 
eaſy to give a Numerical Solution to any Quadratick Æquation, 
that happens. to ariſe in Reſolving of Queſtions, &c. And as for 
giving a Geometrical Conſtraction of them, I think it not proper 


in this Place; becauſe J here ſuppoſe the Learuer wholly ignorant 
of the firſt Principles of Geometry, therefore I ſhall refer that 
Work to the next Part. 4 


ie 


* 


— 


CHAP. IX. 


Of Analyſis, or the Method of Reſolving Pꝛoblems; Exem- 
plified by Variety of Numerical Queſtions. 


N.B. H ER E I adviſe the Learner to make uſe always of the 


* ſame Letters, to repreſent the ſame Data in a! 
Queſtions. | 


To. If a repreſent any Number, y __ 1 
rer 2 And e — wy Number Nor one — 3 
[ages Their Sum. 
a—e=d Their Difference, 
. ac p Their Product. 
a e < =q Their Quotient, 
aa ee gz The Sums of their Squares. 
Laa—ee=x The Difference of their Squares. 


mn 


— 


Any Two of theſe fox (s, d, p, 9,2 x ) being given thence to 
find the Reſt; which admits of Fifteen Variations, or Queſtions. 


Queſtion 1. Suppoſe s and d were given, and it were required 
by them to find a. . p. 9. 2. and x. 


ö 


Let 4 be 22 and ſuppoſe 1 Then 


1 + 2|3j24=$+ 4==432 
32 2144 5 2216 Here is found. 
1—2 5 20 = -A = 48, | 


0 — . 
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5 2 6e ==24 Here e is found. | 
4 ae e 5184 Here p i 18 "abt ys 6 
4=6| 8 15 5 Here 4 is found. 
4G 2 ET 246656 
6 S 2 — 576 | ; : 
9-410 IIIa ee 2 2 47232 found. 
12 aa eee d Æ 4 * found. 


— * % 


9 10 


* — — —— 
6 


9 * — 


Queffion 2. Let s and p be giver; To find . 


That is, 4 : 8 Ts Quere 2. . 4. 9 K x. 
18 2| 3|4a+2ae+ 2 
2 4a —4p= 20736 | 
3 2 4 7 | aa—2a0+ bee =SS—4P = 36864, 
5 un 2] 6|4—*e 22 =d=I92 _ 
1 + 6] 7|29=5+4/$—4P 
Rs: — STV55—4Þ — 
7221 84 Hence 4 2216 
l 2 
1— 6 g| 29=s— vSs—4t SS—4P 


9 22110 == 5 Hence e=24.. , 


8 


8G 2 
10 G 2 


1213] I4 
12—13{15 


— — 


2 89 — . 

— 10111 - 2 r 
D 
— 5 —=P 

2 
and-eemss—2 =2=47232 | 
Ad—ee==sS,/ $5—4P==x =46989 


13 1 


» — 


kf — 


Queſtion 


204 


Queſtion 3. Suppoſe « and g are given. To find the Reſt. 


©] 1{aÞe=8s,=240} 
Viz. | 5 2 Quere 4e. d. p. 2. „ 
5 724 
2Xe| 34-4 
I —- 3] 4|e=$—=ge 
4+ 92] J 
$141] eee. 
1— 61 Tat — 2 
| 97577 7771 
6 1825 — 
7 2110ʃ 43 2 
7 | 74 + 24-1. 
6 & 2| 11 [ cn 
WI « ; 9+29+1 1 
SS * 
10 ＋ JI 12 , 291 
wy ep 145558 
as bod Ede =" = a 


Nueſtion 4. Let ; and z be given; To find the Reſt. 
1 a Te . 2 | 3 
Fin. ] 2 — p23} va * . 4. 2 *. 


——Yy 


1 & 2| 3'/aa+20ae+ee=ss 
3 — 2 4 2a ae -K 
2 — 4! S aa - 2 +ee=2Z—35 


5 ww 21 GA - u 


- v * 
. 


pen FT 


{+6 


——— ret eee 
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1+6| YU == 
„ 


| 2 
12615 26 r 5 


. — 2% 44 
„f. : 


2 
The Reſt are found juſt as in the ad Queſtion; the 8 and 10 
Steps here being the very fame with the 8 and 10 Steps there, 


W 


0 TA * 
n —— 
— — — ˖—» 2 
a 


Queſtion 5. When 5 and x are giver; To find the Reſt. 
Vie. 1 4 ph — F Were a. e. d. p. . x. 


22113 — — viz. are) Ahmet (a- 


x SS 
E 


14-3] 4[2cme+ = 


Ae bes CET 
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Queſtion 6. Suppoſe d and p arc given To find che Reſt. 


. Ila_e=d=x 
Liz. | | 228 2 Quere a. e. 5. J. z. *. 
10-2] 3|aa—2aehee=dd. 
3-4. : 4 zac Tee ACA 
350 2 6 i 
6+1| 7 2a =d4+-vdaÞ-op 


1 «a 

35 6 7 — : 4p 
6—1 Oe = Hf: nei 

oh _add +4; —— —4 

9 22 ro]? i 
. 0 . = 
Sr He ee 41:7 

80 2012 8 

| TT 
1002 13 l NR =o ET 


12+I3|[14. SED i 


3 — 


[ne OT 


12—1315 — | 


— 


Nueffion 7. Let 4 and q he given ; ; To find the Reſt. 


. 3 "mw | 15 
Vi SIG £ =1=9 ce 4. e. 5. p. z. x. 


a = e 
. 


4e de 
61% ed BY 


2 X 
Ie 
35 4 
5— 


4 
2 


7x8 - 
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14 
Ly fr * 
80 2 11 Je 
70 2 1 Fes a 
. 
— 44 
1I 12113 aa ee 3 
11 12114144 — e 22 2 
* 7 ho | 
— — — — —— _ — — vom — — 


Queſtion 8. Suppoſe d and z given; To find the Keſt. 85 


41 —t =D 
Vie. 7 : — } Were e. S. p · . K*. 
18 2 | 3 aa—200+eedd _ 
ax. =Z—ad | 
aa-2ae4+ae==22z— dd , 
abe—y2z—d4d =s 
24=d4-j22—dd 
= a FEY 


7 6 an ft 1D —4 
”_ 


0 
_ 
3,9, * 
N 


— | 


2—N2z —dd : —d 


8 * * 11 Le 


| 2 - 22-4 
10 & 21132 = ———— 
12 — 12]14j0a—ee=dy/2z dd =x 
7s 2 _ 2 


Qutſtion 


| | 


4 Ree . "7+ 
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Mueſtion 9. Let d and x be given; To find the Reſt. 
Vn. J 2 


2721 3 


Aa — A= 240 
U = 1660 > Were © 2 . 3 q + . 


abe=—= Sg. viz. a—e) aa ee (aþe 
1+ 3] 4 ˙⁴³ 

422 514 
3 way 
5X 6 | "EY 1, 
57618 


WY 1 da ** 


5@2| 9 
. 5 


68 2 
9-+ 1011 —— 22 


= 
— — — — —— 
— — 


—_— — — 2 


4 
xx— 2d4dx-\ d 
0 


Queſtion 10, Let 5 and ꝗ be giver » To find the Reft. 


Vis 4 EE x 
4 a hs Querea,e.d.z. x. 
IX 2| 3 3/aa=gp For = X = aa 
3 un it 4 —5 
. 3 a N ae { ace 
I —2| 5|e@= 7 For — =(= Dee 
4 + 5 71- revert — 
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PP | 8 a- =- : =&> 
3+5] 9 aabiemep+ © =x 


Z—5 to] aa—cempg—E =&# 


Queſtion 11. Let p and 2 be given; To find the Reſt. 


Viz. 1 | 2 =5184 Teuer 4. e. &c. 


7232 


— 


1X21 3 2a —=2P 

2731 4 aab-20e Þee=2+2Þ 
4un2| 5|ape=y/z2+2p=s 
2—3] 6]aa—2ae Hee=z—2p 
Guw2h 7 a—e=y/zb2p=d ; 
5+7] 8]22=v/zE2p+4/2=2p 


82] 9|a= VT? . 
10] 20=4a/ — ON Gar] 


10-2 11 = — — 


9 111 ADVTS 
== 
90-2 1%, 8 5 
116-2 14e 3 
aa - ee 15 la- e == Apr 


— 


Nueftion 12. Let p and x be given; To find the Reſt, 


Viz. 1 token box 5184 \F Quere a. e. &c. 


„ — —..—80 


1&2 . 
E e 


210 | "Algebza. 128 Part fl. 


— ———— 


20 2 | 4|aana—2aaee-heeee=xx 
3x41 5 qaaze=app 
4Þ+5| 6; aaaa + 2aceebeeee=xxd-4pp 
6 w2} 7|aabee=a/ #x +app==z 
2=7] 8 h 2a = x +4 xx-+-4Pp 
8=2| a E 
| 
| -——_— — 
9 un 1 IO|a=y: A 
7—2 111 | 200==/xx — 2. — 
Ge 121 . AAL —.—f— 
11—2 exten 


5 tis — — 
15 EEE . 


9 +12] 16|aabee=a/ FB 


— — — —— — 


10—13 


— 


— — 


Queſtion 12. Having g and 2 given; To find the Reſf. 


Viz I —=9=9 
Quere 2. e &c. 


2 |aa-eet= 47232 


I * 4 3 he ge 

30-21 41 aa==ggqee 

2—4 5 Ce =2Z=qqee 
4+ ee K RR 


i fee Ar For CN x ce dee fee 


Chap. 9. Of Numerical Nuettions. 211 

— S A= f 
84 91a 12 | 
pure 10% 5 

9+10|11 are N r ** Fr 
„1012 271 = a 
FD 
leon — 

cp gg IM AR, 3 1 


— 


Queſtion 14. | When 9 and x are given; To find the Reſt. 


4 5 6 ee x Nee 
6— e 71e -e 


. | x 
7 4-1 8|ce= 71 
| x x 
2+8 9 aa =x+ — Dx 
9w2 | I0 er a 
ITY on: 
uf gel hd er 


Ee 2 


a 2 | 
45 EE Foce. e. 
| 3 


1011 
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27's 
| 1 . p ö 
Gini HOY BE. ET 
J0—II|I3 Voir Va 
cox 
10 11 = — 
0X4 e e 7 
B+9|15]aa-ce= ESE = 


Queſtion 15. When ⁊ and v are given; To find the Reſt. 


Viz 4 


14-2 
3=2 
1—2 


5 2 


I | aa+ee== z—47232 
2 | aa — eee & 4585 7 Quere 4. 6. K. 


3 244=Z+X 


PPAR. * 
. 3 


S | CE =Z—x 


6 
7Tla=y 2 


Theſe Fiſteen Quantities are propoſed in Dr. Pells Algebra ; 
but he ee only the firſt Queſtion throughout, and breaks 


Off in 


e other Fourteen, after the Values of what I call 4 
and e are found, But I haxe proceeded in every One of them, 


to 
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to find the Falues of all the unknown Quantities, becauſe they 

Afﬀord ſuch Variety, as being well rr by a Learner, will 
be found wery uſeful in the Solution of moſt Queſtions. 

Note, I have choſe to uſe the fame Numbers for the reſpeclive 
Value of each Quartity throughout all the Que ſtions, — 
they will be more vari} offery in proving the Work than various 
Numbers would have been. Not but that many Numbers may 
be taker at Pleaſure, provided that the Number repreſented by 
a, be Greater than that by e, &c, I have omitted the Nume- 
rical Calculations purely for the Learner to practiſe on. 


213 


QAueſtion 16. There are Two Numbers, the Sum of their 


Squares is 23 68 ; And the Greater of them is in Proportion to 
the Leſs, As 6 To 1. What are theſe Numbers? | 


Let a=the Greater Number, e=the Leſſer, and z=2 368, 


Th = 
and 2laweciger F By the Quellen 


2 | 3[1a=60 
38-21 4jaa=36ee 
LI —4| 5|eezz—36ee 
5+36ee | 61 37e 
6237 7leem E==64 | 
37 F - _> 
1 Ro, FS f=z 
Tw21 8 — Proof 4 <4 
- ee= 64 
6e=6by= =48 | _ 
Sx 6 A, : V37 7 aa4ee—=2368 
3, 9 3 [a=48 Aud 48:8::6: 1 


_ — — 
— 


Queſtion 17. There are There Numbers in Continued Pro- 
portion, the Sum of the Extre ams is 156, and the Mean is 72 ; 
What are the Two Extreams ? 


That is, Suppoſe 4. n. e in g and m ==72. 
Then 1 I [a+e=5156 7 By the Queſtion. 


2 la: :: m: e Quere a. e. &c. 


2 . „nnn 
2 41 aa 2 e = 
3 * 4 5 446 — n 


| 


ET. Algebra, Part II. 


4—5| 6a - 2e, ee =85—4/1M 
. 6 2 = ee enn » 


1+7] 8] 24=s+4/$5—41mm 
8 2 94 = CEE 21087 "Ie 
. ; 2 


16 3 CP e=108 
12 — 2 nd 


— 


* 
— — — - — 


Queſtion 18. There are Three Numbers in = their Sum is 
74, and the Sum of their Squares is 1924; What are thoſe 
Numbers ? | 


That is, a, e, y are in + 


IIa y=s=74. | 
Thend 2 lee ee dee a, %. 
5 2 4 


34a: 10 
1—7 4 512 Se 
2— 2! 6 125 zee 
4 2} 7 2ay==20e 
6+7} 8 aa-2ay+yy ee 
5 S2 9| aa2ay+yy=s5—25e4-ee 
8 and 9110 


x ee ss— 2e ee 
IO+|II | 259=$5 —2Z 
11225112 


$$—Z 
3 
Ss 113] a+ = $—e =50 
13@:21141aa4+2ay-þ yy= 2500 
4x 4415 4 =4e8==2304 
14-15] 16| aa—-2ay+ yy = 196 


ay==Cec 


1602] 17|a—y =y/196=1I4. 
13+17| 18] 24==50+ 14564. 
18— 2 


19]4—32 a=18 
13-191 20 amt} Or 33 


— — 


— 


Wote, In all Queſtions about continual! Proportionals, (either 
Arithmetical or Geometrical) where Three Terms are ſought, 
the Mean is Eaſieſt found firſt (as above) and if all the Terms 
be Affirmative, then tis Equal whether the Firſt or Laſt Term 


be the Greateſt, — 
| Que 
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Nucffian 19. There are Three Numbers in their Sum is 


76 ; and if the 


Sum of the Extreams be Multiplied into the Mean, 


that Product will be 1248; What are thoſe Numbers ? 


Ia ze: :: 
V. 5 2 Te = =76 } by the Queſtion, 
| 3 [4eye=p==1 246 | 
I „ 4|ay=ee 
I xe] 5] ae-ec+ye==se 
5—2| 6[eemse—p 
6—5$e] 7ſee Se — 
7CO | See -es Ass 
8 2 Oe -S A= p 1 
"44 . . — (52. Per Theorem 2; 
93S] 10 eg  —,5S—Pp= 5 Chap. g 5 
2—IO|II|a+y=52 
4 x 4412 4ay==4ee=2= 2304 
I1G@-2|13|aa+ 249 + Jy =2704 
13-121 14. aa— 209 yy = 400 
I4w2|15|4—J=,/ 400=20 
1115 [T6 24=52-520 =72 
16— 21174 236 LID a = 16 
| 1177180223616 and b A 36 


N. B. If you take es + \/ $55 P 52 ( at the roth 
Step) Then it will be 76 — 52 = 24 = a-+y, which is im- 
poſſt ble, viz. that the Mean ſhould be Greater than the Sum of the 


two Extreams. 


Therefore it muſt be e=Z5—4/455—P=24- (See pag? 201. 


_ 


— 


Queſtion 20. There are Three Numbers in Arithmetical 


Progreſſion, 


Three times the Third, their Sum will be 62; 


the Firſt being Added to Twice the Second, and 


and the Sum of all 


their Squares is 275; What are thoſe Numbers ? 


Suppoſe | 1 


And 1 


Then 
24 
5 —2 


427 


2 
3 
4 
| J 
6 


8 


a, e, y in Arithmetical Progreſſion. 


a ＋-26 + 3y = 62 "**Y} 
— 1 the Queſtion 
a+y=2e per Se 1. Chap. 6. 
284-29 = 62—20 | | 
47 31— 

J=31I — 22e 

a=4e— 31 


Bg 


"Aigebza, © 


Part IF. 


9| aa=1I6bee—248e + 96t 

10 |2y=961—1 248+48 
aa Cy =200e—372e+I922 
1 2 ee ge- 20-1647 

21e 3726 — 1647 

21ee— 3720 . 1647 

15 ee. e 129 


17 ＋ 2 
184 
8, 19 
182 


e — * 35 2 33844 324. 542 
17]6—3=4/;5=3+ The Mean 
18|e="3 +5=9 Or85 + 
19146 236 Or 3.46 
20] 4==3Z6—31=5 

a) bog Or 175 


Or 345—31=35 


Or 31—173==134 


7, 21\ 22|y=31—18=13 


Queſtion 21. There are three Numbers in Arithmetical 
Progreſſion ; the Square of the firſt Term being Added to the 
Product of the other Two is 576 ; the Square of the Mean being 
Added to the Product of the Two Extreams, make 612; and 
the Square of the laſt Term being Added to the Product of the 


firſt into the ſecond, is 792: What are thoſe Numbers ? 


Suppoſe] 14, e, y In Arith. Progreſ. As before. 
5 2 e576 | : 
Then | 3! ee+ya=6125By the Queſtion. 
Cl 4|y3-rae=792 
I**| 5la+y=2e Per Set. 1. Chap. 6. 
5 Xe 6| ae+yemzz2ee | 
2 +4 |. 7|aa+ye+yy4-ae==1 368 
7—6| 8]aa43y=1368—2ee 
2— c 9|ya=612—ee 


9X 2110 27a 1224 — 2 
81011 aa+23a+Jy=2592—4% 
5@-2[12|aaÞ2za+yy=4qe 
11, I2|13]|40@8=2592=—m4te 
13--4ee|14|8e2=2592 
I4 — 8|I5| ee==324. 5 
15 16 E= NY 324 218 The Mean 
8, | 17 j aa+yy =1368—2ee==720 
10,18 2ya==1224—2ee=576 


aa—27½ + =720—576=144 


T un 2 
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1 u 220A = N¼I 
5.2921 272 L 
21 — 21224 224 Org I=12 


322123 2-242 12 1 


Nueffion 22. is required to find Two ſuch Numbers, that 
the Sum of their Squares may be 82262; and their Product ** 
Added to the Square of the Leſſer, may be 69214. 


IIa Tee 82261 
Viz. 4 < 2e a and & 


— 
1 — 21 3 aa ae 2305 
3 + 4 | 4e = aa — 1305 
aa — 1305 

a 


— 


445. 5 — 


. bh * 2 1703025 
I — aa] 7eer=8226, 5 — aa | 

6. 7 8 Co 2262 8 ak 

8 Ca, 9] 4#—26104a+1703025=8226,5 aa —at 

9 +4a4}10 244 —261044-4-1703025 = 8226, 5 aa 

10 K. 1122 — 0836, 54 1703025 4 
11 — 211 12 See ebe (765 
1260 1304 5418, 254 f 7339358, 2656226487845 


I3 w 2142709, 125 of 6487845,765625—2547 
14Þ+27 Kc. x5 | 4@=2709;125+ 2547,125 _ 125) 
Suppoſe | 16 | 4 =2709,1257 2547,125=5256,25 
Then 1 2 3 5 
2 2 1 1 
and 5, 18 - ee = 5,5 
Or let] 19 e 55 N 


20 a=4/ 162==12,72 &c. 


IO wy 2 
Fhen| 21 | e== 777 Which is impoſſible. 
57 


n * =72,5 1 As at the Lie and 1B aa 


e 


— — — 


This Que ſtion may be perform'd v with leſs Trouble, by Su} 2 
tutixg Letters for the known Numbers. 


2 te erben let lau- or, art 


F f Sue gien 


1 
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Nueſfion 23. It is required to find Three ſuch N umbers, that 
the Sum of the Firſt and Second, being Multiplied with the Third, 
may be 37824; and the Sum of the Second and Third, Multiplied 
with the Firſt, may be 59944 ; alſo, that the Sum of the Firſt and 
Third, being Multiplied with the Second, may be 52456, 


Let a, e, I repreſent the Three Numbers. 


=; | r]ay Ley g e 8 
rod 2% 859 CQuer a, e, . 5 
3 D =52456=4 J „ 
1＋2 73 41 24 P24) L 2 2 
= : 2=b+21-d J Y * 8 180 
eee 
6 —3 7a I- 1 
. — 2—24 
7241 802 1 
6 — 2| 9|y2=22—c 
6 — 1 10A 223 2—25 
10 4017 8 = 2 
| | | | 1 
. 
8 * 111124222 „ = Sura 


V 9, 12|13 2 | 442 We 
13 X44 14. eee ee 5 

oY —zz=2dz—abz+qbd _ 

14 15 | aa== 27 55696 


15 un 2 16 a = 55696 = 236 


Nueſtion 24. *Tis required to find Two fach Numbers, that 


their Sum ing ſubſtrated from the Sum of their Squares, may 


leave 14. And if their Product be Added to their Sum, it may 
make 14. 22 | 5 
Let a and e be put for the Numbers, and let ya e 


7 hen 3 ba 2 By the . 


140 


— = 6 00 _ 
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713 aa Tee 214 ＋ 27 5 
41424214 
TJ 24e=28— y 
6a Fzac ee = 42-5 
4 oF em] Cnr 
8142 þe=y By Subſtitution above. 
9]Y =V42—y — 
51114 6 475 
12 % UN f = =42,25 
13 S724 165 Wii 3 
2 e=6_ By Reſtitution from above. 
3, 14162 + eexz14 C= 20 
5, 1512] 24cz=28—12==16 
16— 1718 aa — 24e ee = 4 
n 3d Yan, 2 TP 

a3 F,' 7 3 + 
460%, 2344 bes = proof Then n 
ee And 4 4 L 14 
CAE] 2| ——+—=20. According to the Queſtion. 


Queſtion 25. Three Men diſcourſing of their Money, faith 
the Firſt, if 2007. were Added to my Money, it would be as much 
as both your Money put together; faid the ſecond Man, if 100/. 
were Added to my Money, I ſhould have Twice as much as both 
you have; faith the third Man, if 1007. were Added to my 
Money, I ſhould have then three times as much Money as both 
you haye: How much Money had each Man? 

5 2 3 the Firſt Mau s Money, e the Second, and y 

e Third, 


I|aÞ+ioo=e Þ+y 7 
N 2 Fe +53 Tb the Cue ſtion. 
30 + 100=34+3e | 


3 41 5-2 IOO = 
24 $[2 29y—e =T00==s eQuere 2, e, y. 
3-9) 6134+3e—y=100=5 
4, 6] 7)e+y—a=3a+3e—y 
7+ | 8 29=44 +20 
5858 Dl 22—e=S—q4a—20 
9＋4a— 22 10|6a4e=3=100 | 
4+01111 24 TA 2 2οο 
Ef 2 108 


220 =, Hon Algebꝛa. 


10 4 12] 248448 =45= 45==400 1 
1211013 22 2 20 


9 — = SAT rl. 


1322 


10—64 15 e 2 -= 100o— = 4 
1 — 216 


Sade 7 Tr A 
f Firſt } 91 8 
Anſuer. The 228 had< 451. gs. 155d. 
of Rea. Third 64). 12% 83d. 


'- 2p 


Nueſtion 26. Three Men An ch ſuch 2 tow of Money, 
thar if the Firſt and Second Men's Money be Added to half of what 
the Third Man hath ; that Sum will be 927. And if the Second 
and Third Men's Money be Added to one third Part of the Firſt 
Man's Money, that Sum will be 921. Laſtly, if one fourth Part of 
rhe Second Man's Money be Added to the Firſt and Third Men's 
Money, that Sum will alſo be 921. How much was each Mans 


oney ? 


Put a for the 1 ft Man's Money, e for the 24, and 5 for the 3d. 


IjaÞHe+3y -sS) 
Then) | > 24a Þe+y = 1 the Queſtion. And S 92 
1 317 = | 
T, 2 941655 3 
4g—=e] 51a +:39=34at 
5X3 X3| 6|6a+3y =2a+6y 
6X © 12435 
2 * 3 84 T3 Ny =35 | 


8 —7] 9]a+3e=38—4a 
9 — a 10|32=35—54 


10 —=3 1 2 

3 X 4112 e+46449=4 $==368 
12 — 213 Ar Ao le. 
13, 7114 | 334-44==36=276 
34 X 3 15] Pa pI26=ge= 828 


15 ＋ 23 1614= mM The 1. Man s Money. 


II wen : = =*£=321. The 2d Man's Money, 
73: 1807. 2 81. The 34 Man s Money. 


— 


1 
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Qneſtion 27. Four Men walking abroad, found a Purſe of 
Shillings only, out of which every one took a Number at an Ad- 
venture; afterwards by comparing their Numbers together they 
found; that if the Furſt took 25 Shillings from the Second, it 
would make his Number equal with what the Second had then 
left. If the Second took 30 Shillings from the Third, his Money 
would then be Triple to what the Third had left. And if the 
Third took 40 Shillings from the Fourth, his Money would then 
be Double to what the Fourth had left. y, the Fourth taking 
50 Shillings from the Firſt, he would then have three times as 


* 


much as the Firſt had Left, and 5 Shillings more. 


Tis required to tell how many Shillings each Man had. Put 


« for the Firſt Sug, the Second, J the Thixd, and u the 


[ I a e — 25 
210 O=2J— 90 . 
m3 3 He 80 Cy the Queſtion, 
#+50=34—14 
a4 5o=e 
3J—120=e 
a+50=33=120 
a 170 = 
3 a--170 
or 3 909="7 
3 — 40 101 22-120 


9, 10111 2120 22 
17 120/12 = DE +120 338 


12 +213 ln 


+ 


ow 
Q\ 
Ow own 


4 — 50 I4 n 1 
13, 14/15 3—195— 128 


15 X 6116181170244 530 
164. [1717421700 
* 18 4100 — + | 
y the 5; 19; & =I5O 1 1 
by the 9 20|y= 90 185 Number of Shilling: 
_by the 14 |21[u=105 4th 


Aueſtion 


| 


— Agebza. f „ Patt II. 


Queſtion 28. Four Men have each a Sum of Money, which 
being put all together makes 250 Pounds. And if to the firſt 
Man's Money be added 8 Pounds, it will be juſt as much as the 
ſecond Man's Money decreaſed by 8 Pounds, and as much as 8 
times the Third Man's Money, and but as much as one eighth 
Part of the fourth Man's Money ; How much had each Man ? 


Let a, e, y,u repreſent the Four Men's Money. 


k # 


| I } 4- +3+z=s by the Queſtion Let OR. 
15 . e Fr FB, © Or: en 


7 b other 
| 3\35= FF =a4Þ+5 I Number at Pleaſure. 
24b] 8 


3 2 55 Becauſe yb=a4-b 
| 3X6] 6[u=ba+34. For I =a+3 


a+5+6| 7lobyhumatab+ DE that. 
I—4]| 8[e+y+u=s—a | 


7, 8] T A 
9 X b\ 10; 6a4-2bb+a+b+bba + bbb =bs Ba 
b | 20 +#oa=b5 —b3b—20þ—þ 
a — 28. 
11— 12 8 2725701 =16,691358, &, 
by the 4,1 g &c. 
by the 55 14 y=== ==3,086419, &c. 
by the 6, | 15 |#==ba--bb=197,530864, &e, 
E 
a= 16 . 13. 9,92592 


That is, V*= 32 + 13. 992595 


J= 3. 1. 8,74056 
#—197 . 10. 7,40736 


Conſequently 3 ＋ 2 249 19 . II 99979 
which ſhould be juſt 2507. the Sn propoſed in the Queſtion. 
Now what it wants of that Sum, proceeds from the Imperfection 
of the Decimal Parts being not Continued on to more Places, 


which would have brought it nearer the Truth, tho' not perhaps | 


gxaAly fo, Sec. 5. Chap, 5. Part 1. : 
| . Queſtion 


e 
I 
E 
/ 
8 


— —— * 


11 
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„Partners; with that Stock they Traded, and gained as many 
” Pounds per 100 J. as there were Partners. Now if 10 J. 10 3. be 
Added to, and Subſtracted from their Gain, the Product ot that 


Sum and Difference will be 6491 J. 65. 345 d. 


Quere, How many Merchants there: were, 85 


a= The Number of Merchants. | {I 2 
65a= Every, one's Sum 
p 65aaz= The whole 


100: 41: 6548 e yh bene | 
erer The whole Gain, 


I * 
2X 4 


And 
— Viz. 


5+ 3] 


5 — 155 
6 7 

8 X 10000 
g+ 
104225 


II wn 6 
I2 X 65 


| : 


11 


12 
13 


6 
_ 250 ae 


6508... 

| 18. 3.5 
13 
16600 


42254 66015625 
Ln 660158625 
D 


BE 


15625 


a2 = 15625 —5 The Nene: of aden 
e cn T be N — wr Pounds each put in, 


. 


« * 
. 


put inde eee 


L 


7 


Queſtion 30. 


Three Merchants 3 join As t 
Firſt Man's Stock was Leſs than the Second Man's 
Second and Third Man's Stock was 175 


 Nucftion 29. Several Merchants enter into Farmer 
every one put into the Stock 65 times as many Pounds as there were 


- ag- om owes 


—110, 5 ebe by the Qu. 
4.22545 —I See e Mt 25 4 


DR 
ether; ; the 


y 131. the 
l. in Trading they gain 


487. more than their whole Stock was; the Firſt Man's propor- 
tional Part of the Gain was 78. you was each Man' 8 
and Part of the Gain? 


Let a, %, repetiint ch Maris —__— : 


I a Te =s ; The whole Stock. 


nnd] 2 s+48= The whole Gain, 


5|a+e+y =175+4 


6] $==1754-4 


3|a+L3==e B 
ety 250 — 


— - 


_— —— 


_ 
- — — 3 


: — ; _ Aigebza, Part II. 


7] +48=22 +4 
24 pt Lok _ 3a ::a:78 Per Queſtion, * 
pr Fre 22a+13650 

976, 2 D 650 
10 C0112 n 5218906, 5 
11 uw 2112 e 17 
12—72, 5 2 422137, —72, 5 865 
35114 pa -=&FI13=76 


=97 |; 

Then] 16 65: 78::78: 931. 126. s Cairn. 

Again 17 63278 97: 116 l. 8s. 27s Gaim. 
Proof < 18 777 125.+781.=2 I. The Gain. 


19165 ＋ = The whole Stock. 
18—19:26 . 8 The Cain x more than the Stork. 


* 

- -- _— 

— — — 
* 


Aueſtion 3 1. A Father at his Death left his Three Sons 
bang , in this manner nt b. s he gare half of 

Pounds ; to the Second he gave one third of it, and 
14 14 more; to che Younger he gave the Remainder, which 
was Leſs than the Share of the Second Son, by 82 Pounds: 
What was each Son's Share. 


Let a, e, y be the three Shares, and z=the whole Sum 


I a Te == 
Trang 2 
| 3 
£25 | 4 


1 855 Queſtion. 
J=zZ+14=82 x 4 
. 2+3+4 5 8 773. 


6 = 7 ＋ 2 —98. | RL 


7 5 
7X 2| 8162 
8+ 9 485” "bf Nn that was left. 

2, 9110 a=" 42250. The Eldeft Son s Share: 
35 9 11e 414 2216 The Second Son 3, * 
4, 9112 21148 82=128. The e 


DB 2 "WY — 


— ld 


Queſtion 32. A Man playing at Hazard or Dice, won the 
Firſt Throw juſt fo much Money as he had in his Pocket; 80 the 
Second 
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Second Throw he won the Square Root of what he then had, and 
five Shillings more; the third Throw he won the Square of all 
he then had; after whith his whol? Sum was 1121. 16s. Hat 
Money had he when he began to play? 


Suppoſe] t| a = His Firſt Sum. Then 
I X z| 2|2a = His Sum after the Firſt Throw. _ 
And] 31]5 + 4/ 2a = The Winnings at the 24 Throw, 
2 +31 4 


| 24 uri 5+4/ i% The Sum after the 24 Throw, 
G 2 5[4aa+22a + 25-+444/ 22: 104/24 = The 
: | | Winnings at the 34 Throw : and therefore 
495 6[44a+244+30+qay 24 EIL 24==2256 Shil. 


5 — — — — — — 
But to avoid theſe ðurd Quantities, let us, inſtead of ſuppoſin 
a tlie Firſt Sum, make a ſecoud Trial, viz, felt 
Let 1 2aa = The Firſt Sum. | 
1X 21 2 | 4aa = The Sum after the Firſt Throw. 
Then] 3 244+5= The Sum won at the 24 Throw. 
2 + 3] 4|4a«+2a+5= His Sum after the 24 Throw, + 
4 @& 2| 5|16a* + 162? + 444 ＋ 20a + 25 = The Win- 
| ings at the 3d Throw ; and therefore 
4 +5) 6'164* -+ 1643 + 4844 + 224 + 30==2256 Shil. 


— ͤ 


—— 0 


—U—ä—ẽ —— 


* . 


Yer again, to avoid theſe high Equations, let us make a J hird 
Suppoſition ; thus, 


4:1 = = The Firſt Sum. 


| , 
XII 2|aa = The Sum after the Firſt Throw. 
a + 5 = The Winnings at the 24 Throw. 


Then 3 


2+3] 4[|aa +a +5 = The Sum after the 24 Throw. 
Subſti. 5E = aa +4 +5. R 
5@-2| lee = The Winnings at the 24 Throw. Then 
| lee eg 2256 Shillings by the Queſtion. 
8lee Te + 0,25 = 2256,25 
8w2] oe, 5 2256, 25 = 47,5 
90,5 loſe = 47 
5, 10 [III 2a＋- A＋ 5 2 47 
11—3 Iz aa +a=42 | 
I2, Co: 13a , 25 242, 25 
LU 2 I4 IAT, 5 42,25 26,5 
14-0, 515 [4 6 
1508 211644 = 26 
1 Shillings he had in his 
16 Le 197 Pocket when he began to p. 
G8 Norte, 


| 


— * 2- — —ę— T. ——I—k ꝝ— ̃ĩ — Lum —— 


IL On — COT 
” 


—_— 
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Note, In reſolving of the laſt Queſtion, I have made Three 


_ different Suppoſitions for the Thing ſought, purely as an Inſtance, 


to ſhew the youg Learner how well he ought to conſider the 
Nature of the Queftion, when he firſt ſtates it, and make choice 
of repreſenting the Thing ſought, ſo as to avoid running it into 
Surds, if poſſible, viz. as in the firſt Suppoſition of a = the firſt 
Sum, &c.. Not but that ſuch Æquations may be ſolved, as ſhall 
be ſhew'd in the next Chapter. However, it is moſt like an Artif 
to perform Things of this Nature the neareſt and eaſieſt way they 
can be done. 

Queſtion 33. Suppoſe there were two equal Circles, whoſe 
Peripheries (viz. Circumferentes) are Divided into 44310 equal 


Paris; and that thoſe Circles were ſo placed upon one Axis, as 


to move the contrary way to eath other; and ſuppoſe one of them 
to move but one of theſe equal Parts the firſt Day, Two Parts the 
ſecond Day, Three Parts the third Day, and fo on in Arithne- 
tical Progreſſion, viz. 1, 2, 3, 4, 5s &c. and the other to move 


every Day the Cubesof thoſe Parts, viz. 1, 8, 27, 64, 125, &, 
F the ſame Parts; How many Parts, and how many Days muſt 


each Circle move, before the ſame Two Points meet that were 
tog-ther when they he. gan to move © 


In order to give a ready Solution to this Queſtion (or any othet 


in this kind) it will be convenient to premiſe this Lemma. 
| Lemma, | 


The Sum of any Series of Cubes whoſe Roots are in Arithme- 
tick Progreſſion (the Firſt Term, and common Difference being 
Unityor 1) is equal to the Square of the Sum of all thoſe Roots. 


As in theſe 
Terms in Arith. &c. Their Cubes, 


I 1 
2 8 
3 27 
4 64 
5 125 
6 216, &c 


21 X 2I = 441 Sum of their Cubes, 


Let 11a== The Sum of all the Parts the 1ſt Circle moves. 
Then] 2144 The Sum of all the F arts the 24 moves. . 
£orfequen.| 3d + a== 44310 By the Queſt, (per Lem. 
2-6 3laa ＋a +0,25=44310,25 | 


4 2 


Fan 


ll 
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42 51a+0,5=4/44319,25=210, 
2 6 Tee? The Number of Parts the Firſt Circle 


5—0J muſt move. 


| 
TS The Number of Parts the Second 
6 & | 71 441997 Circle moves, 

Next to find the Number of Days they moved, There is given 
the Firſt Term = 1, the common Difference = x ; and the Sun 
of all the Terms = 210, thence to find the Laſt Term, which in 
this Caſe is the ſame with the Number of all the Terms, 

Let a 1 the Firſt rms, e = 1 the common Difference, and 
s = 210 the Sum of all the Trins, To find y = the Laſt Term. 
As per Sect. 1. Chap. 6. 

hen yy Þ+ ey = 2s + aa — ae by the 16 Step, Page 185. 

That is, yy + y = 210 X 2 = 420, &c. 

Hence y 20 the Number of Days required. 


—_— 


I ſhall now proceed to give an Example or two of the Method 
uſed in AFguizg about Unlimited N ueſtions, viz. ſuch Queſtions 
which admit of various Auſwers, ſuch as thoſe in Alligation Al- 


ternate, promiſed 1n Page 117. 

In order to ſhorten that Work, it will be convenient for the 
Learner to know the two Signs of Compariſon, > and x. The 
Sign > 1s of Gzeater rban, As 5 > a frignifies that 5 is Greater 
than a. The Sign I is of Lefſer than, As 5 , ſignifies that 
bis Leſſer than d, SC, 


Example 1. 


Queſtion 34. A Tobacconift hath three Sorts of Tobacco, viz. 
one of 28. 8 d. the Pound, another of 20 d. the Pound, and a 
third Sort of i649. the Pound; of theſe he would make a Mix- 
lure to contain 56 Pound, that may be ſold for 22 d. the Pound: 
How much of each Sort may he tate? 


Let a = the Quantity of that worth 32 Perce the Pound, 
4 = that of 20 Pence the Pound, And y = that of 16 Perce the 
ound; 


into its own Price, Equals their 
Sum Multiplied into the Mean 
Price. 


Gg 2 


Then aJ-e+y=56 


7 viz, each Quantity Multiplied 
Aud 324 2024-165 me 


228. e e Fuat l. 


— << 


— 


Ihis C ueſtion being thus ſtated, it appears by Role 1, Page 176, 
that ir is capable of Iuunumerablèe Anſwers ; becauſe for any one of 
thete Three Letters, a, e, y, there may be taken any Number at 
pleafure, provided it be Leſs than 56. But although that may be 
truly done, yet there are ſeveral Ways of Arguing about theſe ſorts 
of G ue ſt ions, which will limit or Hound them to all their proper 
or poſe ble Anſwers in whole Numbers. Thus, 


Let] 12 +e+y=56 
And] 2 324 + * San above. 


I —@&| Zj}e ＋ y=56=4 

2a 4 |20e + 165 = 1232 — 324 
- 8 516 + 165 896 — 164 

6 mg 108 
6-4] 7; *£=84— 44 Henceay =21 
— 7181 5 =234— 28 Hence a & 1 291 ; 

rom the Two Laſt Steps it appears, that the Quartity fignificd 
by a, ought to be Leſs than 21, and Greater than 94 ; har is, 
any Number betwixt 94 and 21, may be taken for the Value of a. 


Con/. quently there may be Eleven Anſwers to this Queſtion in 
whole Numbers. 


Suppoſe 8 — 10 Then 84 — 40 = 44 per 7th Step. 
 And'y= 30+ 2 = 28 per 8th Step. 
Again, if a = 11 Thene == 84 44 = 40 per 7th Step. 
And y = 3 * 28 — 5 per 8th Step. And ſo on for the reſi, | 
w 


which will be as in the following Table. 
7 E He 
— 12 — — — — —1 
1044 15 2814181226 
11 10 511151241719 829 
12 35 8 16] 29 201201 4 32 
13|32111117t161\,23 * 


Thus it will be eafy ro find out and collect all the Limited An- 
ers to any Cue ſi ion (of this kind) wherein there are only 
Thre? quantities propos'd to be Mix'd : But when there ate 
Rinne tllan Three, then the Work requires a little more Trou- 
ble ; becauſe the ſrgle Limits of all the Qrartities above Two 
muſt be found; thar is, if there are Four Quantities concerud 
in the Qreſizor, the Limits of Two of them muſt be found; It 
Five guautities are concern d, then the Limits of Three of them 
muſt be found, &c. As in the following Qz2/tiorr, 


Qucſtton 
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Queſtion 35. Suppoſe it were requir'd to nix Four Sorts 


of Wines together, viz. one Sort worth 78. 4 d. the Gallon; ano- 
ther Sort worth 4 8. 7d. the Gallon ; a third Sort worth 3 8. 8d. 
the Gallon ; and a fourth Sort worth 28. 9d. the Gallon ; How 
nuch of each Sort may be taken to make a Mixture of 36 Gallons, 


ſo as that the whole Quantity may be ſold for 5 8. 6 d. the Gallon, 


without Loſs, &c. 


/ 


Firſt, let all theſe ſeveral Rates, and the Mean Rate, be reduced 


to one Denomination, viz. into Perce. 


Viz, 378. 44. = 88d, 45. 7d. — 559. And 55. Gd. = 66. 


3 . Gd. = 44d. 2. 9d. = 330%. 
Then put a == the Quantity of that worth 884. the Gallon; 


e that of 58 d. the Gallon; y = that of 449. the Gallon; and 


1 = that of 33 d. the Gallon, 


Then]! 1]a+e +y+#2 = 63 By the Queſtion. 
And] 2|88a -+ 55e -+ 44% + 33% = 4158'= 93 & 66 
I—al 3 e+y+u=63—4 | 
2— 88a! 455% + 44) + 33% = 4158 — 882 
3 X 33] 5133* + 33) F334 = 2079 — 334 
4 — 5| 6|22e + 15 = 2079 — 55@ 


6=11] 74 22 + y= 189 — 54 Hence a = 373 
3 X 55! 855 + 559 + 55 = 3465 55a 

8 — 4] 9]11y 5 224 = 334 — 693 

9 uo y + 22 34 — 63 Hencea>*}j = 21 


From the 5th and 10th Steps it appears, that the G uantity of 


that ſort of Wine denoted by a, muſt be Leſs than 374 Gallons, 


and Greater than 21 Gallons: That is, it may be a = any Num- 
ber of Gallons betwixt 21 and 375. 


Whence it follows, that there may be collected 16 Anſwers to 
this Que ſtion from the Lzmits of a only. 


Next to find the Limits of e, y, and . 


Suppoſe | 11, a = 22 Then will 5a = 1109. And 3a 68s 
Bur | x2, 2e + y = 189 = 5a = 79 per 7th Step. 
12 — 2613. =79 — 2e Hence e R714 391 
Again ly +2 + 2 = 63 — 2 41 per 3d Step. 


14— % +2=41 —e 
15—13|[16{[z =e— 38 Hencee > 38 


F rom 
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From the 13th and 16th Steps it appears, that if a= 22 Then 
6239. J=79 - 2e 1. And u e- 28 1, 


Again, 
Suppoſe 17] 4a = 23 Then 5a— 115. And 3a = 69 
"Dor 18 26 E y = 189 —5a = 74. per 7th Step. 
18.— 2619 y=74—2e Hence e = I 74 — 37 
Again|20[e + y +% 63 —e =40. per zd Step. 
20 — 22110 4 — 40 — e 
21 — 191222 =e 34. Hence e 34. 


From the 19th and 22d Steps it appears, that if à = 13, then 
e may be either 35 or 36. | 


Once more for a further Muſtration. 


Let] 2314 = 24 Then 54a = 120. And 3a = 72 
| 26 + y = 189 — 5a = 69. per 7th Step. 

24 — 2625 J= 69— 26. Hencee R*2 = 34: 
Again] 261 TY == 63 — 8a = 39 per zd Step. 

26 —e 27 5 +u=39—e | 

27 — 25 28 = e 30. Hence e 30. 


From hence it appears, that if a == 24, then e may be either 
31. 32 . 33. or 34, viz. it may be any Number betwixt 30 and 
34: by the 25th and 28th Steps, from whence the Values of y and 
2 may be eaſily found. 


Bur} 24 


e = 31. Theny = 7. And 2 2 1 

1 2232 3258 922 
That is, if 5 723 3 23 
e = 34 J =T. * — 4 


Proceeding on in this manner with all the other ſiagle Values 
of a, there may be found above 120 Arſwers to this Queſtion in 
whole Numbers: And it you pleaſe to put a Fract ions, there 
may be found an Innumerablèe Set of Anſwers; whereas the Rule 
of Alligation in Vulgar Arithmetick affords but only one Anſwer 
in Fratiions, to wit, that of a = 31. e 104. y = 101. #= 101. 
As may be eaſily try'd per Rule pag. 115, (8c. | 
Theſe Two Examplis being well underſtood ( eſpecially if the 
Laſt te thorowly gp”, may ſuffice to ſhew e Method of 
Limiting the Anſwers to all ſorts of Queſtions of this kind. I ſhall 
therefore conclude this Chapter of Queſtions with giving a Solu- 
tion to the Enigma (or Riddle) propos d (but ret anſwer'd A 
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Mr. John 8 in the Cloſe of the Appendix to his Arithme- 
tick, which affords ſeveral pretty Queſtions, the Solution whereof 
will diſcover a certain Sentence conſiſting of Three Words, which 


muſt be found by the help of Figures placed (or ſuppoſed to be 
placed) over the Twenty-four Letters of the Alphabet. 


1. 2. 3. 4.5. 6. 7. Sc. called Jadices. 
Thus f. 5. c. 4. e. F. g. Sc. to the laſt Letter. 


So that if the Index to that Letter be once found, the Letter to 
which it belongs is Conſequently known. 5 | 


The Enigma. 


1. If the Difference between the dices of the Second LeNer 
of the Second Word, and the Third Letter of the Firft Nord, be 
Multi plied into the Difference of their Squares, the Product will 
be 576. And if their Sum be Multi plied into the Sum of their 
Squares, that Produ will be 2336, the Index of the ſaid Third 
Letter being the Greateſt, | 


a = the Greater Index, or that of the 3d Letter. 


Let] 1 
And] 2\e == the Leſſer, or that of the 2d Letter. 
| Zja — e Nd — ee = 576 . 
Then | 210 TN as Ter = 2236 By che Queſtion, 
3 X aaa — aae — age + eee = 576 
4 I 
6— 517 2ane + 2aee = 1760 
6 + 74 8faaa + 3aae + 3aee + eee = 4096 
8 u 34 9 a +e=3I4/4096=16 
4—a—+elio|aa + como 2 — 12145 | 
98 2]11]|aa + 2e + ee = 256 
11— 10112 246 = 110 
10 - 12113 aa — 24e Tee 36 
13 un 2 4 5 ==6 
9 + 14;15124 = 227 From hence it appears, that the 3d 
15 — 2 of = 11 £0 Tote of the 1ſt Word is l, and 
9 — 16|17| e= 5\ {the 2d Leiter of the 2d Word is e. 


Note, In order to ſet down the Letters (as they become found) 
their proper places, it may be convenient to ſupply the vacant 
Places with Stars. E 

Tum if irſt Word, Second Word, Third Word. 
_L LIES XXX * X XX 


2. The 


— . 


— — — 


— — — 


| 

| 
4 
| 

| 

| 
F 


—_——_ Ct. OY When rn 


Fe — Crean — — | — 
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2. The Indices laſt found, are the Two Extreams of Four 
Numbers in Arithmetical Progreſſion, the Leſſer Mean being the 
Judex of the Firſt Letter of the Third Word; and the Greater 
Mean is the Index of the Fourth and laſt Letter of the Firſt Word, 


Viz. 5 7. 9 . II are the Four Terms in Arith. Progreſſion. 


Whence it appears, that & (whoſe Index is 7) is the Firſt Let- 
ter of the Third Word; and that 7 (whoſe Index is 9) is the 
Fourth or Laſt Letter of the Firſt Word; which being placed 


down, will ftand thus, KK [i * NN * G XN N · 


2. The Second Letter of the Third Word is the ſame with the 
Third Letter of the Firſt Word; and the Fifth Letter of the 
Third Word is the fame with the Laſt Letter of the Firſt Word, 


Whence the Letters will ſtand thus, % Ii. yes, GI xi 


4. The Sum of the Squares of the Indices of the Firſt and Se- 
cond Letters of the Firſt Word is 520. And the Product of the 
ſame Indices is ſeven Ninths of the Square of the Greater Index, 
which is the Index of the faid Firſt Letter. | 


Let a = the Greater, and e — the Leſſer Index. 


i 


"= , ps 5 Pes 520 J According to the Data 
224 31721. 
3 & 21 44ee 2 A aa 
1 — 4 51a = 520 — 33 42 
5 X 81 68132 = 42120 — 49a 
6 + 4D 7|130aa = 42120 
7 — 130 aa — 333 = 324 I 
8wil 9] a= / 324 = 18 Its Letter is 5. 
3, 9110| e Sa = 14 Its Letter is o. 


Hence the Letter will ſtand thus, Soli. $£44. Gl. Ki. 


5. The Difference between the two Laſt Indices, is the Index 
of the Firſt Letter of the Second Word, viz. 18—14==4 being 
the Index of the Letter D. 


Then the Letters will ſtand thus, Soli. De xx. GI. RN. 
| 6. The 
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6. The Third and laſt Letter of rhe Second Word, Alſo the 
Third Letter of the Third Word, are the fame with the Second 


Letter of the firſt Word. ; 
Hence the Letters will ſtand thus, Soli Deo Glo *&'%- 


7. The Sum of the Indices of the Fourth Letter of the Third 
Word, and the Sixth or Laſt Letter of the fame Word, being 


Added to their Product is 5. And the Difference of their 


Squares is 288. The Jade of the Laſt Letter being the Leaſt. 
Put a = the Greater, and e = the Leſſer Judex, as before. 


Then] Le b the Data. 


And] 2] — ee — 2 


1—41 3 ar P 235 a 


32441 4 r Fore X a+ I ae +e 


122. 20 44 
| 8 1225 — 70a + 44 


a* + 243 NJ aa = 288aa — 5764 —— 288 
6 Xa Kc. 7 14 1225 70 + aa | 
74 | 814+ + 243 — 28844 — 5064 = 1513 


This laſt Fquation being Reſolv'd according to the Method 
which ſhall be ſhewed in the next Chapter, it will be a = 17 


its Letter ; and from the 4th Step e = r 1 the 
| | 4a ＋ I 
Index of the Letter a. 


Then theſe Two Letters being placed according. ta the Data 
above, are all that are required by the Z7:iegma to compleat 
theſe Words. 


Soli Deo Gloria. 


H h CHAP. 


ov 
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CHAP. X. 


The Solution of Adfected Equations in Numbers. 


EFORE we proceed to the Solution of Adfected Æquati. 
0778, it may not be amiſs to ſhew the Ive ſtigation (or Inver. 
tion) of thoſe Theorems or Rules for Extrabting the Robts of 
Simple Powers, made uſe of in Chapter 11. Part 1. 

a Tiba here make choice of the ſame Letters to repreſent the 
Numbers both given and ſought; as in my Compendium of 
Algebra, © 


G, always denote the given Reſolvend. 
any Number taken as near the true Root as 
Viz. Let 2 ow be, whether it be Greater or Leſs. ( 
the unknown Part of the Root ſought by 
. I whichris to be either Iucreaſed or Decreaſed, 

Then if 7 be any Number Leſs than the true Root, 
it will ber + e = the Root ſought. 

But if » be taken Greater than the true Root, it will then 
ber — e the Koot ſought. 

And put D for the Dividend that is produced from G, after 
it is Leſſer'd and Divided by r, &c. (into the Co-efficients of 
Adfected Æquations) according as the Nature of the Root 
requires. „ 

Theſe Things being premiſed, we may proceed to Raiſing 
the Theorems. 

Section 1. x 
I. For the Square Root, viz. aa = G. Quere a. 
Let] Ir +e=a 
16-2] 2|rr-þ2re ee 2 aa 5 
2 — . 3 2re ＋ ee = e Call it D, viz. D G-. 

1 4 D | 5555 2 is 7 — of 
hen] 4] Y 5 L= xtraciing the Square Root, 

| | OP Sect. 5. Chap. 11. Part 1. 


3=2 1 1 N 


29 


Which gives this Theozem 1 — — 
a wh. ; 


The' Arithmetical Operations of both theſe Theorems, you. 


have in the Examples of Sefion 2. Page 126; To winch | 
| 5 refer 


C 
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refer the Learner, ſuppoſing him by this Time to underſtand them 
without any Words than what is there expreſt, 


II. To Extras the Cube Root; viz. aaa = G. Quere a. 


Let ire = a Suppoſing v Leſs than the true Root. 
t Or 27 2 u + ree eee = aaa —=(G 
2 rr] 3] zrre + 3ree r e 
0 gee . 
33 r 


Let I be Rejefted or Caſt off, as being of ſmall Value: 
Then it will be, re + ce =D, which gives this following 
Theozem4| - = e 
Me... this Theorem or 85 the 1ſt and 2d Examples in Caſe 1. 


Hage 132. are perform'd ; the which being compared with this 
Theorem may be eaſily underſtood. 


Again, Suppoſe aaa =G (As before) And let r be taken 
Greater than the True Root. 


Then] 1]r —e = a eee being Rejectedꝭ 
: & 0 e Tzree = a* =C as before, 
D 
Which gives this Theozem £ — = 


By this Theorem the Third Example | in Caſe 2. Page 133. is 
perform d. 


III. To Extrad the Biquadꝛate Roof? ; viz. a+ = Quere a. 


Let | 1 |#—e Sa Suppoſing r Leſs than 7 uſt 
I @&-412|74 + 4rrre + 6rree 1 20 ging all the Paws 
2 —#4 [topo == — EE 


— 74 
err] 4 re ＋ zee r == 


Which gives this Theozem C 2 Tr 
Hh 2 By 


*** — 883 


OY his Theorem the Biquadrate 1 * of any Number may be 
Extracted. But, as I have already faid, Page 134, thoſe Ex. 
trations may be very well perform'd by Two Extractions of the 
Square Root. Vide Example, Page 135. 


IV. To Extract the Surſolid Root, viz. as G. Quere a, 


If „ be taken Leſs than guſt, then v + e = a. As before. 
And FE=Z— P. Which gives this Theorem {2 =« 
By this Thor. the Surſolid Root, Examp. 1, Page 136, is Extrafted, 
But if » be taken Greater than uſt; then r - e . 


And 4 _ =D. Which gives this Theozem 4 - D =" 


Ey this Laſt Theorem the Example in Page 137 is perform d. 


I preſume it needleſs to purſue the Raiſing of thofe Theorems, 
for Extracting the Roots of Simple Powers, any further; becauſe 
the Method of doing it is General, how high ſoever they are; 
and therefore it may be eaſily underſtood by what is already done. 


— 
— 


Section 2. 


Nctwichſtanding 1 have already ſhewed the Solution of Qua. 
ar atick Aquatious, two ſeveral Ways, viz. by caſting off the 
Loweſt Term ; and by Compleating the Square, vide Section 2. 
Prg: 195, &c. Yet it may not be amiſs to ſhew, how thoſe 
Equations may be Reſolved into Numbers by this Univerſal 
Method of Continued Sries; wherein, if the Firſt + be taken 
Equal to the Firſt true Root, or Single Side of the Reſolvend; 
And every Single Value of e (as it becomes found] be flill 
Added to it, fora new 7, Then thoſe Roots may be Extracted 
without repeating a Second Operation, As before in the Single 
Fours. 5 | R 
Caſe 1. Let aa ＋ 2 ba = G. Tis required to find the 
Palue of a. | SO LT ORR 
| Fur II e —a 
1 & 2 2\ ry I are 4. ee == aa 
1'X 26] 3} 2br + 2be =2ba © | 2 
; 2723 41 7r + 25 L 2re + 2be + ee = aa I 2ba = G 
4 rr &c. 5 zre + 2bee ee = G — rr — 2br 4 
5 — 216 re ＋ be + lee A 1 — I, — by = D 
Which gives this Theozem 


D 
ri 


— 
? 


Suppoſe 
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Suppoſe + — 364 And G = 38692855 

If = 6000 Then rr = 360000009 And 2by = 4368290 
But 36000099 + 4368950 = 40368009 > 38692865 == G 
Therefore the Furſt + I 6999. rr = 5000 Then | 


iſt y = 5009 19346432,5 = 2 
þ = 364. —1432000, = 477 oe by 
iſtr + = 5364 5026432,5 = D (800 = e 
+ 19 = 400 46112 
, 1 Diviſor 5753) 41523 ( 60=e 
2dr + b = 6164. 1 
1 he 750 75525 (2 
2 Diviſor 6194 43592 1 
za, + U 6224 a OT 
+= 35 (0) 


3 Diviſor 6227,5 


. e eee 


Caſe 2. If aa — 2h , Then proceeding as above, there 
will ariſe this Theozem 1 = =. &c. 
And in Caſe 3. viz, 20a hd ans & you will have 
this Theozem po &c. As above. 


I think it needleſs to trouble the Reader with the Work of 
theſe Two Theorems in Numbers; becauſe if the laſt Example of 
Caſe 1, be underſtood, the other will be eaſy. Not but that 
the Method of Compleating the Square is very ready and eaſy, as 
you may obſerve by the Work in ſeveral Queſtions of this Chapter. 


9261102 3, 

Ia the Solution of all Adfected Figuations, that are above (or 
higher than) Quadraticks,' it will be the beſt way to take F — 
the ext neareſt Root of the Æquation: And then it will 
be » e — a if be Leſs ny Orr — e 2 
it » be Greater than juft, (as at the Beginning of this Chap.) 
And all the Powers of the unknowri Part of rhe Root (viz. e) 


above its Square (ee) are to be Rejected or caſt Off As before 
r ae ook abs. in 


it } 
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in Raiſing the Theorems for the Simple Powers. And therefore 
it is, that to ſupply the want of thoſe Powers (above ee in the 
Theorem) the Operation muſt be repeated: As in the Example 
of Extractiag the Cube Root, Page 133, viz. when the Figure, 
＋ the 33 conſiſt of more than Three Places (vide Page 140, 
and 141. 


Suppoſe aaa + a G. Quere a2. 
F than 7uft, 
10 3] 21777 + 3rre + 2ree = aaa 
IXI 23|Þr + be = ba 
2 +31 4|1r + br zrre + be + 3ree =4a? ＋ a 


1773 ET Le 
: 3 2 
5 — &. e T= -U 


D 


b 
— — > 
Y 


= e 


Which gives this Theozem ; : + 


But if » be taken Greater than juſt, then it will 
be re + Z ee fer 1 b Which produces 
3 | 


S D 
this Theozem 2 
"ad — 37 — 
By either of theſe Two Theorems the Value of a may be eaſily 
found. Or rather otherwiſe, as in the following Example. 


Let aan + 244 — 587914. Here Y = 24 
Suppoſe the Firſt y = 90 Then 2 = 729000 > 587914 
without the 24 X 90 being added to it: Therefore » I 90 
Again, Suppoſe 1 = 80 Then 2 = 512000 And 24r = 1929 
But 5120000 + 1920 ='519320 C 587914 Hence > 70, 


but nearer to it than 90. Therefore 


— 


it muſt be Ir eg a Leſs than juſt. 
10 3] 2|rrr + 3rre + 3ree = aaa 
I x 24| 3]247 + 24 = 24a 
2, in Numb.| 451 2000 + 19200e ＋ 240ee = aaa 
3, in Numb. 5} 1920 + 24e = 24a 
4 ＋ 5 6513920 ＋ 19224 -þ 240ee = 587914 

5 25139200 7119224 + 240 = 73994. 

7 2401 8119224 + 240% = 73994 


80,1 e + ee = 308, 31 =D 
; ”" =O IT 2 


Operation 


3 Ar 
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Operation 80,1) 308,31 =N, (3,7,=e 
* + E — 53 249,3 224 
1. Diviſor 83,1) 59,01 Firſty = 80, 
T = 5 58,66 e= 37 


2. Diviſor 838) „35 e 837 

Or rather New r = 83,7 for a Second Operation, which 
being z vo , and tryed (as above) will be found greater than 
juſt : Therefore | 


it muſt be] TI Y - e a 
1 &- 3] 2ſrrr — zrre + 3ree aaa 
I X 24] 3|247 — 24e = 244 
2, in Numb. 4 e — 21017, 7e ＋ 251, lee = aaa 
zin Numb. 5 2008,8 — 246 = 244 (914 
4+5] 61588385,053 — 21041,07e 251, ee = 587 
6+ | 7]21041,077 — 251, 16e = 471,05 
7 = 251,11 8|83,7955e — ee = 1,87595778 = 
8 + | 99 2 5 
| 83,7955 — © 


2. Operation 83,7955) 1,87595778 (,9223 = e | 
— e = 02  1,67551I0 


1. Diviſor 83,7755) 52001745 
wm &! 5002 51675470 


2. Diviſor 83, 7735) 403290078 
— e= „003 3502513196 


— — U— 


3. Diviſor 83,7732) „00776882 


Having once found half the Places of Figures for the Value 
of e, it will be needleſs to form New Diviſors (as above) for 
the reſt of the Figures may be as truly found by plain Diviſior: 
only. Thus i 


The laſt Diviſor is 83,7732) 007768820 (,0223 Se 5 
7539588 (,0000927 Add 


Laſt y = 83,7 2292320 40223927 =e 
— £= 50223927 1675464 


tas 83,6776073 = a 6168560 
5864124 &Cc. 


But if more Exadtneſs be required, you may make the 
New r = 83,6776073 And proceed with it to a Third Ope- 


ration; 


* 


2 40 Algeb2a + g 8 Pa rt II. 
ration; which will afford Twenty- ſeven Places of Figures for 
the Value of a ; That is, every Operation will produce "Triple 
the Places of Figures to thoſe of the Precedent r. And this 
Tripling the Places of Figures in the Root, at every Operation, 
| holds good, and is to be obſerved in the Solution of all Ad fected 


Equations (bow high ſoever they are) according to this Method 
of Reſolving them. See Page 141. 


Example 2. Suppoſe aaa * ta = G. Quere à. 
1A Then re 1 Cee i Arb 
5 | 


1 "Dp * 
Which gives this Theorem 5 5 1 ＋. 


But if + — ea Then re + I + 5 -= 4 EI zr 


which gives this Theorem i”, 
"Wd 


Or you may proceed otherwiſe, as in the Laſt Example. 

Let aaa — 64384 = 104785688 Here þ 6438 | 
Suppoſe the Firſt x = 500. 777 == 125000000 and br = 3219009 
Then 125900900 — 3219000 — 121781000 
But 121781000 104785688 Therefore r < 500 
Again, Suppoſe + — 400 rr — 64900000 . and br == 2575200 
Then will 64000000 — 2575220 == 6142800 
Bur 61424800 I 104785688 Hence r > 400 | 

Conſequently y ig 400 and 500; But 500 is the Text 
neareſt ; Therefore, Let 7 = 500 being Greater than juſt. 


— 


Then! 


17 —@e —=4 | 
I & 1 2 rr — grre + 3ree aaa 
IXI 3 — be = ba 7 | | 
2, in Numb. 4 125000000 — 7500008 + 1500ee = aaa 
3, in Numb.| 5| 3219000 — 6438e = 6438a (5688 
4 — 5 61121781000 — 743562e + 1500ee = 10478 
6 ＋ 71743562 — I500ee = 16695312 
7 — 1500 814955 3 81130 
= gfe == 


495 —@ 


| Operation 
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Operation 495) 11330 (238 e 
— 2 20 950 


1. Diviſor 475) 1830 Firſt 7 = 509 


— e 23 1416 — # — 23,6 
2. Diviſor 472) 414,59 1 — e = 476,2 = # 
377,6 


Let Newer — 476 for a 2d Operation. Then 7 == 107850t76 

and by = 8 But 197850176 — 3064488 = 104785688 

the ſame with the Reſolvend. Conſequently a 476 juſt. 
Example 3. Let ba — aaa = G. Quere a. 


| 1 | N 
If 7 +e =a Then = — re — ee == +; it —jb=D 


re 


| D 
which gives this Theorem 52 = 
| 1 


8 | 'þ 1G 2: 5-4 
But if r — e 4 Then re — . — ee fi- =D 


—— . 


which gives this Theorem , 3b __, 


Or otherwiſe as before in the Tivo Laſt Examples. Thus 


Le: 1234564 — aaa = 12272861. Here 5 = 123450 +» 
Suppoſe the Firſt 7 = 200 Then rr — 85009909 . ang 
br = 24691290 . then 24591299 — 8000000 = 16691209 
but 16691200 > 12273851 . therefore 4 is here Leſs than 
Juſt, becauſe the higheſt Power is —, or Negative. | 
Again, Suppoſe x zoo then #3 = 27000020 and by = 37936839 
Then 37036800 — 27909090 = 10936820 S 122728 
Conſequently r S 300 and r 200 | 5 
Let y 300 . being the next zeareſt, but more than uſt. 

Then] ir — =4 | 1 

I & j 2| 177 — zrre + 3ree = Aa 

I Xb] 3[5r —be b 7 

2, in Numb. 4 427000000 — 27099008 = 99C&? 

3, in Numb. 5 37036800'— 123456 £ 3 
5 — 4 6 i0036800 + 1465449 — Hoge = 12272894 
6—_| 711465449 — Po = 22300 

7 — 559 - 6 * 2484 =D 


4 — — 
— rr 


1 ＋ &.| 9 = 102 — 5 


Ii 2 


— ER Trot we me 


, Solved, a — 110, 2722 Ge. whi 
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| Part II. 
Operation. 162) 2484 (16, 6 e | 
— 10 152 
1. Diviſor 152) 96 Firſt » = 300 
2. Diviſor 146) 88,0 y— = 283,4 2 4 
87,6) 


Or New y = 283 which being volved, &c. will appear to be 
the true Root. That is, a == 283 zuft. 

Note. Theſe are uſually called the Three Forms of Cubic 
Fquations ; and in the Solution of the Third or Laſt Form, viz, 
ba — aaa = G, you may meet with ſome ſeeming Difficulties; 
eſpecially in making Choice of the Firſt 2, becauſe this Æquation 
is an Ambiguous Æquation, and hath Two Affirmative Roots. 
viz. a Greater and Leſſer Root. But having once found either 
cf them, the other may be eaſily obtained by Divi ſion only; 
As in the Quadratick Æquation s. Vide Chap. 8. 

As for inſtance, in the Laft Example, a = 283 
And 1234564 — aaa = 12272861. Make theſe Toy 

Aiquntzons = o. To wit, Let a — 283 = 0. 

And — aaa + 1234564 — 12272861 = 
Then, a — 283) — aaa + 1234564 — 12272861 (— 44 


— 28343 + 1234568 ( — 2834 
— 2834 + 80089 


＋ 433674 — 12272861 (443367 
＋ 4.33674 — 12272601 
(0) (0) 


Hence it appears that — az — 2834 + 43367 = O 
Confoguently aa + 2834 = 43367 this Æguation being 
. is the Leſſer Root of the 
aforeſaid Æquation ba — aaa — G&M. 
After this Mauner all the pofi ble and impoſſ ble Roots of any 
Fquation may be eaſily diſcovered, any one of its Roots being 
once found. I ſhall therefore omit inſerting more Examples of 


that kind. 


Suppoſe aan + aa + c G. Quere 2. 
Let þ = 74,c =8729. and & 56078 | 
By Frial (as before) it will be found that the xext eareſf 
1 = Jo being ſomething Teſs than juft. 1 
1 * heres 


un. 


8 K _— * 


Therefore] II Ten 

1 X c| 2%“ Tren ea | 

16-2 : XK] 3|#rr + 2bre + bee — bas 

1 G. 31 4 + zie + 3ree = aaa 

2, in Numb.| 5 349160 + 8729e 

3, in Numb. | 6| 118400 + 5920e + 74ee 

4, in Numb. 71 64000 + 4800 + 120ee 

144 6 + 7] 81531560 + 19449e ＋ 194ee = 560783 
— 531559 9] 19449e ＋ 194 — 29223 

9 ＋ 194 10 100, 2c 3 153,06 =D 


10 — 8 150572 5 | £ 
Operation 100,2 153,06 (1,5=e 
＋ e= I 101,2 Firſt y — 40 
I. Diviſor 101,2) 51.86 5 2 made, 
r= 5 $085 rÞ+e=415=0 
2. Diviſor 1017 101 


Or New r — 41,5 for a Second Operation, which being duly 
Ixvolved, &c. will be found more than 7ſt. 


Therefore 
Then ; 3 Err — 2bre + bee — baa 
4 TIT — 3#7e gree == aaa 


Theſe being turn'd into Numbers, &c. As above, they 
will be 20037,75e — 198, 5e — 390,375 which being 
Divided by 198, 5 the Co-efficient of ee will become 

100, 46e — ee = 1,966024 &c, =D, 


Operation, 100,946 1,966624 
— = „01 1, 00936 


1. Diviſor 100, 936) 957264 
—e= 200 9888343 


2. Diviſor 100 927 489210 (0004847 
9 Hell proceed by 403708 — 


117 — @ 2 
2% — c = fa 


plain Divi ſion, without 50194347 =e 
1 3 9 855020 
"TOY Newbivſs 807416 
Laſt * = 41,5 476040 


—e= 0194847 493708 


” — e= 41,4805153 = @ 72332 &c. 
ö 3 3511 T Let 


— 
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Ler the Laſt F quations in the Enigma, Chap. 9. be here pro. 
poſed for a Solution. KS 5% 


Viz, aana + baaa FO caa — da = G. 
& = 2,c= 288.4 == 506 and d =1513 Quere a. 


By Tryals it will be found; that the zext neareſt 1 = 20 
being ſomething more than 7ſt. | 


Therefore] 1]7r -e= 4 
TX EE SG -4a=4&4..c 
1&2: K 3!'ior — 2070 + cee = caa 
3 4 | rr — 3brre + 3bree = haaa 
I @ 414 517% — qrrre + Grree = aaaa 


Theſe being turned into Numbers, and thoſe duly Collected, 
according as the Signs of the Æquation direct, they will become 


50680 — 223740 + 2232ee = 1513. which being all 
Divided by 2232 the Co. effictent of ee, 
will be 108 — ee = 22 = D 


Then Lo . 


10 — & 


Operation, 10) 22 (3z 
h 
Diviſor 77 1 | 
Firſt x = 20 
— 3 


7 —e y g a juſt. f See the End of Chap. 9. 


By what hath been already done about the Solution of theſe 
ew /quations (being care fuliy otſerved) J preſume the Learner 
will exfily Conceive how to proceed in the Solution of all kind 
of A quations, be they never ſo High, or Adfe&ed; therefore! 
thall not here propoſe many varzous Examples, but only take 
them as they fall in Courſe when J] come to the next Part, where- 
in you will (perhaps) find ſuch Æquations with their Solutious 
as are Not Common, NL | 


CHAP. 


F 
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— and 


CHAP. XI. 
Of Simple Intereſt, Annuities, or Penſſons, &c. 


1 TE R EST, or the Uſe paid for the Loan of Money, is either 
Simple ; Or Compound. 


Section 1, Of Simple Jutereſt. 


Simple Intereſt, is that which is paid For the Loan of any Prin- 
cipal or Sum of Money, Lent out for ſome Time, at any Rate per 
Cert: Agreed on between the Borrower and the Lender; which, 
according to the late Laws of England, onght to be Six Pounds 
for the Uk of 1007. for one Year, and Twelve Pounds for the 
Ute of 1007. for two Years. And fo on for a Greater, or Le ſſer 
Sum, proportionable to the Time propoſed. | 

There are ſeveral Ways of Computing (or Anſwering Queſtions 
about) Simple Intereſt ; as by the Single and Double Rule of 
Three (See Page 96, &c.) others make uſe of Tables Compoſed ar 
ſeveral Rates per Cent, As Sir Samuel Moreland, in his Doctrine 
of Intereſt, both Simple and Compound, is all perform'd by 
Tables ; wherein he hath detected ſeveral Material Errors com- 
mitted by Doctor Newton, Mr. Kerſcy upon Wingate, and Mr. 
Clavil, &c. in the Buſineſs of Computing Zztereſt, &c. by their 
Tables, too tedious to be here repeated. 

But I ſhall in this Jract take other Methods, and ſhew that 
all Compurations relating to Simple Intereſt are grounded upon 
Arithmetick Pregreſton; and from thence Raiſe ſuch General 
T heorems, as will ſuit with all Caſes. In order to that 

P = Any Principal or Sum put to Intereſi. 
fa R = The Ratio of the Rate, per Cent. per Annum. 
t — The Time of the Principal Continuance at Ixtereft. 
A = The Amount of the Principal, and its [rtereft. 

Note, The Ratio of the Rate, is only the Simple Intereſt cf 1 l. 
for one Year, at any given Kate; and it's thus found. 

Viz. 100: 6: : 1: 0,06 = the Ratio at 6 per Cent. per Annum. 
Or 100: 7: : 1: 0,97 = the Ratio at 7 per Cent. &c. 
Again 100: 7,5 ::1 : 0,075 = the Rate at 7 and ; per Cont, 


And if the given Time be whole Years; then 1 = the 
Number of whole Tears: But if the Time given, be either E 
Parts of a Year, or Parts of a Fear mix'd with Years ; thaſe 
Parts muſt be turn'd into Decimals; and then  — thoſe 
Decimals, &c. Now the common Parts of a Year may be 
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eafily turn d or converted into Decimal Parts, if it be conſidered 


Day is the 2 Part of a Year = 0,00274 fere 
That ore) Month is the r Part of a Year 0,0833333 &c. 


Quarter is the 3 Part of a Laar = 0,25 | 
N Things being premiſed, we — to Raiſing the 
Theorems. | 
Let R = the Intereſt of 11. for one Pear. As before. 
Then 2R == the Intereſt of 1 l. for two Years. 
And 3R = the Intereſt of 11. for three Years. 
4R = the Intereſt of 11. for four Years. And fo on for 
any Number of Years propoſed. | 

Hence it is plain, That the Simple [tereſt of one Pound is a 
Series of Terms in Arithmetick Progreſſion Increaſing ; whoſe 
Firſt T?7m and Common Difference is R. And the Number of 
all the Prim, is 1. Therefore the Laſt Term will always be 
IR == the Intereſt of x1. for any given Term ſignified by t. 

Th As one Found: Is to the Intereſt of 11.:: So is any 
__ 4 Principal or given dum: Toits Intereſt, 

That is, 1 I.: f:: P: HRP = the Imiereft of P Then the 
Principle being Added to its Intereſt, their Sum will be = A the 
Amount required: Which gives this General Theorem. 

: Theorem tRP + = A 
From whence the Three following Theorems are eaſily deduced, 


| Theorem 2. 4 N PI P. Theorem 3. {LL = |. 


Theorem 4. SES t, 
Theſe Four Theorems Reſolve all Queſtions about Simple Intereſt. 


Queftion 1. 7/hat will 2561. 10 s. Amount to in 3 Years, ore 
Quarter, 2 Months, and 18 Days, at 6 per Cent. per Annun, 
Here is given Þ = 256,5. = 0,06 . And f = 3,46599 
For 3 Years = 3 Quere A. per Theorem 1. 

one Quarter = 0,25 4 | | 

2 Months = 0,16667 = 0,08333-X 2 

18 Days = 0,04932 = 0,00274 X18 


Hence t == 3, 46599: X 0,06 = 0,2079594 == R 
Then 0,2079504X256,5 = 53,341586 RP 
And 53,341586 + 256,5 = 309641586 RP + P = A 
That i, 309;841586 = 309 J. 165. 10 d. being the Anſwer , 
TEJUIred, | 


Aueſtien 
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Queſtion 2. What Principal or Sum being put to Intereſt, 


will Raiſe a Stock of zog l. 16s. 10d. in Three Years, one 
Quarter, Two Months and 18 Days; at 6 per Cent. per An. 


num © 
Or the ſame Queſtion otherwiſe ſtated thus. 


What is 309 l. 164. 10d. due 3 Years, one Quarter, 2 Months 
and 18 Days hence, worth in ready Money ; Abating or Diſcount- 
ing 6 per Cent, wow 34 3 | : | . 
Here is given A = zog, 841586 R = 0,06 t — 
( found as before ) Thence to find P. Per Theorem 2. 5546509 
q Firft 3,46599 X 0,06 == 0,2079594 = t R 
ThentR + 1 = 12979594) 309,841586 — ow (256;5=P 


That is, 256,5 = 2561. 10s. the Anſwer requir 


Queſtion 3. At what Rute or Intereſt, per Cent, &c. will 
2561. 108. Amount to 3094. 165. 10d. In three Years, one 
Quarter, Two ye and 18 Days - ERA = 
Here is given, P = 256,54 = 309,841 f = 9 
To find R. Per Theorem 3. en | 3-40599 

Firſt 399,84156 — 256,5 = 53,341586 = A — P. 

Next 3,46599 x 256,5 = 889,026435 = R 

And tR = 889,026435) 53,341586 (09,06 = the Ratio 

Then 11.:0,06:: 120:6 = the Rate required. \ 


Nueſtion 4. I: what Time will 256 l. 10 3. Raiſe a Stock 
of (or Amount to) 309 J. 165. 10d. at 6 per Cent. &c. 
Here is given, P = 256,5 A = 309,841586 and R = 0,06 
To find t Per Theorem 4. 
Firſt zog, 84 1586 — 256,5 = 53,341586 = A - P 
And 256, 5 x 0,06 = 15. 39 = P 
Then 15,39)53,341586 (3,46599 = . | 
That is t = 3 Years and ,46599 Decimal Parts of a Pear; which 
may be brought into Common Parts of a Year, thus 


0, 46599 And o, 8333) o, 21599 (2 Months. 
0,25 = 02 Quarter ,16666 
0,21599 | 0,02074) ,04933 . (18 Days. 


Hence f = 3 Years, one Quarter, 2 Months, aud 18 Days; the 
Anſwer required. - 


It. muſt needs be eaſy to Conceive, that what is here done 
at 6 per Cent. may be done at any other Rate of Intereſt, by 
forming the Ratio, viz. R accordingly, 

Scholium. 
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Although it be according to the Laws and Cuſtom of Ergland, 
to compute Intereſt at the Proportion of 6 per Cent. (as above) 

he that takes up Money at Intereſt for any Time Leſs than 
ven or Compleat Years, pays more Inrereſt than ſeems reaſo- 
nably Due, according to the Rules of Art. 
As for inſtance; if 100 J. be forborn at Intereſt one Whole 
Year, it amounts to x26/. - But (I fay) if it be paid at the Half 
Year's End, it ſhould not amount to 103; as appears from this 
following Proportion * 5 

Let a — the Amounts due at the Half Year's End; Then it 
will be 100 : a:: a : 106 the Amount at the Year's End. 
Ergo az=219600 And a —4/ 10600 = 102,9563=1020. 193. 1d. 
which is Leſs than 103 J. by 104. ; 4. And if it be paid in Leſs 
than Half a Year's Time, the Error muſt needs be the Greater. 


5 puted at Simple Intereſt.” . 

Annuities or Penſions, &c. are ſaid to be in Arrears, when they 
are payable or Due, either Fariy, or Halyf-yearly, &c. and are 
Unpaid for any Number of Payments. Therefore the Buſineſs is, 
to cm pute what all choſe Payments will amount unto, allowing 
any Kate of Simple Þ:tereft for their Forbearance, from the 
Time each particular Payment became, due: Now in order tg 
that ; | 1 1 
; 5 the Amity, Penſion, or Yearly Rent, &c. 


Section 2. Of Annuities or Penſtons in Are; n- 


t the Time of its Continunauce, or being Unpaid. 

R = the Katio, or Intereſt of 1 I. for 1 Year. As before. 
C 4 == the Amount of the Anmity and its Intere u. 
Then if z = the Firft Year's Rent, due without Iutere ft. 


And ay pa 2 K Due at the Eud of the Second Lear. 


| 1 — _ - — 4 Due at the End of the Third Year. 


35 E Doe at the Eu of the Fourth Year, 
142 S dhe Kent. J Due at the Erd of the Fifth Year. 


And fo on for any Number of Years. Hence it's Evident, that 
Ru + 2Ru + 3K 0+ 4R# + 5 A the Sum of all the Rent. 
and their /ztere/?, being forborn 5 Years, | N 


. 


From 
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From whence it follows, that Ru+2Ku+3Ru+4 Rt = A—tu 
Here t=5. Divide by u, Then R4- 2K + 3K ＋ 4K A— tu 


2 


Next to find the Sum of this Progreſſion (See Page 185.) Thus 


Let R 2R-+ 3R+ 4R &c.=z. Then 1 + 2+ 3+ 4 &c.= - 


Here the Sum of the Firſt and Loſt Termsare q + 1 —5=t 
And the Numbers of all the Terms is 4 = t - 1. Therefore 


f—T | „ it ft K 
a t = the Sum of all the Terms. That is, — = 


Hence „ Conſequently — — 


x ; u 
| Now from this Æquation it will be eaſy to deduce the followi 
Theorems; | TE ang 
Theorem WEL — Ku IF 4 O4 R. Tt FR} 


2 
2.4 2 2A — 2 ;᷑ꝑ c nun! . 
Theorem 2.4 7 5 ge” * 27 . Theorem 3-4 Ts —is - R: 


Let 1 * Then t==y/ 1 —_ 8 * 5 Theorem 4» 
Nueſtion 1. J 2501. Yearly Rent (or Penſion, &c.) be for- 


born or unpaid Seven Years ; What will it amount to in that 
Time, at 6 per Cent. for each Payment as it becomes due 


Here is given 22250. t=7. And R==0,06 To find 4. Per 
Th. 1. Furſt 250 * 7 = 1750 = tu. 1759 x 7 = 12259 = tt 
Again 12250—1750=10590=ttu—tu, And x 0,96=315 
Laſtly 315+1759 =2066=A.. Viz. 2065 l. is the An ſw. required. 


But if the Annuity, Rent or Penſion, is to be paid by Quarterly 
or Half Yearly Payments, 8c. | 6:4; --j 
Then *3* = 0,03 = for Half Yearly Payments. 

And e = 0,015 = & for Quarterly; Or o, 045 = R for 
Three terly Payments. Example of Half Yearly Payments. 
Suppoſe 2501. per Annum, to be paid by Half Yearly Payments, 
were in Arrears, or unpaid for Seven Years; Ii hat would it 
Amount to, allowing 6 per Cent. per Annum for each Payment as 
it becomes De. : - 


In this Example there is given u — 125 = 2:02 = 23h 
Number of Payments; And X =o, 03 = *3* Theuce to find A. 
Firſt 125 * 14 = 1750 = tu. 1750 x 14 = 24599 fun. 
Again 24500 —1759=22750= flu tu. Then - = 11379 


15 


2 SY 
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And 11375 „0,03 2341, 25 Laſl] I, 2571750 22091, 2 
That *% 1 2091 J. ET . 3 e & da 
N. B. Hence it may be Obſerved, that Half Yearly Payments 
are more Anvantageous than Yearly. | 
For 2091. 5 s. > 20651, by 261. 58. Conſequently, Quarter- 
ly Payments are more Advantageous than Half V Pay- 
ments. 


Queſtion 2. hat Yearly Rent, Penſion, &c. being. for- 
torn or un paid Seven Years, will raiſe a Stock of 2065 l. allowing 
6 per Cent. per Annum for each Payment as it become s due? 


Here is given A=2065 .t = 7 And R 0,06. To find z. 
Per Theorem 2. | 


Furſt 7 .. 0,06 = 0,42 =tR, and 0,42 x7 = 2,94 = IR. 


Laſtly ttR. t& +2t==16,52) 4130 = 2A (250=% _ 
That * 250 l. per Annum, &c. will Raiſe 20657. the Stock re- 
quired, : 


Nueſtion 3. I what time will 2501. Yearly Rent Raiſe a 
Stock of ' 20651. Allowing 6 per Cent, Sc. for the Forbearance 
of the Payments as they become Due © 

Here is given %—250; A = 2065 = And R = 0,06 To find i. 
Per Theorem 4. Firſt 


1. =33:3333 And 33,3333 — I = 32,3333 =x - 
Then 16,16666 &c. = 4 x , 261,3605 &c. = 4 x x. 
Again 13 = 275,333 = 24 — R. And 275,3333 ＋T 261,3605 


= 536,6938 —= 37 +Z x x» Then / 536,6938 = 23,1666. 
Laſtly, 23,1666—16,1666==7 =t the Time required. 


Queſtion 4. F 2507. Yearly Rent, being forborn Seven 
Years, will amount to 2065 l. allowing Simple Intereſt for every 
Payment asit becomes due, what muſt the Rate of the Intereſt be 
per Cent. c. | | 
Here is given 2 = 250 . A= 2065 . And t =7. To find R: 
Per Theorem 3. ' . 

fte —= 12250 41202 14 
Thus — it — 1750. 3500 = 2 


tu 1 — 10500 630 = 2A—2tu (0,06=& 
Then 1 : 0,06 : : 100: 6 the Rate required, 


Sectiou 


8 


1 
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| Seftion 3. The Pꝛeſent Worth of Annuities or Pen- 
fin, &c. Computed at Simple Intereſt. 


The Buſineſs of Purchaſing Annuities, or taking of Leaſes, &c. 
for any aſſigned Time, depends upon the True Æquating of the 
Principal or Money laid out on the Purchaſe, with the Aunuity 
or Yearly Kent, by allowing (or Diſcompting) the ſame Rate 
of Iutereſt to both Parties. Which may be eaſily perform'd by 
duly applying the reſpective Theorems of the Iwo Laſt Sections 
together. As will fully appear by the following Qze/{z07. | 


Queſtion x. What is 75 l. Yearly Rent, to continue Nine 
Years, worth in realy Money, at 6 per Cent. per Annum Simple 


—_— 2 | 
1. Per Theorem 1. of the Laſt Section, find what the propoſed 
Vea ly Rent would Amount to, if it were forborn 9 Years at 


6 per Cent. | 4 
Thus z =75 . 12=9. And & os Qiuere A. 
tu = 607 'Then 2) 400 (2700 . 
1 Fe: 4 O, O6 * 3 
tu —tu= 5400 JESS © 5 He BENZ 
; . + tu =675, $837 = 4 


2. Then by Theerem 2. Section 1. find what Principal, being 
Put to Intereſt for the ſame Time, and at the fame Rate, will 
reg to 837 J. — A. Ra - | | 

us fR=2,542=9X0,06 . IRI = 1,54) 837 (543,5964 = P. 
Thar is, l IO 5. 11d. Which is the Worth of 75 J. a 


Vear, as was required. | 
From the Work of theſe Two Operations (duly Confider'd) 
it muſt needs be Eaſy to Conceive, how the Two Theorems by 
which they were perform'd, may be Combined in One. | 


For 1. — — — A. And 2. PtR + P = 4. 
tt Ru — tRu + 2tu 


2 
Æquation may be deduced the following Theorems. 


Theorem 1. SEE . 8 — XP}. 


Conſeqnently PtR + P = And from this 


21K 2 21K +2 
By this Theorem all Queſtions of the ſame kind with the Laſt 
(viz. that above) may be eaſily and readily Axſwered at one 


Kk2 1 Theo- 


Operation, 


Theorem 2. 


* 


— —— ** — — 
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n 
0 — 


„ — m— = ” wats. 


* 2PtR-2P tR+1 
HA—iKk+2t_ A Or fx + 2 
Theorem 3. 4 22 — . > 

. u — 14 — 2 
Le A1. Then will 145 


Which gives this Theorem 4. 1 : E = 


By the Second and Fourth —— Two very vd Que fi 


* 2 Pęœ r 


ons may be eaſily 92 d. 


1. As for Inſtance: If it be required to find what Annuity, or 


Yearly Rent, &c. may be purchaſed, for any pr _ Sum, to 
continue any aſſigned Time, allowing any Rate of nereſt. 5 
Sen Queſtion 9 be Anſwered by Theorem 2. 


2. Again: If it be required to find how long any Yearly Rent, 


Pe y ſi fron, or Annuity, &c. may be purchaſed ( or e770) @) for any 


propoſed Sum, at any given Rate of Intereſt * 
Queſtions of thus kind are eafily Anſwered per Theorem 4. 


la theſe Queſtions it is ſuppoſed, that the Purchaſer or Yearly 
Reur, is to Commence or-be immediately enter d upon. But 


ik ir be required to find the Value or Purchaſe of an Annuity or 


Yearly-Rent, Sc. in Reverſion; That is, when it is not to be 
Enter'd upon until after ſome Time, or Number of Years are paſt; 
4 hen you muſt firſt find what the Sum propos d to be laid out 


ia the Purchaſe, would Amount to, if it were put to Intereſt, 


during the time the Annuity, Sc. is not to be put in preſent Pol 


ſeſſion; and make that Amount the Sum for the Purchaſe proceed - 


ing with it as in either of the two laſt Queſtions, Sc. 
Note, From the Fir ff 1 of this Section it will be eaſy to 
Conceive how to perform the Equation of Payment s, _ een 
ettor or Creditor, at any Rate of imereft, without doing any 
Zunge to either Party. 
That is, when ſeveral 3 of Money are to be paid, at 
ſeveral different T- ive, to find the Time when all the Payments 


may be truly -diſcharg'd at once: As if one Sum were to be paid 


arthe End of two Months, another at Six Months, and perhaps 
a I hird Sum at Eight Month's End, Ge. And if it were requird 
to find the Time when all thoſe Sums may be uy diſcharged at 
cne Faym ment without Loſs, Ec. 


# £4 4 . 
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CHAP. XII, 


Of Compound Intereſt, and Annuities, Ce. 


OMPOUND Intereſt is that which ariſes from any Princi- 

pal and its /ntereft put together, as the Intereſt ſo becomes 
Due; fo that at every Payment, or at the Time when the Pay- 
ments became Due, there is Created a New Principal; And for 
that Reaſon it's Called Intereſt up Intereſt, or Compound 
Intere ſt. | "va. * 

As for Inſtance ; Suppoſe 100 I. were Lent out for Two 
Years, at 6 Cent. per Annum, Compound Intereſt : Then 
at the End of the Firſt Year, it will only amount to 106“. As 
in Simple Intereſt. But for the Second Year this 1067. becomes 
Principal, which will Amount to 1121. 7s. 224. at the Second 
Year's End, whereas by Simple Intereſt it od have Amounted 
to but 1127. FETT 121 

And altho' it be not lawful to Let out Money at Compound 
Intereſt; yet in Purchaſing of Annuities” or Penſions, Sc. And 
taking Leaſes in Reverſion, it is very uſual to allow Compound 
Intereſt to the Purchaſer for his ready Money; and therefore it 
is very requiſite to underſtand it. | 


Section 1. Of Compound Intereſt. 


P =the Principal put to Intereſt. 
t the Time of its Continuance. aa before, 
Let A the Amount of the Principal and Intereſt. 
5 "OG {hy Anount of 11. and its Interefi for 1 Year, at 
Lay given Rate, which may be thus found, 


Viz. 100: 106 :: 1: 1,06 = the Amount of 11. at 6 per Cent. 


Or 100 :-105 :: 1: 1,05 == the Amount of 1 I. at 5 per Cent. 


and fo on for any other aſſigned Rate of Intereſt. 


Then if R = the Amount of 11. for One Year, at any Rate. 

| R R = the Amount of 17. for Two Years. I, 

R RR = the Amount of 17. for Theee Years. | 

N = the Amount of 11. for Four Years. — 

EN the Amount of 1 l. for Five Pars. Here 2 2 5 

For 1: R:: R: RR:: RR: RRR :: BRR: R:: R=: R: &. in x. 
As one Pound : Is to the Amount of one Pound at one 

That is Sear End:: So is that Amount: To the Amount of 

one Pound at Two Year's End, Gc. 


* ' - ' « 
T: * — . * * 
. WW hen e 1 
* . : d ol 
» 2 a 
5 * 4 » * - * 
. 9 1 
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Whence it is plain, that Compound Intereſt is grounded up 
on a Series of Terms, Increaſing in Geometrical Proportion 
Continued ; wherein 1 (viz. the Number of Years) does al- 


ways aſſign the dex of the laſt and higheſt Terms. 
_ Viz. the Power of R, which is Kt. 


Again, As 1: Rt:: P: PRt = A the Amount of P for 
the Time, that Kt = the Amount of 1 /. 


As one Pound : Is to the Amount of one Pound for any 
That i give Time :: So is any propoſed Principal (or Sum ) 
. To its Amount for the ſame Time. 


From the Premiſes (7 preſume) the Reaſon of the following 
Theorems, may be very eaſily underſtood, 


Theorem 1. Pxrt 8 As above. 
From hence the Two following Theorems are eaſily deduced. 


= 
VE 

WP 
* d 


Theorem 2. . P. Theorem 3. 45 = we; 


By theſe Three Theorems, all Queſtions about Compound In- 
tereſt may be truly Reſolved by the Pen only, viz. without Ta- 
bles ; Tho? not fo readily as by the Help of Tables, Calculated 
on Purpoſe, As will appear farther on, 


Queſlion x, hat will 2561. 10. Amount to 72 Seven 
Years, at 6 per Cent. per Annum. Compound Intereſt ? 


Here is given P = 256, t. and R = 1,06 which 
being inv-lyed- until its Index = t (oz. 7.) will become 
BEES © Then 122364 x 256 85,6811 = 4 = 3650 d 
kt Then 1,5353 x 250,5 = 305,0011 = A= 135. 72d. 
u Which is the 3 required. ; : . 
Queſtion 2. he Princi pal or Sum of Money muſt be put 
(or Let) out to Raiſe a Stock of 3851, 15. 71 d. in Seven Years, 
' at 6 per Cent, per Annum Compound Iuter:ft * | 
Here is given 4 = 385,6811 R = 1,06 and t = 7 To find P. 
by Theorem 2. 255 
Thus Rt = 1, 50363) 38,6811 = A (256,5 = P. 
That is, P — 2561. 10s. which is the Principal or Sum as 
was required. | % 5 
pcs Queſtion 


4 
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Nueſtion 3. In what Time vill 2561. 10s, Raiſe a Stock 
of (or Amount to) 3851. 133. 71 dl. allowing 6 per Cent. per 
Annum Compound Intereſt 2 
Here is given P = 256,5 A = 385,6811 R = 1,06 To find? 


by the Third Theorem 4 RY —7 regen = 1,50363, 


which being continually Divided by R — 1,06 until nothing 
remain, the 3 of thoſe . will be = 7 =t 
Thus 1,06) 1,50363 (1,41852 And 1,06) 1,041852 (1,33822 
Again 1,06) 1.338225 (1,262477. And fo on until it — 
come 1,06) 1,06 (1, which will be at the Seventh Diviſion. 
{Loon it will be r — 7 the Number of Years required by the 
eſtion. | 


Nueſtion 4. 7 2561 . 105 . will Amount to (or raiſe 2 
Stock of ) 3851. 135 . 75d. in Seven Years Time; What muſt 
the rate of Intereſt be, per Cent. per Annum ? 

Here is given P 256,5 A = 385,6811 and t = 7 Quere R. 


By Theorem 3. 17 = Rf 1, 50363. As before in the Laſt 


Queſtion. And if at RN =1 50363 Then R = 7? v1,5036 
which may be thus Extracted. "IDS 


Put] 1jr +e = R Then 
1&7] 2] + 71% + 21 % = R) 1, 503632 
2 — 71] 2171% 21e Gf 
n 4jre . ze == =D 
4 = | E Let r= x Then D = 0,0719 


Operation 7 1,00) o,o 719 (0,06 e 
ze = ,18 708 
Diviſor 1,18 (11) to be rejected. 


Firſt = 1, __ 
Þ 6 =0060 =396=R 


Then 1: 0,06 : % : 6 The Rate p-r Cert. requireL 


The Firſt Three Queſtions may be much more eaſily per- 
form'd by the following Table, which is only the 32 
ene Pound for Thirty-nine Vears. | 

| That 


256 . l 
That is; of R. RR. RRR. R.. RS. and fo on to Ru. 


my "The Amounts RN The Amounts A Amounts 
$ of i at s per] J [of il. at 6 per] S fof 1. at 6 per 
5 Cent. &c. Com- 11 Cent. &c. Com- I Cent. &c. Com- 
> | pound Intereſt. | A f pound Intereſt pound Intereſt, 

— — — — — — —— — 
111,06 R 14 2, 2609039557 27 | 4,8223459407 
2 e 1312, 3965581931] 28 een 
3 | ,191016=R3| 2934183878590 
4126247696 6 | 2,54035$16847] 3057434911719 

2 18 2,8543291529 316,088 100643: 
6 1, 4185191122] 19 | 3,0255995021| 32 6.4533866818 
7 150303025 20 | 3,2071354722| 33 | 6,84058988:8 
3166846076 3417,2510252757 
9 1.6894789590 on 3, 3999636005 35 | 7,6860867923 
lo | 1,7908476965 22| 3,6035374166] =} — 

——_ 23| 358197496616] 36 8,1472519998 | 
It 1,8982985 583] 24 4,0489346413] 37 | 8,6360871198 
12 | 2,0121964718 | 25|-4,2918707197] 389,1 542523470 
13 | 2,132928260x | . 26] 454938296291 39 9,7035074878 | 


The Title of this Table ſhews its Conſiruction, and its Uſe will 
eaſily appear by an Example or T w w. 


Erample 1. What will 3751 10% Amount to iu Nine Years, 
| at 6 per Cent. per Annum, . 


The Tabular Number againſt 9 Years is 1,68 2479 which 
being Multiplied with the Principal 375,5 will produce 
634,3993 Sc. viz. 634.1 . 8s . fere, being the Amount or Au. 
ſwer required. l 


Example 2. V hat Princi pa! (or Sum) muſt be pus to Interef 
to Raiſe a Stock of 6341 . 8s . in Nine Years Time, at 6 per 
Cent. per Annum, Ge. | 7 


If the propoſed Stock (viz. 634,4) be Divided by the Tabu- 
lar Number that is againſt the given Number of Years (viz. 9.) 
the Quotient will be the Principal (or Sum) requir d. Viz. 
againſt 9 is 1,689479.) „ RES 

Then 1,689479) 634,4) 375,5 = 3751 « 10s . the Prim 
cipal (or Sum) as was required. | 


Example 3. In what Time will 2751 , 10s » Raiſe a Stock of 
Divide 


(or Amount to) 634! . 8s . at 6 per Cent. &c, 
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Divide the propoſed Stock (viz. 634,4) by the given Princi- 

( viz. 375,5) and the Quotient will thew the Tabular Num- 
r that ſtands, over againſt the Time ſought, TY WIE 
Thus 375,5) 634,4 (1,689479, Sc. this Number being ſought. 
in the Table will be found to fland againſt 9 Years, which is ths 


Time required. , 

But if! the Quotient cannot be truly found in the Table of 
Amounts for Years, as above; then take out of that Table 
the neareſt Number that is Zeſs, and make it a Diviſor, by 
which you muſt Divide the Quotient ; and then ſeek the 
ſecond Quotient in the Table of Amounts for Days (which 7s 
inſerted a little further on) and it will aſſign the Number of 
Days. As in this Example, 


I what Time will 5631. Amount to 8601. at 6 per Cent, 
per Annum, Compound Intereſt ? 8 


| Anſwer. In 7 Years and 99 Days. 
Thus 563) 860 ( 1152753 which ſhews the Time to be more 
(or above ) Seven Years ; For over againſt 7 Years is 1, 50363 
which being made the New Diviſor: | 
Viz. 1,50363) 1,52753 (1,01589, Sc. this Number is the neareſt 
Amount to 99 Days, 92 

Note, If the Stock, Principal, and Time be given; the Rate 
of Intereſt will be beſt found by Extracting the Root, &c. As 
before in the Fourth Cue ſtion. 


The next Thing that I ſhall here propoſe, is to make this 
Table (which is only Calculated for the Rate of 6 per Cent.) 
Univerſally Uſeful for all the Rates of Compound Intereſt, which 
I may 1 to ſay, is a New Improvement of my ow", be- 
ing well fatisfied it never was Publiſhed before ; and not only 
ſo, but I have heard ſeveral very good Artiſts afficm it was impoſ- 
ſible to be done. 

The Method of performing it is briefly thus, Let x — the 
Difference between 1,06 R the Amount of 17. for one Year 
(in the Table) and any other propoſed Amount of 1/7. for one 
Year ; which.admits of Two Caſes. 


Caſe 1. If the propoſed Rate be Greater than the 1,06 = R, 


_ will R + x the true Amount of 1/. for one Year at that * 
5 ate, 


: 9 | Caſe $ 


| 
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Caſe 2. But if the propoſed Rate be leſs chan 1,06 =R 
then it will be R — x = the Amount of 1 J. &c. 

t —1=b.t—2=c.t—2=—=d. t — 4 &. 
Make ith g. gm. zan un 4127 wo 

Then will Rc + t Rbx ＋ g Rexx + mRixxx — the 
Amount of 10. at the given Rate, for any Time denoted by t. 
In Caſe 1. 

And Rt — tR®x + g RN — mRIxx 8c. == the Amount of 
11. in Caſe 2. 

Which is no more but this: Let R + « Or Row * (which 
ſoever it is) be involved (as directed in 2. x hap. 2.) to 
the ſame Power or Height as * Index t hs” * Time in 
the Queſtion denotes : Rejecting all the Powers of x above xxx 
Or xxxx at moſt, as uſeleſs. 

Then multiply that Power of R - x Or X — X into the 
given Principal, and their Product will be the Amount re- 

ured, 
» An Example or Two in each Caſe will render all Eaſy, 

Example t. Suppoſe it were required to find what 2561, 
would amount to i Fiſteen Years, at 81. per Cent. per Annun 
Cem pound Intereſt * Here t = 15. | 


, 


Firſt 100: 108: :1: 1,08 the Amount of 1 J. at 8 per Cont. 
Next 1,08—1,06=0,02=s. And R + x=1,08 As in Caſe 1. 
Then K* + 15 K'*x + 105 KXR + 455 R' xxx &c. = the 
Amount of 1 J. for 15 Years, at 8 per ent, 


| Here x = 0,02 . 4 o, oog. and xxx = ,000008 


By the Table R's = 2.396555 
$ 15 R'*x == — X 15 X ,02 = 0,678271 
And 15 R. = 2,132928X105X,0004 = 0,089583 


£455 R = 2,012196X455X,000008 == 0,00732 
Sum == 3,171736 


Then 3,171736 K 256 = 812 964416 = 4 
md, 811. 93. 34! N. Wich ch is the 1 = 
quire 


Example 2. What will 3651, Amount to in Seven Yea 
at Four end a half per CG Ge. 


; ahh 200 1,945 :: 1: 104,5 the Amount of 11, at 40 
67 Ce. | 


Next 


MM. 
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Next 1,06—1,045 V. 15 . Conſequently R—x==1,045 as 


in Caſe 2. 
Then Rx — 7R*x Þ+ 21 RKK — 35 R*xxx &c, the Amount 


of 17. for 7 Years, at 4, per Cent. 


Here x == 5015 XX = 5000225 8 and xxx = 009003375 


By the Table R? = + 1,503630 

— 7R*'s = — 0,148944. 

And < + 21Ri5xx = + 0,0C6323 

— ZJR*xxx == O, O00141 

R — R + 21 REX — 35Rixxx = 1,360868 


Then 1,360868X365 = 496,71682 = 4. 
That is, 4961. 145. 34d. is the Anſwer required. 


If the Reaſon of theſe two Operations be but well underſtood, 
it will be very eaſy to Conceive how to find P, the Princi pal, 
by having A, t, and x given (becauſe R and its Powers are 
always given by the Table.) 

For Rt + tarts + gRexx+ mRIxxx X P==4 (as above.) 
A 


Therefore Eran mio — Þ 
Or if A, P, and t, be given, x may, be found. 


For Rt + tRbx + gRexx+mRixxx = 5 This Æquation be · 


ing Solved (as in Chap. 10) the Value of x mill be found; 
170 then either R + x, Or R — & will ſhew the Rate of Iuta- 
reſt, &c, | 

But I ſhall leave the Numerical Operations to the Learner's 
Practice, ſuppoſing enough done to ſhew how long all Queſtions 
of this kind that are limired by whole on may be Computed. 

And if the Time given or ſought be not Terminated by whole 
Years, but by Weeks, Months, Quarters, or Half-Years, &c. for 
Reſolving ſuch Queſtions, the beſt way will be to Reduce thoſe 
Parts of a Fear into Days; that done, find an Azſwer accord- 
Ing to the Demand of the Queſtion (and agreeing to 10. as be- 
fore) for that Number of Days ; and in order to that, it will 
be requiſite to find the Amount of 11. for one Day (as in my 


Compendium of Algebra, Page 110) which 1 ſhall here inſert. 
Put a = the Amount ſought, then it will be 
I: 6 :: 414: 4414444: 44 4:4 24 4 ge ff to 4. 


112 That 


f 
DINERS AS 


— 


As one Pound is to its Amount for one Day:: $ 
Yer that Amount: To the Amount of Two Days : : And 


Jo is that of Two Days: To that of T Days. And 
ſo on in &; to 365 Days. 


Then the laſt of the Terms will be 26 = 1,06 
. r +e=a. And let 1 


That 1 is 


I & 365 365 + 1655 + 6643073 See = 4355 106 
2, in Num 1 ＋ 365e + 66430ee = 1,06 
3 — 41 365e + 65430ee = 0,06 
4 — . 5 


5005490 + ee = 0,0000009032 = D 
52 — 


Operation n 0,0000009032 (500016 = e 
e soon) 55 
I. Diviſor , 0055 ern 
2. Di viſor 50565 3320 = 0,00016 


22 00016 
New ＋ 00016 for a Second Operation. Then 


2, in Num. 7} 1, 06013401407 + 386,887e 70402, 1725 
= 1,06 Hence it appears that — — e =4 


Therefore] 81 1,0601 . — 386,887 e + 70402,172et 
8 = 1.06 
B+ | 9 386, 887 e — 70402, 172'ee = 0,00013401407 
1 10054953 — ee , gags} 57 | 
3 11 — 0000001903553 
. E 70554953 1 
Operation 50054953) ,000000001 9035503 (,000000 = 
— £ = 0000003: 41890 
Diviſor 0054950 255959 (0090000464 
219800 
Laſt yr = 1,00016 352503 
e = 0,00059003464. 329700 
Y — 2422 1,0001 596536 228030 
? „ 1 4 219800 


Which being further purſued to a Third Operation, it wil 
be 4 1,900159653587453 Ws. This 


_ 0 
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This Value of 4 is the Amount of 17. for one Day, from 


which, if 1 /. be Sulſtradted, the Remainder = 000139652587 
Kc. will be the [tereſt of 11. for one Day. Conſequently, 


any 


propoſed Principal be Multiplied into weither of theſe, the re- 
ſpective Product will be the Amount or Intereſt of that Principal 
for one Day, at 6 per Cent. &c. 


And that the Amount (or cnet N 
may be eaſily computed for any N 
Year ; I have here inſerted the following 


the Laſt found 


of any Princi pal or Sum 
mber of Days Leſs than a 


Table, which with a 
great deal of Care (and I believe Exactueſs) is Calculated from 


(1,000159653587453) Amount of 11» for one 


Day. To which alſo is Arnexed a Table of the Amounts of 
11. for Months. 


[ o Amountsot 14. | & Amountsof 17. © |Amountsof 1. 
12 &c. * &C. 2 &c. 
11, 0001596536] 26 1, 041592879] g1 1,008 1749166 
2 | 1,0063 193326 27 | 1,0043 196055 5210053358752 
3, oo 9 281, 044799487] 53 | 1,0054963597 
4 | 1,0906387673 | 29 | 110046403175 | 54 1, 086578699 
5 | 109097985229 | 30 | 10048007120 | 55 | 1,0088189057 
— 6— . — — . — . — — 
611, 00095 83039 | 31 | 1,0049611320 | 56 | 1,0089799673 
1710011181155 32 | 1,0051215776 | 57 |1,0091410545 
81, 012779426 33 | 1,0052320488 | 58 | 1 0093021675 
9 | 1,0014378002 | 34 | 10054424457 59g | 10094633062 
10|'1,0015976334 | 35 | 10056030682 | 60 | 1,0096244707 
11 1,0017575920 | 36 | 1,9957636164 | 61 | 16097856608 
12 | 1,0019175262 | 37 | 1,0059241901 | 62 | 1,0099468767 
I; | 1,0020774359 | 38 | 1,0060847895 | 6; | 1010108118 
14 | 1,0022374712 | 39 | 1,0662454146 | 64 10102593834 
15 1,0239748 20 40 1,0064060653 | 6510104306789 
16 | 1,0025575184 | 411, 00656667416 66 10106919978 
17 t, 027175803 421, 067274436] 67 1,0107533424 
181, 0028776677] 431, 078881712] 68 1,0109147128 
19 , 030377808] 44 | 1,0070489245 | 6g | 1,0110761090 
0 1,0031979193 45 | 1,0072997035| 701, 0112375309 
21 | 110033580850 | 46 | 1,007379508z | 71 | 1,0113989785 
22 | 1,0035182732 47| 1,0075313385| 72 | 1,0115604521 
23 | 10035784885 | 48 | 1,0076921945| 73 | Lol17219513 
24 1, 0038387294 49 | 1, 00785 30762 | 74 | 1,0118834764 
| _25 | 1,0039989958 | 50 | 1,0080}29825 | 75 | 1012940227 | 


Days 


| * 1. 
h Aigebza.. i Part II. 
Kmountsof 1. | 7 Amountsof 17, V | 


Amountsot 17, 7, 
&c. Y &c. | 


&C, 
10122066038 I 50186908653 | 


— 


10262166650 


10185282578 


10123682062 
10125298344 
10126914885 
1,01285 3 1683 


CC ä —ę—ꝶʒ 


10130148739 


1,0131 766054 
10133383627 
10135001458 
1,0136619547 


I ol 38927835 


| L,01395S565cl 


1,0141475365 
10143094488 
1,0144713869 


— —— ¶ — 


191463335 11 


1,0147953408 
10149573565 
10151193981 
1501528 14655 


1,0154435539 
I,01 56050781 
150157678232 
15019299941 
1.01609 21910 


10162544138 
150164166624 
10165789370 
10167412375 
1,0169035638 
1,0170659161i 
1,0172282944 


1,0173906985 
1,0175513286 


1,0177155846 


1,0 178780665 
1,01 80405744 
1,018 203 1083 
150183656680 


% 


1,0188535031- 


1501 9016 1667 
10191788563 
10193415719 


10195043134 


1,0 196670809 


10198298745 
1,0 199926934 
150201555389 


10203184110 
1, 02048 13084 
1,0200442319 
150208071814 
1, 0209701569 


150211331585 


10212961861 
150214592397 
10216223193 
1,021 7854250 


1,0219485507 
1,0221117144 
1,.0222748982 
1,0224381081 
1,0226013440 


1,0227 645050 
10229278940 
10230912081 
0232545483 


10234179146 


150 235813069 
I,9237447253 
1,02 39081 699 
1,02 40716405 
1,0242351372 


1,0245622089 
1,0247257830 
1,0248893 85 
1502505 


1,025 7077827 
10258715406 


150260353247 
10261991349 
1502 636297 13 


1,0268 546374 
10270185784 
10271825456 
1.027 3465389 
1,0275 105585 


1 0276746045 
10278386764 
1,02 50027746 
15028 1668919 
02633 10494 


1,0253803453 
150255440509 


10265268335 
1.0 266907223 


— 


10284952262 
1,0286 594291 
10288236583 
150289879137 
10291521953 


1.0 294908372 
1, 0296451975 


0299739969 
10301384359 
10303029012 


1 030467 3928 
1,0306319206 


1,0316195692 | 


— 


— — 


1029316574731 


1, 0298095841 


10307964557 


1,0 309610251 
1,05 11256216 
1,03 12902445 
1.03 14548937 


Pays 


„ aw» 


1 


— — 


196 
1.03 19489990 


Amountsot 11. 


&c. 
1,0317842709 


10321137534 
10322785341 
1,03 24433410 


1.032608 1742 
10327730339 


10329379198 


10331028321 
1, 033267770 


— — 


1,0 34327365 


1, 0335977268 
1,03 376 27444 
1,033$277883 
1,0340928586 
1,9342579552 
1,0344230782 
1,0345882275 
10347534033 
1,0349186054 


10350838338 
1,035 2490887 
10354143699 
10355796775 
10357450115 


150359103719 
10360757587 
1,0362411719 
1,0364066 116 
1, 03657 10776 


10367375701 
,o 369030889 
1,0 370586342 
10372342059 
15037399804 1 


10375654287 
10377310798 
1, 0378967573 
10380624612 
10382241916 


— — 
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YT 
K 


236 


237 
238 


Amountsot 11. 
a &c. 


1, 0383939484 
10385597318 
1,03 87255415 
150383913778 
150390572405 


10392231298 
10393890454 
0295549376 
1.0397 209563 
150398869515 
150400529732 
150402 1902 14 
150403850961 


150405511973 
10407173250 


1, 408834793 


1,04 10495601 


150412158674 
150413821012 
1,04 15483616 


1,04 17146485 
150418809620 
150420473021 
1450422136687 
150423800618 


1, 0425464815 
10427129278 
1,0428 794007 
10430459001 
150432124261 


1,0433789787 
110435455479 


150437121637 


1,04 38787961 
50440454551 


10442121407 
1,0443788 529 
10445455918 
150447123572 
4, 448791492 


— 


276 
277 
278 
279 
280 
281 
282 


233 
284 


— 
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Amountsof 17. 


&c. 


10452128133 
1,04 53795853 
10455446584 
750457135092 


150458804611 
1,0400474397 
1,0462144449 
1,0463814768 
1,0465484353 


1,0467156206 
1,0468827325 
1,0470498711 
1,0472170363 
1,0473842283 


— —— — 


1,0475 514469 
1,0477 186923 
10478859643 
1,04 8053263 1 
1, 048220588 5 


1, 0483879407 
0485533 196 
10487227252 
1, 0488901576 
1, 0490576166 


15049225 1025 


10493926150 


1, 0495601543 
150497277204 
150498953 132 


1, 0500629327 
150502305790 
10503082521 
1,0505659 519 
150507336786 


1, 0509014320 
1,05 10692121 
150512370191 
1505 14048529 


21222124 


r, o 50459680 


| 


Days 


Fan's; 


— 


art I, 
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Amountsof 17. — Amountsof 11. D Amountsof 1. 
2  &c, ; © Ss I. &c. 
316 1,95 17406006 339 | 10556094165 | 36z | 10594924636 
307 a 340 | 1, 0557779484 7 n 
318 10520764559 — — | 364 | 1,059830794:2 
319] 1:0522444237 | 3%, 19 8 365 | 1,06 
— —— 343 10562837053 — RE 
321 Og 00097 344 $09 4822448 
3221,05 27484880 345 | 1,0560210112| — Eat 
323 106 29165631 * . n—_ | The Amounts 
324 | 1,0530846650 | 345 | 10567897045 | = of 11. at 6 per 
325 | 1,09532527937 447 10569584248 8 Cent. 
— —— | 34 | 1,0571271720 & | For Months. 
326 | 1,0534209493 | 349 | 10572959594 | — — | 
225 1,0535891317 | 350 | 1, 0574647472 1 l 
328 1,0537573410 > — | 2» | 12097597942 
329 | 1,053925577t | 351 | 19576335753] 2 | 1,0146738462 
330 | 1,0409 38401 | 35? 1,0578024303 4 | 1,0196128224 
331 | 1,0542621300 | 354 | 0581402211 | © wg 
332 70164706467 355 | 10583091570 | 6 16,2 vg 
333 | 10545987903 | | — 7 | 10345744641 
334 | 1,05476716g8 | 359 | 9584781199] g | 1.0396 193076 
335 | 1,0549355582 | 355 | 2526471097 | 91044670563, 
— —— | 355 | i,0538161265 | 1 I,0497556507 
336 | 1,0551039824 | 359 | 1,0589851703 | 8 
337 | 10552724336 | 360 | 1,0591542411| 11 | 1,054865 3894 
33Þ | 10554409116 | 361 | 10593233389 | 12 11,06 _ 7 


The uſe of this Table is in all reſpects like that of whole 


Years, in finding the Amount of any given Sum for poſed 
Number of Days Leſs than a Vear. 1985 
Example 1. Suppoſe it were required to find the Amount; 
| of 54 J. for 210 Days at 6 per Cent. 


The Amount of 1/1, for 210 Days is 1,0340928 &c, per Table, 


Then 1,0340928 „ 375 = 387,7848 Sc. = 3871. 15 s. 8d, 
which js the Amount Nes OT Lads 


And the reſt of the Variations may be perform'd juſt as in 
the Examples of whole Years. | 

But if the Time given conſiſts of Years, and Parts of a Pear; 
as Quarters, Months, Gr. Then Reduce the Odd Time o 
Parts of the Year into Days; And the Anſwer may then be 
found at Two Operations; As in the following Example. 


, 


Euur 


Chap. 12. Or Compound Intereſt, &c. 265 


Example 2. Si poſe it were required to find what 2651. would 
„ to bs For Years and 135 Days at 6 per Cent. &c. 


5 Years is 1.338225 Sc. 
135 Days is 1,021785 Ge. 


Firſt the Aniount of 17. for 1 


Then 1, 338225 X 1,921785 X 2651. = 362,355232 Sc. 


being the Amount or Auſwer required. 


Or, if the Amount and Time are given, To find the Priuci- 
pal; Then Multiply the Amount of 17. for the Years, and the 
Amount of 11, for the odd Days together ; And by their Product 
Divide the given Amount, the Quotient will be, the Principal re- 
quired, | 


Example 3. What Principal will Raiſe a Stock of 3621. 7 5. 1d. 
Or 362,3552321. in 5 Years and 135 Days, at 6 per Cent. (gc. 


| 5 Years is 1,328225 c. 
The Amount of x for ; 9. Days is 1,921785 Ge. 


Then 1, 338225 X 1,0021785 1, 367378 &c. the Diviſor. 
_ I,367378) 362,355232 = A (2651, the Principal re- 
quired, "x 

Again, if the Prixcipal and its Amonzt are given, To find the 
Time, at 6 per Cent. &c. you muſt divide the Amount by its 
Principal, and then proceed as in the Third Example, Page*256, 
for the Auſwer required. | 

But if the Amount and its Principal, with the Time of its 
being an Iutereſt are given, To find the Rate of [tereſt ; Then 
proceed as in the Fourth Que ſtion, Page 255 c. 

Now in order to make this Table of Amonnts for Days, uſeful 
for all Rates of Intereſt (as before in that for Years ) you muſt 
firſt find the Simple [tereſt of 17. for one Day, both at the given 
Kate, and alſo at 6 per Cent. And call their Difference x. 

Thus, ſuppoſe the given Ratio were 8 per Cent, per Annum. 
Firſt 130 :8 :: 1: 0,08 And 100: 6: : 1: 0,96 the Two 
Simple Iatereſts for one Year. 

Then 365) 0,08 (,00021917 Ec. the Simple Jutere ſt of 11. 
for one Day at 8 per Cent. 

And 265) 0,96 (0,90016428 Sc. the Simple Inzereſt of 11, 
tor one Day at 6 per Cent. . 

Their Difference 0,90005479 = x which may do indifferently 
well for ordinary ſmall Queſtions; But where Exactneſs is required, 
it will be convenient to make Uſe of this Proportion. 

M m Viz. 


| 
— 
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As the Simple Intereſt of 1 I. for one Day at 6 per Cent: 
Viz. ö 


Is to the 'Tabular Intereſt of 1 J. for one Day : : So is the 


Simple Intereſt of 1 J. for one Day, at any given Rate: 
To a Fourth Number. 


That is, o, ooo 16438: 0,00015965 : : 0,90021917 : 0,00021286 
Then o, oo0 21286 - 0,00015965=0,0000532I=x. 


This x being volved with the reſpective Amounts for Days, in 
the ſame Manner as was done with thoſe for Years (vide Page 258) 
the Reſult will be the Auſwer to the Queſtion. - 


Sea. 2. Annuities or Penſions in Arrear ; Computed at 
Compound Intereſt. 


When Annuities, &c. are ſaid to be in Arrear, ſee Page 248. 
And 1 ſhall here make uſe of the ſame Letters to repreſent the 
ſame thing as before in that Page, fave only that R is here equal 
the Amount of 17. as in Section 1. of this Chapter. 


Suppoſe uv = the Furſt Year's Rent of any Annuity without 
Dntereſt. x 


the Amount of the Firſt Year's Rent, and 
Then will Ru- Tur Tics Intereſt; More the 2d Year's Reni. 
the Amount of the iſt and 2d Years 

And Enke ge-d Rents, with their Intereſts ; More the 
3d Year's Rent, &c. 

Here RN R. C- A the Amount of any Yearly Rent ot 
Annuity, being forborn Three Years. And from hence may be 
deduced theſe Proportiors. 

Viz. u: Ru: : RU: RRu : : RRu: RRRu and ſo on in for 
any Number of Terms or Years Denoted by t, wherein the Laſt 
Term will always be #Rt—." | | 


Conſequently A — R — * = the Sum of all the Antecedents 
And 4—#= the Sum of all the Conſequents in the Series. 
And therefore it would be # : :: AmuRi—* ; A—# Vide 
Page 188. | 
Ergo Au—ut==Rud—uuR* which being Divided all by 2, 
will become 4 un RA Rc. : 
From this Laſt Æguation it will be eaſy to Raiſe the following 
T heorems. | | | 
: FER 
Throrem 1. 1 7 
1 


—= A Theorem 2. - 


” " T WE =o: 
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Theorem 3- 25 2 — = R. If this Æquation be continu- 


ally Divided by R, until nothing remain, the Number of thoſe 
Diviſions will be t. See Page 255. 
4. Again 2. —.— If this Æquation be Reſolved 


into Numbers, according to the Method propoſed in Sect. 3. 
Chap. 10. the Root will ſhew the Value of R. 


Queſtion x. J zol. Yearly Rent, or Annuity, &c. be for- 
zorn (viz. remain un paid) Nine Years ; what: will it amount to, 
at 6 per Cent. per Annum Compound Intereſt c 
Here is given #=30 t =9 And R=1,06 To find 4. Per 


Theorem 1. 
RO 1, 68947 By the Table of Amounts for Years 


30 


R. 5, 684370 
— — 3O, 


8 —1 = 06) 20,684370 (3447395 = 344“. 145. 914. 4 
the Amount required, 


Queſtion 2. hat Yearly Rent or Annuity, &c. being For-. 
born or unpaid Nine Years, will raiſe a Stock of 3441. 145. 95d. 
— 3447395 at 6 per Cent, Gc. 

Here is given A=344,7395t =9. And R = 1,06 To find . 
Per Theorem 2. | | 
AR = 3447395X1,06 = 365, 42387 * 
; — A = 3447395 


Rf — I = 1,689479—1==0,689479) 20, 8437 (30 


Queſtion 3. 7: what Time will 301. Yearly Rent, raiſe a 
Stock or Amount to 3441. 14 5. 914. allowing 6 per Cent. for the 
Forbearance of Payments © | 

Here is given 2 = 30 A = 345,7395 And R=1,06 To 
* 5 Per Theorem 3. . 

rſt AR +4 — 1 = 365, 4238730 — 344,395 250, 68437 
And #==230) 50, 68437 1 e = Re. Then En. 
R =1,96 1,689479 (1,593848 And 1,06) 1,593848 (1, 50363 
and fo on until it become 1,06) 1,06 (1. which will be at the 
Ninth. Diviſion; therefore i = 9. | | > OE 


Mm 2. Or 


* } * 


| 
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we 1,689479 being ſought in the Table of Amounts for 


Years, will be found to ſtand over-againſt 9 Years, which is the 
Time required. | 


Queſtion 4. / zol. per Annum, being unpaid Nine Years, 
will Amount to 3441. 145. 77 . allowing Compound Intereſt 
For every Payment as it becomes Due, What muſt the Rate of lu. 
tereſt be per Cent. &c. 
Here is given 2 = 30 4 = 344,7295 And t —9 To find g 
by the Laſt of the Four Æquations, Viz. 4 R— Rez =! 


Firſt 22 15-2325 = 11, 491317 And 2 = == 10,491317 


_ Hence there is this Æquation 11,491317 R — R? = 10,491317 
„ Let] Ire = X And ſuppoſe = 1 

10 9 2 + 91% + 367? ee — Rv 
1,in Numb. | 3|11,491317e = 11,491317e = 11,491 3178 


25 in Namb. j 4 1,0c0000e + 9,900000e + 36e . = 
3—4] 510, 491317 — 2,49131/ — 366 = 10, 49131) 
6+ | 6] 36ee = 2,491317e | 

6 30 7e = 0,06 &c, 


: ene As may be ea ſi. Tryd ; Invol- 
9 : 8 8 80 Feel ving it, aud Ordering 15 as the 
— O, | . 


Aguation above directs. 


Seflion 3. To find the Pꝛeſent Moꝛth of Amis, Pen- 
ſiont, Or Leaſes, &c. at Compound Intereſt. 


Let P == the preſent Worth of any Annuity," or Leaſe, &, 
and the reſt of the Letters as before. \ | 

Then, from what has been ſaid in Section 3. Chap. x1. about 
Purchafing of Aunuities, &c. at Simple Intereſt, it will be caſy 
to form the like Th!orems here at Compound Intereſt, 2b. by 


Combining Theorem 1. Page 269. and Theorem 1, Page 254 
into one Theorem. 


3 The Amount of any Yearly Rent being un- 

For — = A 3 paid any Number + "554 Per Theorem 
C1. of the Loſi Section. | 

| be Amount of any Principal or Sum benny put 

And PR = A 12 Iutereſt, for the, ſame Number of Years. 

Per Theorem x. Page 254. 


Hence 


Hence it follows, That PR: ? 


Viz. PRt + 1 — PRt u- being the very ſame Equation 
with that in my Compendium of Algebra, Page 112. which is there 
Raiſed from the Conſideration of Purchaſing Annuities, or Taking 
of Leaſes, &c. to be grounded upon a Rant or Series of Geometri- 


cal Proportionals Continually Decreaſing. Thus 5 is the Firſt 


and Greateſt Terms ; R the Common Ratio of all the rms; 
And P is the Sum of all the Series. 


CE "ho 
That is, & M RR RAR RAE BR N &c, in = 


until the Laſt Term =; Then will PF be the Sum of all 


the Antecedents And P — E will be the Sum of all the Conſee 


R 
qnents, Therefore it will be 


u tu 833 28 2 1 
3: o Or (in the fame Ratio) 2: N: P— N P — 
which produces PRt + - #Rt = PRt— z. As above. 

From this Æquation may be Deduced the following Theorems. 


Theorem 5 — Eb. Theorem 2. * - N 1 2 
Theore 4 wo Rt 4 Which being continually Di- 
n 3. P = NN = vided xy R, will give t. 


Theorem 4. IPR Rt + Rt — Rt . . The Reſolving of 
this Æguation will diſcover the Value of R. 
Queſtion 1. What is 201. Yearly Rent, to Continue Seven 


Years, worth in ready Money, allowing 6 per Cent, Compound 
Iutere ſt to the Purchaſer D | 8 9 


Here is given 2 — 30. f =7. And = 1,06 To find P. 


Per Theorem 1. Viz, ; = aim 19,9517. 


| Zi 
And 30 — 19,9547 = 19,483 . FN. 
es: * n Bs 


Chap. 12. Of Tompound Intereft, &c. 255 


' 


Algebra, Part 11, 


Then R—1—0,06) 10,048: 167 16=P=1671. - os 
being the Anſwer required, e 8 


— 8 


— 


270 


Queftion 2. What Annuity or Yeamly Rent, to Continue Sever 
Years, may be Purchaſed for 167). 95s. 5 d. allowing 6 per Cent, 
Compound Intereſt to the Purchaſer 2 


In this Que ſtion there is given P = 167,4716 . t = 7 
And RK = 1,06 To find 2. By the Second Theorem. 
Fiſt PRc X R = 251,8153 X 1,06 = 266,9242 
And — PR = 107,4716X1,50363) — 251,8153 


| Then At 1 = 0,50363) 15,1089 (30 = # 
That is 2 = 300. the Anſwer required. 1 | 


Queſtion 3. How long may One have a Leaſe of 301. Year! 
Rent, for 1671. 9 5. 5 d. allowing 6 per Cent. Compound Inter 
to the Purchaſer © N 
Here is given E= 167, 4716. 4 = 30. Aud R= 1,06 To 
fird t. By the Third Theorem, | | 
Firſt PH = 167,47164+30=197,4716 
And — PR=177,5199 
Then 19,9515) 30 = 4 (1, 50363 = Rt 
FF this 1,50363 — Ke be either Continually Divided by 
1. 06 = R until nothing Remain (As before in Page 255.) Or 


if it be ſought in the Table of Amounts for Years, &c. it will 
diſcover t = 7 which is the true Auſwer required. | 


Queſtion 4. Suppoſe One ſhould give 1671. 9s. 5 d. for the 
Purchaſe of a Penſion, or Annuity of zol. per Annum, to Con- 
Tine Sever Years; At what Rate of Intereſt, per Cent. would 
thai, Purchaſe be made, allowing Compound Intereſt to.the Pur. 
chaſer £ | | 
In 2th Qreftion there is given, P=167,4716 , = 30 And t= 
To find R. Per Theorem 4. bt 


The 4th Theorem in this Æquatiion = Rt + Rt Ri 


Which being broyght into Arzbers, and its Root Extrafed, as 
in the fourth tion of the Laſt Section; the Value of R will be 
found 1,06 viz. R = 1, 06. | 

And rhen it will be, E: 0,06 :: 100: 6 the Rate per Cent. 
45 was required. Ds Lo „ 

bY 6. : 85 b The 
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Theſe Four Queſtions include all the Varieties that can be pro- 

ſed about Purchaſing Annuities or Leaſes, &c. which are to 
be either immediately Enter d upon, or. in Poſſeſſion at the Time 
when the Purchaſe is made. 

But ſoch hg pig as relate to Aunuities, or a Taking of 
Leaſes, &c. in Reverſion, muſt be Parted or Divided into Two 
Diſtinct Queſtions, each to be ſeparately Conſider d by it ſelf 
(Cee Page 252.) As in the following Example. 

Example 1. Suppoſe it were required to Compute the preſent 
Worth of 751. Yearly Rent, which is not to Commence or be Er- 
ter d upon, until Ten Years hence; and then to continue Seven 
Years after that Time: at 6 per Cent. &c. Compound Intereſt 2 


The Firſt Work in this Que ſtion, is to find what 751. per An- 
num, to continue Sever Years, is Worth in ready Money; as if 
it were to be immediately enter'd upon : And to perform thar, 
there is given 2 = 75 R — 1,06 Angt=—=7. Io find P. As 
in the Firſt Cue ſt ion of this Section. 


Thus, I er = 49,8793 And 75 — 49,8793 = 25,1207 
2 1 


Then, R — 1 — 0,96) 25,1207 = 418, 6783 = 418 J. 145. 63d... 
the Anſwer to the Firſt Part of the Queſtzor. | 

Then the next Work will be, to find what Principal or Sum 
being put out Ten Years, at 6 per Cent. &c. will Amount to 
4187 135. 634. Here is given 4 = 418,6783 R — 1,06 
At = 10. To find P. Per Theorem 2. Page 254. 


Thus K 1, 790847) 418,783 4(233,7884 2233. 15s. 9d. 
the 288 Worth of 751. per Annum ih Rewer flow: be MN was 
required, | 


Example 2. hat Arnnuity or Yearly Rent to be Entered 
upon Ten Years hence, and then to continue Seven Years, may 


be purchaſed for 2331. 15 s. 9d. Ready Money, at 6 per Cent. 
Sc. Compound Intereſt F wy * 


In the iſt Work of this Que ſt ion there is given, Pp—233, 7884 
R==1,06, And i — 10 (the Time which the Aunuity is not to 
be Exter d upon) To find A. Per Theorem 1, Page 254. 


Thus, PRt = 2335884 X 1, 700847 = 418,783 = 4 the 
Ainou't 


— — — + Ser eg, rv; rr ry ——_ — -— Wn 
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Amount of 2331. 15s. 9d. put to Iutereſi Ten Years, at 6 per 
Cert. &c. Then for the Second Work of the Queſtion there 
is given P — 418,6783 . R — 1,06 . And t = 7 (the Tine 
that the Annuity is to be enjoyd To find u. Per Theorem 2. 
of this Sect ion. 


Thus PR. XR 418,6783X1,30363X1,06 _ 667,3095 
= PRi==418,5783X1.50363 == 629,5372 


Rt—1-0,50363) 37,7723(75=y 
That is, »=751. the Yearly Rent required by the Geffen 


Theſe Two Examples of finding P and u do fully ſhew the Me. 
thod that muſt be uſed in Ræſolvixg the Two General, and indeed, 
the moſt Uſeful Que ſtions about Annuitie s or Leaſes in Rever. 
fron : And if there be Occaſion, either the Rate, or the Tine, 
viz. R or t, may be found by a due Application of their reſpective 
Theorems. 15 


Note, That which hath been done in the Two Laſt Sections 
about Annuities or Yearly Rents, &c. at 6 per Cent. may alſo le 
done for any Rate of Intereſt, by applying the Difference of the 
Rates (viz. x) As directed in the Firſt Section of this Chapter. 


Now becauſe that Rents and Armmities, &c. are uſually paid 
either by Quarterly or by Half-Yearly Payments, and the Method of 
Computing them by the Pen, may be thought a little Troubleſome; 
I have inſerted the following Tables of the Amounts of 11, for 
Each, at 6 per Cert. 


| 2 Annuities of Tz Annuities of =j Annuities of 
[| 5] 17. at 6 per {| [14 at 6 per II. at 6 per 
cent. Com-| » 'S | Cent. Com-| Cent. Com- 
* & | pound Intereſt, = | pound Intereſt. 8 pound Intereſi 
1— — — . — — —ᷣ— 
11 1,0 295630141 111,3777875592 21 | 1,543799452; 
2 | 1,06 12 | 1,4125191122 | 22| 1,8982985583 
3 j 10613367949 | 13 | 14604543127 | 23 | 19544179533 
4 | 1,1236 14| 1,50936302590 | 2420121964718 
» 5 151568170026 15 | 15480821017 | 25 2, 0716830644 
| 6] 1,191016 16 | 15938480745 | 26 | 1,1329282601 
71, 2262260228] 17 | 1,6409670276 | 27 | 2195984048} 
8 | 1,26247696 18 | 1,06894789589 | 28 | 2,2609039557 
9 | 12997995842 | 19] 1,7394250493 | 29 | 2327743997 
- 10 | 1,3382255776 20 1 1,.7908476965 | 30 | 2-395558lock 


Quar- 


Either of theſe Tables may alſo be made Uſeful for any pro- 


Quarterly Amounts. 


Amoonts of Ti 
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„* 


[*D Amounts of an — Amounts of 11. — 2 

8 5 at 6 per Cent. 8 = at 6 per Cent, 8 = | 6 per Cent. 

| ,* 5 | &c, Compound 2 &c. Compound if 5 &c. Compound 

1 3 | Interelt; E Intereſt. T>8 Intereſt. 

| — — — — — 5 | 

| 1| 10145733461] 21 1,3578024938| . 48 | 1,8171263 19g 
2 | 10295630141] 22 1,3777875592| . 42] 1,8437905523 
3 | 1,9446706634| 23 | 1,3980050019| 43 | 1,870846050g 
4 | 1,06 24 | 1,4185191122| 44| 138982985583 
5 | 10755542769 | 25 | 14393342435] 4928538989 
61,91 3367949 26| 14604548127] 4619544179853 
7 | 1,1073509032 | 27 | 1,4815853020 47 | 19830968140 
$ | 1,1236 28 | 1,5036302590| 48 | 2,0121964718 
9 | 1,t400875335 29 | 125256942978.] 49] 20417231330 
lo | 1,1568170026 | 30 | 1z5480821019]| $0[| 2,0716830644 
11 | 1,1737919574 | 31 | 1:5707954203 51 | 2,1020826228 
12 | 1,191016 32 | 1,5938480745 52| 2,1329282601 
131, 2084927856 | 33 | 16172359557] $3 | 2,1642265211 
14 | 1,2262260228, 34| 1:64099670276 | 54 | 2,1959840483 
15 | 1,2442194748 | 25 | 1>6650463253] 55 | 2,228207580T | 
i6 | 1,25247696 36 | 1,6894789589| 562, 2609039557 
17 | 1,28;0023527 | 37 | 17143701133 $7 | 22940801123 
18 | 1,2997995842 | 38] 1,7394250493| $58 | 23277430912 : 
19 | 1,3188726433| 39 | 1,7649491048] 59 | 2,3619000349 | 

20 | 1,2382255776 | 40 | 1,7908476965* 6012, 81931 


; 


poſed Rate of Intereſt ; by making the + or 4 of the Difference 
of the Rate — x, &c. x 


As for Inſtance, Suppoſe any © 
Annuities or Rents, 8c. were to be computed at 8 per Ceni. 


per Annum. 


Then 1,08 — 1,06 ,o 2 == & for Yearly Payments; as before. 


Conſequently 2) 0,02 (0,015=x for Half Year's Payments, 
r 4) 0,92 (0,005==x for Quarterly Payments. 


Now theſe Values of +, although they are not really true, 
yet they may ſerve indifferently well for finzil Rents; as 1 have 


already ſaid, Page 265. But if you would Work exactly; 
Then / 1,08 1, 03 92304845 &c. 


— 1,06 =, 295580141 Vide Table, P 
Difference ö x for + Yearly Payments. 
NX 121 | 
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f the aforeſaid Que ſt ions about 


And 
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And /: / 1,08 = 1,0194263092 Kc. 
1508 == 1, 0146738461 See the Laſt Table. 


— ens 


Their Difference o, 0475 2463 1 . for Quarterly rr 
Theſe are the true Values of x, which being Involved with 
their reſpective Amounts (as before for Years, &c.) according az 
the Qrzeſtio7 requires, the Reſult will be the Auſwer at 8 per 
Cent. &. The like ow To done for any other Kate, either 
Greater or Leſs than 6. | 3 
Now, altho this Method (See Page 257, and 258, &c.) cf 
making the Tables that are only Calculated for the Rate of 
6 per Cent. General and Uſeful for all Rates of Compound 
Titereſt, be really True; yet it was rather propos'd to ſhey 
what may poſſibly be perform'd by the Pen, without a great 
many Tables of ſeveral Rates, rhan intended for common 
Practice. - 
For it muſt needs be confefs'd, that Tables Calculated on 
Purpoſe for any deſigned Rate of Intereſt, are much more 
Ready and Uſeful in common Practice. And therefore ſince 
the Legiflative Power, hath thought fit to reduce the Rate 
of Intereſt, and hath ſettled it by an Act of Parliament, 2 
5 per Cent. Tve therefore been at the Trouble (which mas 
z0t a little) to calculate the following Tables for that Rate ; 
but don't think it convenient to take the Tables, at 6 per Cent. 
out of the Book, becauſe the Examples are all ſuited to them; 
and not only fo, but they may be found Uſeful in the taking of 
Leaſes for Houſes, Sc. For in thoſe Caſes, the Purchaſer is 
allowed more Ztere/# for his purchaſe Money, than the cammon 
Kate paid upon the Loan of Money. 


Here 


181 


* 
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—Here follows New Tables of the Amounts of one Pound at the 


Rate of 5 per Cent. per Aunum Compound Intereſt, For Years, 
Half Years, Quarters, Months, and Days. 
| I. The Table of the Yearly Amonnts of 11. c. 
TT =] The Amounts | 7 The Amounts | | {} = The Amounts 
US] of 11, &c. 8 of 11. &, „ = of al. &. 
— — 2 — — 
101, R | | 14] 1,97993160| || 27] 373345632 
21,1025 = RR 15 2107892818. 2813920129144 
3515762516 18287 160 294511613599 
4 | 1321550625 T4 3499514 6h 300332194239 
54, 27628 156 18 229201832 — — | 
_ — | ——| 2,4066192}3 31 | 4,53503949 | 
6[1,34009565z 19 2,52695019 32| 4179494147] 
7 1, 40) 10042 20 2,3329770 33 | 500318854 
1,47745<44 | © Engr 34| $>25334797 þ 
g9|1155132822 22 2,78590259 4 335801536 
10 1,62889463 23 2,925 29072 N way 
— —— || 327152375 36 | 5,79181613 
11 [1,71033936 24| 3,22509994 37 j $,08140694 
12 [1,79585633 25 3,38635494 386, 385477 29 
. ß Mo DE, 
II. The Table of the Half Yearly Amounts of 11. &. 
|=] The [TE The |= The | 
A ] Amounts of * | Amounts of |' | ] Amounts of 
5 11 &c. = i]. &c. = | 1}. &c. 
1] 1,02469507 11 | 1,39779943 21 | 1,66912030 
21,05 121, 34009564 24 | 1,71033936 
3] 107592983 13 1,3731 8940 23 | 175257632 
4 | 1,1025 141, 407 10042 241,958 5633 
5| 1,12972632 15 | 1,44184837 25 | 1,8402053 
6] 1,157525 16 | 147745544] | 261.8564914 
7 1,1862 1264 17 4,1394132 27 | I 93221539 
1,21550625 I8 | 1,55132822 | 25 | 1,9799Z160 
91124552227 191.5 8963838 29 | 2,02882616 
10 r,276281 56 Le! 8882482. 2. 222822818 
Nn 2 


III. The 
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III. The Table of the Quarterly Amounts of 11. &c. 


JI2|, The ID, he I! PT The 
7 | Amounts of * Amou vts of 9 Þ | Amounts of 
13 11. &cc. 8 il. W 3 1. &e, 
111501227223. 21 | 1520194439 41 | 1,64558480 
| 2102469507 22 | 1307799413 42 | 1,66912031 
| 3] £:037270;7, 23 132384905, 43 | 1268960414 
4 | 1,95 24 | 1, 34009564 44 | 1,71033936 
| 5 | 1,06z88585 25 | 1435654161 45 | 173132904 
| 5$ | 107592983 26 | 1,37318940 46 | 1,75257632 
7 | 1,28913339| | 27[1,39904151 47 \ 177408435 
| $ | 1,1025 | 28] 1,40710042 48 1,7958563; 
1 9 11603014]4 | 29 1,4243686g 49181789549 
1 10| 1,129726;2 30 | 1,44184887 50} 2,84020513 
11] 1,14359059 31] 145954358 FI | 1,95278856 
I2 | 1,157625 32] 147745544 52 | 1,88564914 
| 13 | 1,17153164 33 | 149558712 531 908790 
141, 18621264 34 | 151394132 | | 54 | 1,93221539 
WL: > 1520077012 35 3 _55 1,9559279z 
1 16[ 1,21550625. 261 1,55132822 56 | 1,97993160] 
171, 23042323 37 | 1,57036648 F7 | 2,00422978 
18 | 1,24552327 38|1.58963838 | 58 | 2,02882616 
19 | 1,26080862 | ,| 3%, 0914680 59 | 2:05372439 
20 | 1,27628156 40 1,6 2889463 60 2 09892818 


— — . — — —ͤ — ˙ . OO 9 
N — — —— — 4 - 
— 
. 


IV. The Table of the Monthly Amounts of 11, &c. 
| =} The { ;| =| - The [|] Z] The 
© 3 | Amounts, of 9 8 F of 5 2 | Amounts of 
| 1). &c, | S] 11. &. &| ul, Se. 
I | 1,00407412z 5 | 1,02053728 9 | 1037 27037 
| 2| 1,00816485 6 | 1 02469507 10 | 1,04 149634 
3 | 1,0122722}3 | 7 | 102886981 II | 104573953 
4) 1,0165396:6 _ 8 | 1,03306155 121 1,05 
4 © - a 4 18 2 


NOTE: The Amount of one Pound for one Day, I 
T,0001336807225. Ge. (found as that in Page 260) But in the 
following Table, I take only Nine of thoſe Figures, as being 


ſufficient in Practice, for Computing the Intereſt of any Sum 


not exceeding One Hundred Millions of Pounds. 


V. The 


101413448 
Days 
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V. The Table of the Daily Amonnts of 1 J. &c. 

FH 4 
4 Amounts of | | * = | Amounts of | | *= | Amounts of 
{| 11. &c. [] } 11. &c, I] 11. &c, 

1 | 1,0001 3368 36 | 1,00432376 71 | 1,00953587 
2 | 1,09026738 37 | 1,00495810] 721, 00967082 
3 | 1,<c04010g 38 | 1,00509245 73 | 1,00980579 
4 | 1,0005 3483 391, 00522681 7411, oog94079 
5 | 1,00066858 40 | 1,00536119 75 | 101007579 
6 | 1,00080235 41 | 1,00549558 761,0 102 1083 
7 | 100093614 42 | 1,00563000 77 | 1,01034587 
8 | 1,00106994 43 | 1,00576443 78 | 1,010480gz 
9 | 1,00120377 44 | 1,005 89888 79 | 1z01e6160z 
10 | 1,00133761 45 | 100603335 80 | 1,01075112 
11 | 1,00147147|, | 46} 100616784 $1 | 1,0108862 3 
12 | 100160535 47 | 1,0063023g 82101102137 
131100173924 4811, 00643687 $3 | 1,01115652 
| 14 Loo} F7315 49 | 1200657141 84 | 1,0112916g 
15 | 1,0020070 5011, 0670597 85 | 1,01142688 
16 | 1,0021410} $1 | 1,00684055 86 1,0 1156209 
171, 0227 500 5211, 0697514 871, 01169732 
13 | 1,002493899 53 | 1,00710975 88 | 101183256 
1911, 00254299 5411, 00724438 89 101156707 
20 | 1, 00267701 551, 00737903 90 1,0121031 
21 t, 0028 1105 56 1,0075 1370 911101223841 
221, 002945 10 5711, 00764839 92| 101237372 
23 | 1,00307918 58| 1,00778309 93 t, oi 250906 
24 | 1,00321327 59 | 100791781 94 | 1,01264441 
_25 | 1,00334738 60] 1,00805255 95 | 101277978 
26 1,00348151 61 | 1,00818731 96 | LoI29i517 | 
27 | 1,00361565 62 1590832208 | 97 | 1,01305058 
28 | 1,00374982 63 | 1,00845687 98 | 1,01318600 | 
29 | 1,00388400 64 | 1,00859168 99 | 1,01332 145 
30 | 1,00401820 655 0872651 100 | 1,013456g1 | 
31 | 1,00415242 66 | 1,00886136 1011 1,1359239 
321, 00428665 67 | 1,00899623 102 18 7 
331, 0442091 68 | 1,00913111 1034 1,01386340 | 
| 34 |1,00455518| 69 | 1,00926601 104 1,01399893 
25 | 1,00468947 | M 100490093 1105 | 
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29 'The 8 he A e 
v2 | Amounts of | J 3 Amounts of * 5 | Amounts off 
1 11, &c. ; [| 1. &c, Il 11. &c, 
106 | 1,0142700g 146 | 1,01970775 186 1502517459 
107 | 1,01440564 147 | 1,01984406 187 | 1,0253116, 
108] 1,01454125 148 1,1998639 188 | 1,02544870 
1091101467687 149 | 1, 02011675 189 1, 02558578 
110 1,0 1481252 150 1, 02025312 190 1, 02572288 
1111101494818 151 1,0293 8950 191 | 1,02586009 
I12 | 1,01505386 I52 | 1,02052591 192 | 1,0259971, 
113 | 1,01511955 153 | 1,0206623 4, 193 | 1,02613430 
1114} 1,01535527 154 | 1,02079878 194 | 1,02627147 
I15 | 1,01549190 I55 | 1,020935 24 195 1,026 40866 
116 | 1,01562675 156 102107172 196 | 1,026; 4589 
I17 | 101576252 157 | 1,02120822 1971, 026683 10 
1181,01 589831 158 1,02134473 198 | 1,02682015 
1191 1,01603412 I59 | 1,02148127 199 | 1,C2695762 
120 t,01616994 160 | 1,02161782 200 | 1,02709490 
I21| 1,01630578 161 | 1,02175439 201 1,02723221 
122 | 1,016441 64. 1621, 02189098 202 | 1, 027369353 
123 1,01657752 1631, 02202758 2031, 02750686 
124 1,01671349 164 | 1,0221642 1 204 | 1,0276 4422 
I25 | 1,0168493 3 1651, 2230085 205 | 1,02778160 
126| 1,01698527 166 1102243751 206 | 1, 02791899 
127| 1,01712122 167 | 1,02257419 2071, 02805640 
128 | 1,01725719 168 | 1,02271089 208 | 1,02819384 
I29 | 1,01739317 I69 | 1,02284 761 | 209 | 1,02833129 
130 1,01752918 170 | 1,02298434 2Io | 1,02846875 
121 | 1,01766521 I71 1,023 12109 211 1,02860624 
132 I,01780125 I72 | 1,02325787 2121, 0287437 
133 | 1,91793731 173 | 1,02339466 z13 | 1,0288$8127 
134] 1>91807338 174 | 1,02353147 214 | 102901881 
135 | 1,01829948 I75 | 1,02366829 215 | 1,02915637 
136 | 1,091834559 176 | 1,02380514 216 | 1,02929395 
137] 101848173 177 | 192394200. | 217 | 1,02943154 
138 | 1,01861788 178 | 1,02407888 218 | 1,02956916| 
139 | 1201575405 179 | 102421578 219 | 1,02970679 
140 | 1,01859024 180 | 1,02435270 220 | 1,02984445 
1411,01 902644 18111, 02448964 221 | 1,02998212 
142 | 1,01916267 132 | 1,02462659 222 | 1,03011980 
143 | 1,019292g1 183 | 1,02476356 223 | 1,03025751 
144 | 1,01943517 154 1, 02490055 224 | 1,03039524 
1451101952143 18192503275 225 1,03053295 | 


Days 
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Ot Comp 


Chap 

2 he + he 25 . ; 
<= | Amounts of | * = | Amounts of S | Amounts of 

il] 14. &c. [| 11. &c, [| * x4. &e. 

226 | f, 3067074 266 |1,03619635| | 306 | 1,04175160 
227 | 1,03080852 267 | 1,0363 3488 307 | 1,04189086 
228 | 1,03094632 268 | 1,03647342 308104203015 
229 | 1,03 108414 269 | 1,03661197 399 | 1,04216944 
230 | 1,03122197 270 10367 5055 * 1,4230876 
231103135983 271103688914 311 | 1,0424481 
232 | 1,03 149770 272| 1,03702775 312 | 1,04253245 
233 | 103103559 273 | 1,03716638 313 | 1,04272683 
234] 103177350 274 | 103739593 | 314 | 1,04286622 
235 | 1,03191143 275 11,93744370 $7 1,04 300563 
236 1,03 204938 2761,03738239 316 | 1,04314506 
2375032187344 | 277 |1,03772109 317 | 1,04328451 
238 | 1,03232533 278 | 1,03785982 3105 | 1,04342397 
239 | 103246333 279 | 1,03799856 319 | 1,04356346 | 
240 1,03260135 280 103813722 320104370297 
241 1,03273939 28103827609 321 | 1,04384249 
2421032877444 282 1,03841489 322 | 1,04398203 
243 | 1,0330I552 293 | 1,03855371 323 | 1,04412159 
244 | 103315361 284 | 1,03869254 324 | 1,04426117 
245 | 103329173] | 235] 103883139 325 | 1,04440077 
246 | 1,03342986 286 | 1,03897027 326 | 1,04454038 
247 | 1,03356801 287 | 1,03910016 327 | 1,94468002 
248 | 2,03370617 288 | 1,03924817 328 | 1,04481967. 
249 | 1,03384436 289 | 1,03938699 329 | 1,94495934 | 
250] 1,03398157 290 | 1,03952594 330 I,04 509903 
261 1,03412079 291 | 1,03966491 331] 1,04523874 | 
252 | 1,03425903 292 | 1,0398033g 332 | 1,04537847 
253 | 1,03439729 2931, 03994289 333 | 1204551322 
254 | 1,0324532557 294 | 1,04008191 334 | 1204565798 
255 | 103467387 295 | 1,04022095 335 | 1204579777 
256 | 103481218] | 296 | 1,04026001 335 | 1,04593757 
257 | 1,03495052 | 297 | 104949908 337 | 104607739 
2581,03 508887 295 104063818 | 338 | 1,04621723 | 
259 | 103522724 299 | 1,04077729 339 | 1046535709 
260 | 1,035 36563 300 | 1,0409164z 340 | 1,04649697 
2614 1,03550404 301] 1,04105557 341 | 1,04663686 
262 | 1,03 564247 302| 1,04119474 342 | 1,04677678 | 
263 | 1,035780g1 393 | 1,04133393 343 | 104691671 
264 | 103591938 304| 1,04147314 344 | 1,0470566) 
_265 '11,02605786 32051 1,04161230 345 104719661 | 
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| | w a: 
Amounts of 'S | Amounts of 
1 &c, [] 11. &c. 

346 1, 04733663 353 | 104831708 360 | 10492984; 
37 1,04747664, 354 | 1,04845722 361 | 1504943892 
348 | 2,04761666 355 | 104859738 362 | 1,049379go1 
349 | 1, 4775671 356 | 1,04873756 363 | 1,0497193: 
350 | 1,04789677 357 | 1,04887775 364 | 104985964 
351 | 1,04803686 358 | 1,04901797 365 | 1,04999999 
352 1.048 17696 1332112491820 366 | 1,0 


I think it needleſs to fay any Thing of the Uſe of theſe Table» 


| becauſe I take it for granted, that whoever underſtands the Work 


of the foregoing Examples, at 6 per Cent. Cannot but know 
how to make uſe of theſe Tables at 5 per Cent. as Occalion 
requires. 

Thus far concerning ſuch Aunuities, or Leaſes, 8c. that are Li- 
mited by any Aſſigned Time ; and tis only ſuch that can be comp 
ted by Theorems or certain Rules. However it may not perhaps be 
Uzacceptable, to inſert a brief Account of ſome Eftimates that 
have been Reaſonably made, by Two very ingenious Perſons, 2. 
bout the Proportion, or Difference of Mens _ according to 
their ſeveral Ages; which may be of good Uſe in computing the 
Values of Annuities, or taking of Leaſes for Lives, &c. 

Sir William Petty in his Diſcourſe made before the Royal Society 
{ * 1674) concerning the Uſe of Duplicate Mopo tion, in the 

ite of Marx and its Duration; faith, That its found by Experi- 
ence there are more Perſons Living of between 16 and 26 Years Old, 
than of any other Age or Decade of Years in the whole Life of 
Man (viz. 70 or 80 Years.) Hi, Reaſon for that Aſſertion I ſhall 
omit ; but ſuppoſing it true, he thence infers, That the Roots of 
every Number of Men s Ages under 16 (whoſe Root is 4) compae 
red with the ſaid Number 4, doth ſhew the Proportion of the 
Likelyhood of ſuch Men's reaching the Age of 70 Years. 

As for Example, *Tis 4 Times more likely, that One of 16 
Years Old ſhould live to 70, than a New-Born Babe: Tis 3 
Times more likely, that One of 9 Fears Old ſhould attain the 
Age of 70, than the ſaid 1yfart, 8c. 

Om the other Hand. Tis 5 to 4, that One of 25 Years Old 
will Die before One of 16: And 6 to 5, that One of 36 will 


Die before One of 25. And fo on according to the Koots of 
any other declining 62 compared with (4,6) the Root of 23 


which is the Year of Perfe tion according to the Senſe of our 
Law, and the Age for whoſe Life a Leaſe is moſt Valuable. , 
2. The 


71 
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2. The Iugenious and Great Mathematician, Doctor Edmund 
Halley (In Philoſoph. Tranſact. Numb. 196) doth with great Ja- 
duſtry and Skill, draw an Eſtimate of the Proportion of Mens 
Lives, from the Monthly Tables of the Births and Funerals in 
Breflaw, the Capital City of the Province of Sileſia; Or, as the 
Germans call it, Schleſia. Whence he proves, that it's 80 to 1 a 
Perſon of 25 Tears Old will not Die in a Tear: Thar its 5+ to 1, 
That a Man of 40 will live 7 Tears: That a Man of 30 Years 
Old may reaſonably expect to Live 27 or 28 Years, &c. | 

Now from theſe and the like Proportions (he juſtly infers that) 
the Price of Inſurance upon Lives ought to be Regulated, there 
being a great Difference between the Z:ife of a Man of 20, and one 
of 50 · For Example; "Tis 100 to 1, that a Man of 20 Dies not 
in a Tear, and but 38 to 1, for a Man of 30 Years of Age. And up- 
on theſe alſo depends the Valuation of Aunuities for Lives; For it 
is plain, that the Purchaſer ought to pay only ſuch a Part of the 
Valle of any Annuity, as he hath Chances that he is Living. 

And for that Purpoſe he hath taken the Pains (which was ut 
a little) to compute the following Table, (that ſhews the Value of 
Annuities) for every Fifth Year of Age to the oth. 


Ae Trar's Purchaſe\ Age|Tear's Purchaſe) Age Tears Purc h. 
N 10, 28 25 12,27 50 972 
5 13,40 30 11,72 55 8,51 
IO I 3,44 35 11,12 60 2,60 
„ 40[ 10,579 . | 65 6,54 
| 20 12,78 451 9,91 701 3.32 


The ſame Ingenious Gentleman proceeds on, and ſhews how 
to Eſti mate or find the Yalue of Two Lives, and then of Three 
Lives, which being too long a Diſcourſe to be recited here, I 
have, for Brevity's ſake, omitted it; and ſhall only add this ſe- 
rious Obſervation, 

Viz. How unjuſtly we repine at the Shortneſs of our Lives, 
and think our ſelves wrong'd if we attain not to Old Age; 
whereas it appeats, that the One Half of thoſe that are Box x, 
Die in Seventeen Years Time. For by the aforeſaid Bills of 
Mortality at Breſlaw, it was found, that 1238 were in that 
Time reduced to 616. So that inſtead of Murmuring at what 
we call a Short Life, we ought to account it as a great Bleſ- 
irng that we have Survived, Ef by many Years, that Pe- 


rioa of Life whercat the one half of the wholè Race of Mankind 
does not Arrive. 
O o Sect. 4. 
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Se. 4. Of Purchaſing Free-hold, Or Real Eſtates, 
| at Compound Intereſt. 


All Free. hold or Real Eſtates, are ſu poſed to be Purchaſed or 
Bought to continue for Ever (viz, without any Limited Time); 
Therefore the Bufineſs of Computing the true Yalue of ſuch 
| Eſtates is grounded upon a Rank or Series of Geometrical 

Proportionals continually Decrea/ing, ad Infinitum. 
Thus, Let P, u, R, Denote the ſame Dara as in the 
laſt Section. Then the Series will be; — EY 57 * 
and ſo on in = until the Laſt Term So. Then will P—0 
(viz. P) be the Sum of all the Antecedents. And Pt | 
will be the Sum of all the Conſequents; therefore it wil 
be, : * : Þ: 7 — 5 which produces P R- i =. 
This Æquation affords the following Theorems : 


Theorem 1. PR —P un. Theorem 2. $ — 


er 


; Theorem 3. 3 3 . 


Example. Suppoſe a Free. hold Eſtate of 7 5 l. Yearly Rent were 
to be Sold; what is it worth allowing the Buyer 6 per Cent. Ec. 
Componiid Intereſt for his Money? 
In this Queſtion there is given #=75 . R = 1,06 to find P. 
Per Theorem 2. Thus R — 1 = 0,06) 75 = u( 1250l. =P. 
the ./nſwer required. And ſo on for any of the reſt as Occaſion te- 
quires. But if the Rent is to be paid, either by Quarterly, 
2 df N waſp ; 72 1 
hen R= V 1,06 tor Half Tear! : 
And R= : 1,06 for Guarterly 5 Payments at 6 per Cit, 
K. = 1,8 doi Tearly 
Or 3 R—=\/ 1,08 for Half Yearly 8 Payments at 8 per Cent. 
R= V: VI, o8 for Quarterly 5 
The like is to be underſtood for any other propoſed Rate of 
Jntereſt either Greater, or Leſs than 6 per Cent. 
The Application of theſe Theorems to Practice, is ſo vet) 
Eaſy, that it's needleſs to inſert more Examples. — ol 


— >— Sa. - 
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INTRODUCTION 


10 


Mathematicks. 


PAR Ill. 


-QCH ALL 


Of Geometrical Definitions, &c. 
Ser. 1. Of Lines; and Angles. 


' Pol dr hath no Parts: That is, a Geometrical Point is 


— 
1. 


not any Quantity, but only an Aſignable Place in any 
Quantity, denoted by a Point: 5 4. 


As at A. and B. . 


Such a Place may be conceived ſo Infinitely Small, as to be void 
of Length, Breaath and Thickneſs; and therefore a Point may 
be ſaid to have no Parts. l 

2. ALINE is called a Quantity of one Dimenſion, becauſe it 
may have any ſuppoſed Length, but no Breadth nor Thickneſs, 
being made or Repreſented to the Eye, by the Motion of a 
Point. | 

That is, If the Point at A, be Moved (upon the fame 
Place) to the Point ar B, it will deſcribe a Line either 
Right or Circular (vis. Crooked) according to its Motion. 

Therefore the Ends or Limits of a Line are Points. 


3. A Ricart Lins, is that Zine which lieth Even or Streight 
betwixt thoſe Points that limit its Length, being the ſhorteſt Line 
that can be drawn between any To, | 
Points. As the Line A B. A —S. 


Therefore between any Two Points, there can Lie, or be 
Drawn but one Right Line. 


O 02 1 x01 ne 


4 
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4. A Cir cut AR, Crooked or OBL1QUE Lane, is that which Lies 
bending between thoſe Points which 


limit its Length, as the Lines CD 
or FG, &c. GR” © NY 
Of theſe kinds of Lines there are C D 


various Sorts; but thoſe of the Circle, ' 
Parabola, Ellip/is, and Hyperbola 5 


are of moſt general Uſe in Geometry ; of which a particular A. 


count ſhall he given further on. 


5. PARALLEL LI NES, are thoſe that 4 p 

lie Equally Diſtant from one another _, . 

in all their Parts, viz. ſuch Lines as 288 

being Infinitely extended ( upon the nome 

ſame Plain) will never Meet: As the C „ 
- 


Lines AB and ab: or CD and c 4. 


6. Linzsnot PARALLEL, but INcLINING, (viz. Leaning) ons 
towards another, whether they are | 
Right Lines, or Circular Lines will 4 
(if they are Extended) Meet, and 
make an Angle; the Point where 
they Meet is called the Angular Point, 
As at A. And according as ſuch 
Lines ſtand, nearer or * off B 
each other, the Angle is ſaid to be q- 

Leſſer, or Greater, whether the Lines 
that Include the Angle be Long or = 
Short. That is, the Lines A 4, 


And A f Include the lame Angle as AB, and AC doth; not. 


withſtanding that AB is Longer than Ad, &c. 


7. All AncrLzs Jacluded between Right Lines are called 
Right -lin'4 Angles; and thoſe Included between Circular Lines, 
are called Spherical Angles. But all Angles, whether Right lind 


or Spherical, fall under one of theſe Three Denomimations. 
(A Right Angle. 
Vis. ; An Obtuſe Angle. 
An Acute Angle. 


8. A Ricyr ANGLE is that which is Tacliuded betwixt 7" 


T hat 


£1165, that Aleet one another Perpendicularly. 
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That is, When a Right-line D 
as D C, Meets with another | 
Right-line as A B, fo directly | 
as that it neither In:clinzes nor De- 
clines to one Side more than the 
other, but makes the Angles on 
both $:Jecs of it Equal, as at v, «; 4 -.5 © ANY 
Then are thole Angles called C 
Right Angles ; and the Zines lo | 
meeting are ſaid to be Perpendicular to each other. 

That is, AC, and CB, are Perpendicular to DC, as well 
as D, C is to either or both of them. | 


9. An OsTust AnGEE is that which is Greater than a Right 
Angle. Such is the Angle Inclu- 
aed between the Lines 1 C and 


. „ 
10. An Acurk ANGLE is that 4 D 


which is Leſs than a Right Angle: © C 
As the Angle Included between the Lines CB and CD. 


Theſe Two Angles are generally called OBLi1quet Angles. 
Seck. 2. Of a Circle, &c. 


Before a Circle and its Parts are Defined, it will be convenient 
to give a brief Account of Superficies in general. 


1. SUPERFICIES or SURFACE is the upper, or very Out ſide 
of any vi/7ble Thing. But by Saußericies in GxouE TRy, is meant 
only ſo much of the Out ſide of any Thing as is Tucloſed within 
a Line or Lines, according to the Form or Figure of the Thing 
Deſigned ; and it is produced or formed by the Motion of a Line, 
as a Line is deſcribed by the Motion of a Point ; thus: 

7 the Lines AB were equally 
Moved ( upon the ſame Plain ) to r Sq == 
CD; Then will the Points at Aand E 3 — 
B Deſcribe the Two Lines AC and c 2 
B D; and by fo doing they will 
Form (and Tacloſe) the Sur zxFICIES or Figure AB CD, be- 
ing a Quantity of Two Dimenſions, viz. it bath Length and 
Breaath, but not Thickneſs. Conſequently the Bounds or Limits 
of a Superficies are Lines. 


Note, 


— — — — — — 
. ̃ —— RX erer - + — — 2 
- 


Plain, as that the other Point at B may 


it's plain by the laſt Definition, that one and the ſame Ragin 
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Note, The Superficies of any Figure, is uſually called its Agr, 

2. ACrircLE is a Plain Regular Figure, whoſe Area is boundel 
or limited by one continued Line, called the Cir cum nxce 
or PERIPHERY of the Circle, which may be thus Deſcribed u 
Drawn. 

Sunpoſe a Right Line, as C B, to have one of it's Fx. 
tream Points as C, fo fixt upon any 


Move about it; Then if the Point at B 

be Moved Round about ( upon the ſame 

Plain) it will Deſcribe a Line cqually Di- 

ſtaut in all its Parts from the Point C, 

which will be the Circumference or Peri— 

phery of that Circle; the Point C, will be 

it's CENTER, and the contained Space will be its Area, aud th; 
Right Line CB, by which the Circle is thus Deſcribed, is called 
RADIUS. 


Conſectary. 


From hence tis Evident, That an Infinite Number of Right Tine 
may be drawn from the Center of any Circle to touch it's Periphery, 
*©h1ch <will be all equal to one another, becanſe they are all Radius: 

Aud with a little Conſideration it will be eaſe to conceive, that 
no more than two equal Right Lines can be drawn from any Point 
within a oy to rouch it's Periphery, but from the Center only 

0.8.3: 

c 3. Equar. CircLEs are thoſe which have Equal Ragins's; fot 


(as C) mult needs Deſcribe Equal Circles, how many ſoevet 
they are. 


34. The Diameter of a Circle, is 


Twice its Radins joined into one Right D 
Line; as A B drawn through the 
Center C, and Ending at the Periphe- | 


ry on each Sc. 


4 - | 
That is, the Diameter divides the 0 
Circle into Tuo equal Parts, 


5. A Semicircle ( viz. Half a Circle) is a Figure Icli 


between the Diameter, and Half the Periphery cut off bi 
the Diameter; As ADB. 7 Gi 1 


6. 4 


Chap. 1. Of Definitions, &c. 287 
— — — a on 


6. A QuarranrT is Half a Semicircle, viz. one Quarter\of a 
Circle; and 'tis made by the Kadius 
(as D C) ſtanding ley rag 46 _ D 


on the Diameter at the Center C, 
cutting the Periphery of the Semicircle 
in the Middle, as at D. Therefore a - 
Quadrant, Or half the Semicircle is the A CO D 
Meaſure of a Right Angle. | SRI, / 
. A Cnoxp LINE, or the Sutenſe — 
of an Arch, is any Right Line that cuts 5 
the Circle into Two unequal Parts, as the Line SG; and is 
always Leſs than the Diameter. | 

8. A StEcmEnT of a Circle, is a Figure Tnclnded betwixt the 
Chord and that Arch of the Periphery which is cut off by the 
Chord: And it may either be Grearer, or Lejs than a Semicircle ; 
As the Figure S MG, or SDG. 


9. ASECTOR is a Figure Included between Tuo Radins'sof the 
Circle, and that Arch of its Periphery 


where they Touch, as the Figure AC 2: XY 
And the Arch AB is the Meaſure of \ "ths. 
the Angle at 8 Included betwixt the 4 
Radins's AC, and BC, "i te 
Note, All Angles of Sectors are called ao NR LV 
Angles at the Center of a Circle. 2 


10. An ANGLE in the Segment of a Circle is that which is 
Included between Za0 Chords that flow from one and the ſame 
Point in the Periphery, as at D, and mce; with the Ends of 
another Chord Line, as at Fand G. 

That is, the Anugles at D, at , and at G, are called 
Angles at the Periphery, or Angles ſtanding on the Segment 
ot a Cercle. Ny 


Iz 


Sect. 3.. Of TriancrEs. 


There are Two Kinds of Triangles, viz. Plain and Spherical; 
ut I ſhall not give any Definition of the Spherical, becauſe they 
more immediately Relate to Aſtronomy. + 


I. A Prain TRIANOLE is a Figure whoſe Area is contained 
within the Limits of Three Right Lines called Sides, Tacluding 
Three Angles: And it may be Divided, and takes it Name 
either according to its Sides or Angles. S 

1. By 


"= . 
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1. By its SIDES. 


3 | 
WED / 
2. An EquitaTERAL TRIANGLE, is that | 
which hath all its Three Sides equal; | 
as the Figure ABC 
That is, AB=BC= AC, | 
A 6 


3. An IsoscELEs TRIANGLE, is that which hath D 


only Two of its Sides Equal, as the Figure 
BG: That is, B D D G; but the Third 
Side BG may be either Greater or Leſ5, as 
Occafion requires. | 


4. A ScarEnum TRJANGLE, 
is that which hath all its Three 
Sides Unequal, 
ſuch as the Figure HK A. 


2. By its AN GL RES. 

5. A RicutT- AnNGLED Triangle, is 
that which hath one Right Angle; 
That is, when Two of its Sides are 
Perpendicular to each other, as C 4 
is ſuppoſed to be to B 4. Therefore » 
the Angle at A, is a Right Angle, © 
Per Dein. 8. Set. 1. | 

Note, The longeſt Side of every Right-angled Triangle (as BC) 
is called the Hypotenuſe, and the Longeſt of the other Tvo Side, 
which Include the Right Angle (as B & is called the Baſe: Tit 
Third Side (as C A) is called the Cathetus or Perpendicular. 

6. An OBTUSE-ANGLED Triangle, is that which hath one of its 


Angles Gotuſe, and it's called an Amblygonium Triangle. Such 


is the Third Triangle H K M. 


7. An AcurTE-ancLeD TRIANGLE, is that which hath all is | 
Angles Acute, and its called an Oxygonium Triangle; Such ace 


the Firſt and Second Triangles ABC, and BDG. 
Note, All Triangles that have not a Right Angle, whether they 
are Acute, or Obtuje, are in General Terms, called Oblique Triat- 
ges 
| 3 


( 


— 


W. 


LL © 3K A = — Ra Rag" 
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gles, without any other Diſtinction, as before. And the long ſi 
$ide of every Oblique Triang's is uſually called the Baſe ; the 
other two are only called Sides or Legs. | 

8. The Altitude or Height of any 
Plain Triangle, is the Length of a Right 
Line let fall Perpendicular from any of its 
Angles, upon the Side oppoſite to that 
Angle from whence it falls ; and may be 
either within, or without the Tr1azgle, 
as Occaſion requires, being denoted by 
the Tuo prickd Lines, in the annexed 
* Triangles. 


— LTD oo rom 


Secl. 4. Of Feur-ſided Figures. 


1. A Square is a plain regular Figure, 
whoſe pins is limited by a equal 2 A | 
all Per pendicular one to another. | | 

Thar is, when AB = BC =CD = DA, 
and the Angles A, B, C, D are all equal, 
Then it's uſually called a Geometrical B 


Square. 

2. A Rhombus, or Diamond- lie Fi- 
gure, is that which hath Four equal 
Sides, but no Rght-angle. That is, 

a Rhombus is a Square mov d out of its 
right Poſition, as the annexed Figure. | 

3. A Bectangle, or a Aight-angled Perallelogram (often called 


. ͤ ÜäÄ— ne, 0 £ _ „ 3 


een 


an Oblong, or long Square) is a ÞB "Oo 
| Figure that hath four Right-angles | 
and its two oppoſite Sides equal, | 
viz. BC = HD and BH = CD. - 72 
4. A KBhombotdes, is an Oblique-argled Paralle/cgram ; that is, 
= ts a Farallelagram Moved out of 
its Right Poſition, like the Aunex- . 5 2 
Figure. e 


5. The gititude or Height of any Oblique angled Parallelogram, 
& 2:2. either of the Rhombus or Nhoimboi- | 

des, is a Right-line let fall perpendicular 
from any Axgle vpon the Side oppoſite 
to that Angle; and may either be within: 
K without the Figure: As the prick's !! - 
| Lines in the annexed Figure, 


P Pp 6. All 
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6. All Four- ſided Figures, which 8 
differ from thoſe before- mentioned, 
are called Trape3ia, | 
Thar is, when they have neither 
Op po ſite Sides, nor Oppoſite Au- 
* Equal ; as the Fil BCD, 5 
7. A Right-line drawn from any Angle in a Four-fided Figue 
to its oppoſite Angle, is called a Diagonal Line, and will Devid: 
the Arta of the Figure into two Triangles, being dented by the 
prickd Line Ac in the laſt Figure. 


S. All rieht-lined Figures that have more than Four Sites, 
are call d Polygons, whether they be regular or irregular, 


9. A Begular Pelpgon is that which hath all its Sides Fqua, 
ſtanding at Equal Angles, and is named according to the Number 
of its Sides (or Ang es). That is, if it have Five Equal Sides, it 
is calld a Pentagon; if Six Equal Sides, it is call'd a Hexagon; 
it Sever, tis a Yeptagon ; if Eight, tis an Octagon, &c. 


N ote, All Regular Polygons may be inſcribd in a Circle; that 
ze, their Angular Points, how many ſoever they have, will al 
Juſt touch the Circles Periphery. | 


10. An Irregular Polygon is that Figure which hath many 
unequal Sides ſtanding at unequal Angles — 
(like unto the annexed Figure, or other- 

wiſe) ; and of ſuch kind of Polygozzs there 

are infinite Varieties, but they may all 

be reduced to regular Figures by drawing 

Diagonal Lines in them; as ſhall be ſhew'd 

farther on, 


Theſe are the moſt General and Uſeful Definitions that con- 
cern plain or ſuperficial Geometry. 


As for thoſe which relate to Solids, I thought it convenient to 
omit giving any Account of them in this place, becauſe they would 
rather puzzle and amuſe the Learner, than improve him, until he 
Has gain'd a competent Knowledg? in the moſt uſeful Theorems 
concerning Szperficzes ; for then thoſe Definitions may be more 
eaſily underſtood, and will help to form a clearer Idea of theit 
reſpective Solids, than tis poſſi ble to conceive of them before; 
acd therefore I have reſery'd thoſe Definitions until we come to the 


ilch Part. 
1 564 Sd, 


—  _ 
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$4, 5. Of ſuch Terms as are generally uſed in Geometry. 


rm a 
= 1 


Whatſoever is propoſed in Geometry will either be a Pzoblem 
N Or a Cheozem. k 
Both which Euclid includes in the general Term of Propoſitions. 
* A Problem is that which propoſes ſomething to be Done, and 
relates more immediately to practical than ſpeculative Geometry ; 
That is, it's generally of ſuch a Nature, as to be perform d by 
ſome known or Commonrly-receiv'd Rules, without any Regard had 
to their /zvertiozs or Demonſtrations. |; 

A Theozem is when any Commorly-receiv'd Rule, or any New 
Prapofition is requir'd to be Demonſtrated, that fo it may from 
thence forward become a certain Rule, to be relyd upon in Pra- 
ctice when Occaſion requires it. And therefore ſeveral Rules are 
often call d Theorems, by which Operations in Arithmetict, and 
Conciufionsin Geometry, are perform d. 

Note, By Demonſtration 7s underſtood the higheſt Degree of 
Proof that Human Reaſon is capable of attaining to, by a Train of 
Arguments deduced or drawn from ſuch 77 Axioms, aud other 
Selfrevident Truths, as caunot be denied by any One that con ſi- 
ders them. 

A Tozollary, or Conſeckarp, is ſome Conſequent Truth drawn or 
gain d from any Demonſtration. 

A Lemma is the Demonſtration of ſome Premiſes laid down or 
propoſed as preparative to obviate and ſhorten the Proof of the 
Theorem under Conſideration. 


A Scholium 15 a brief Commentary or Obſerv ation made upon 
fome precedent Diſcourſe. 1 


N. B. I adviſe the Young Geometer to be very perfett in the 
Definitions, viz. Not to ref ſatisfied with a bare Remembrance 

of them ; tut, that he endeavour to gain a Clear Idea or Under- 
ſtanding of the Things defined; and for that reaſon I hav? teen 

Fuller in every Definition than is uſual. 

Aud, that he may know from whence moſt of the following 
Problems aud Theorems contair'd in the Two next Chapters are 
coUetted, I have all-along cited th? Propoſition, and Book of 
Euclid's Elements where they may be found. 

As for inſtance ; at Problem 1. there is (3.e. 1) which. ſhews 
that it is th. Third Propoſition i» Euclid's Firſt Baok. The like 
muſt be under ſigod in the Theorems, = eee, 


Pp 2 CHAR, 
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CHAP, IL 


P2oblems, in Plain Geometry. 


7 N order to perform the following Problems, the young Geone. 
ter ougbt to beprovided with a thin ſtreight Ruler, made either 
of Braſs or Box-wood, and two Pair of very good Compaſles, viz, 
one Pair call d Three. pointed Compaſſes, Lins very uſeful] for 
drawing of Figures or Schemes, either with Black Lead or I, 
and one Pair of plain Compaſſes with very fine Points, to nes: 
ſure and ſet off Diſtances ; alſo he ſhould have a very good Steel 
Drawing-Pen : And then he may proceed to the Work with thi; 
Caution; That he ought to make himſelf Mafier of one Problem 
before he undertakes the next: That is, he ought to underſtand 
the Deſign, aud as far as he can, the Reaſon of every Problem, 
as well as how to do it; and then a little Practice will render 
2 ee, Eaſy, they being all grounded upon theſe following 
0 ces. 


Poſtulates or Petitions. 


1. That a Right- line may be Drawn from any one given Point 
to another. 5 

2. That a Right-line may be produced, encreaſed, or made 
longer from either of its Ends. 


2. That upon any given Point (or Centre) and with any given 
Diſtante (viz. with any Radius) a Circle may be deſcribed. 


PROBLEM I 


Two Rieht-lines being given; To find their Sum and 
2 Difference. ( 3.4. I.) 


| Let the given Lines be 


Make the 7 Line, as CB, 
Radius, and with it Deſcribe a 
Circle : From its Centre C ſet off TE 
the other Line AC, and foyn : R 
ACB with a Right. line. Then hy TY 
wil ABS AC +CB; and | 

AD —AC—CB; as was re- 

quired, | 


:. 9 wy” QT 


Ta! 
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Ch. 2. The Firſt Budime 


PROBLEM I. 


To Biſe, or Divide a Right-line given (as AB) into two 
, Equal Parts (10. e. 17 


From both Eads of the given Line (viz. & and B) with any 


Radius Greater than half its Length, 2 
deſcribe Two Arc hes that may croſs £ 
each other in Five 7 rats y 7 D _ 5 
F; then oy: thoſe Points wit 7.3) 
a Bight-line, and it will Ziſect the j—— 4—— B 
Line AB in the middle at C; v2z. 1 
it will make 40 = C B; as was re- A 
quired. | 2 
5 * F 


PROBLEM IL 


To Eiſect a Right-lin'd angle given, into Two equal Angles. 
| 9. E. I. 


Upon the Angular Point, as at C, with any convenient Radins, 
deſcribe an Arch as A B; and from ; 
thoſe Points A and B, Deſcribe two 
equal Arches croſſing each other, as 
at D; then joyx the Points Cand c 
D wita a Kight-line, and it will 
Biſect the Arch A B, and conſequent- 
ly the Angle; as was requir d. 


PROBLEM IV. 


At a Point 4, in a Right-line giver A B; to make a Right-lin'd | 
Angle equal to a Right" lind Angle given c. (23. e. 1.) | 


Upon the given Arge Point Cdeſcribe 
an Arch, as F D, (making C. D any 
Radius. at pleaſure) and with the ſame 
Radins deſcribe the like Arch upon the 
given Pozzt A, as Fd; that is, make 
the Arch fd Equal to the Arch F D; 
2 Joy: 3 15 and F with a 

Shi ine, and it will fon the Ang 
requir'd, 9 and it wil kong Angle A< 
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PROBLEM V. 


To draw a R ight-lize as FD, parallel to a given Right-line 4 h;. | 
that Hall paſs thro any afſien'd Point, as at x, viz. at Til 1 
Di ſtauct requird. (31. e. I.) 


Take any convenient Point in the given Line, as at C, (the 


farther off x the better;) make * ST A 
C x Ratins, and with it upon F _ be. 
the Foirt C, deſcribe a Semi- £ * th 
eirclæ, as HM x N; then make 4 i 3 TS” at 
the Arch H equal to the H C N ol 
Arch x ; thro' the Points M and x draw the Right. line FU, P 
and it will be Parallel to the Eine AC, as was requr'd. p 

, ; 

PROBLEM VI. b 


To Let fail a Perpendigular, as C x, upon a given Right-line AB, 8 
from any offign'd Point that is not in it, as from C. (12. e. 1.) p 
Upon the given Point C deſcribe ſuch an Arch of a Circe u 

will croſs the given Line 4 B in two C 

Femrts, as at d and 7; Then Biſet 

the Diſtance between thoſe two 

Peints d / per Probl. 2.) as at x. A 

Dram the K ighi- line C x, and it will . ff 

be the Per pendicular requir'd. 7 9 — b 

| TILL | J 
PROBLEM VI. n 


To E-e or Raiſe a Perpendicular upon the End of any give! 
9 as dt B; or upon any other Point aſgn d in i. 
(11.6. I. 


- 


Upon any Point (taken at an Adventure] out of the given 
Jive, as at C, deſcribe ſuch a Circle H 
as Wii pls through the Point from . D 
whence mne Perpendicular muſt be 8 *. 
valſ. d, as at B, (viz. make C B Na- 7 _ 
is e And from the Point where the 8 

( irrle cf 5 the E:Von Line, as at A, 3 

rac thi circles Piameter A C D; . * 
then trom- the Point D draw the | ovarian”; 

K. ati P E, and it will be the Perpendicular as was re- 
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PROBLEM VIII. - 


I Divide any given Rifht-line, as A B, into wy propoſed 
Number of 25 Parts. (10. e. 6.) NN 


ö At the Extream Points (or Ends) of the given Line, as at 
And Dy Os Two equal Au- | 5 
'es rob. 4.) continuin ; 

Ss 44 A mY and B C » 
any ſufficient length; then up- 
on thoſe Sides, beginning at the 
Points A and B, Fe off the pro- 
poſed Number of Equal Parts 
(ſuppoſe em 5.) If Right-lines * 
be drawn (croſs the given Line) 
from one Point to the other, as | 
in the annexed Figure, thoſe Lines will divide the given Lize 
AB into the Number of equal Parts required, 


"PROBLEM NX. 

To Deſcribe a: Circle that ſhall paſs (or cut) thro' any Three 
Points given, not lying in a Right-line, as at the Foints 

„ 8 Do: ents | 

Joyn the Points AB and BD with Right. lines; then biſeg 
both thoſe Lines, if per Problem 2.) the | 
Point where the biſecting Lines meet, 
as at C, will be the Centre. of the Circle 

required. 


The Work of this Problem being well 
underſtood, twill be eafie to perform the 
two following, without any Scheme, viz. 


I. To find the Centre of any Circle given. (1. e. 3) 


By the laſt Problem tis plain, that if three Points be any where 
taken in the given Circles Periphery, as at 4, 5, D, the Centre 
of that Circle may be found as before. 


2. If a Segment of any Circle be given, to compleat or Peſ. rite 
th? whole Crrele. - hot 


This may be done by taking any Three Points in the given 
Segmert's Arch, and then proceed as before, 
: BR O- 


a 4 
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PROBLEM X. 


Upon 4 Right-line given, as A B; To d:ſeribe an Equilated | 7 
Triangle. (I. e. 1.) | 


Make the given Line Radius, and 
with it, upon each of its Extream Points 
or Eads, as at A and B, deſcribe an 
Arch, viz. AC and BC; then joyn 
the Points AC and BC with Reght- 
lines, and they will make the Piangle 


requir d. 


PROBLEM XI. 


Three Right-lines being given; To form them into a Triangle 
provided any two of them, taken together, be longer that 
the Third) (22. e. 1.) . 


Rub” df a” os hs, ee i = 


+. BY B 
Let the given Lines be + B 
A—=<c 


Make either of the ſhorter Lines 2 
(as AC) Radins, and upon ei- TY 
ther End of the Jorgeſt Line; 1 3 


(as at A) deſcribe an Arch; 
then make the other Line C B Radizs, and upon the other End 
of the loxgeſt Side (as at B) deſcribe another Arch, to croſs the 
Firſt Arch (as at C): Joyn the Points CA and CB with Right 
lines, and they will form the Tr;angle required. 


PROBLEM XII. 
Upon a given Right-line, as A B, to form a Square. (46. e. I. 


Upon one End of the given Line, as at B, erect the Perpen' 
dicular B D, equal in Length with the ; | 
given Line, viz. make BD AB; ov mn D 
that being done, make the given Line [= 2:7 | 
Radius, and upon the Points A and D ' 
deſcribe equal Arches to croſs each other, [ 
as at C; then joyn the Points C A and Y 
CD with Right lines, and they will form 3 
the Square required. fA——— 
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; PROBLEM XIII. 
Two unequal Rightslines being given; Ts form or make of them 


a Right angled Parallelogram. 
Il B 
Let the given Lines de 1 g———0C | 
| Upon one End of rhe Longeſt D N C 
Line, as at B, erect a Per pendi- 
cular of the ſame length with the 
horte ſi Line BC; then from the Sy B 


Point C draw a Line parallel, and | 
of the ſame length, to AB, viz. make DC—=AB: Jin DA 
with a Rgbt- line, and it will form the Ohlorg or Parallelogram 
requir d. | | 

As for Rhombus and Rhomtoides, to wit, Ohligue- aug e 
Parallebgrams, they are made, or deſcrtb'd, afref the fame man- 
ner with the two laſt Figures; only inſtead of erecting the Per- 
pendiculars, you muſt ſer off their given Angles, and then proceed 
to draw their Sides parallel, Sc. as before. | 


PROBLEM XIV. 


In any given Circle, to inſeribe or make a Triangle, whoſe An- 
ges ſball be Equal to the Angles of a given Triangle ; as th? 
Triangle FD G. (2. e. 4.) 


Note, Any Right-lined Figure is ſaid to be inſcribd in a Cir- 
cle, when all the Arguiar Foints of that Figure do juſt touch 
the Circle s Periphery. 5 


Draw any Right-lize (as H K ) fo as juſt to touch the Circle, 
as at 4; then make the Angle | "0 
K AC equal to any one Angle ERGY A & 
of the given Triangle, as DFG; : 
and the Angle H A B equal to 
another Angle of the Triangle, 
as DG F; then will the Angle 
B AC be equal to the Angle 
FDG. Joyn the Points Ba 
C with a Right-line, and cwill 
form the Triangle requir'd. 


ED? | ck — — 
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PROBLEM XV. 


In any given Triangle, as A BD, To deſcri be a Circle that ſhall 
touch all its Sides. (4. e. 4) 


Piſe& any two Angles of the Tri- 
angle, as A and B, and where the 
biſecting Lines meet (as at C) will be 
the Centre of the Circle requir d; and 
its Rodius will be the neareſt Diſtance 
to the Sides of the Triangle. 


PROBLEM XVI. 
To deſcribe a Circle about any given Triangle. (5, e. 4.) 


This Problem is perform'd in all reſpe&s like the Ninth, vi, 
by biſecting any Two Sides of the given Triangle; the Point 
where thoſe biſecting Lines meet, will be the Centre of the Cirde 

requir'd. 


PROBLEM XVI. 


To deſcribe a Square about any given Circle. (7. e. 4) 


Draw two Diameters in the given Cir- 
cle (as DA and E B) croſſing at Right 
Angles in the Centre C; and with the 
Circle's Radius C A deſcribe, from the 
Extream Points of the Diameter A B, 
DE, croſs Arches, as at FG HA; 
then joyn thoſe Points where the Ar- 
ches croſs with Right-lizes, and they E 
will form the Square requir d. H. 


PROBLEM XVII 


In any given Circle, To deſcribe the largeſt Square it car 
contain. (6. e. 4.) 


Haying drawn the Diameters, as D A and E B, biſectiqg 
exch other at Right-angles in the Centre C, (as in the laſt Scheme); 
then pin the Points A, B, D, and E, with Right-lines, Vs 
AB, BD, DE, EA, and they will be the Sides of the Sue 


” 


requird, 


PRONE 
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"PROBLEM XXX. 


Upon any given Right-line, as AB, To deſcribe a Regular 
5 OY — or Five- ſided Polygon. 


Make the given Line Radius, and upon each End of it de- 
ſeribe a Circle; and through thoſe 
Points where the Circles croſs each 
other (as at G x) draw the Right- 
line Ge x ; Upon the Point & with 0200 
the ſame Radius deſcribe the Arch . 
HAe B D: Then lay a Ruler u- 
on the Points De, and mark where ; 
it croſſes the other Circle, as at F. 3 
Again, lay the Ruler upon the Point: = „ 
He, and mark where it croſſes the F 
other Circle, as at C: Then from 18 G6 D 
the Points F and C (with the oo Radius as before ) deſcribe 
croſs Arches, as at K. Joyn the Points A F, FN, KC, and CB, 
with Right-lines, and they will form the Pentagon requir'd, viz. 
AF=FK=—=KC=CB=AE,; and the Angles at A, B, C, 
K, F will be Equal. 


PROBLEM XX. 


In any given Circle, To deſcribe a Regular Pentagon. 
(I. e. 4. & 10. e. 3.) 


* 4* 
lin 


* 
„, 


Or, in General Terms, to deſcribe any Regular Polygon in a 


ircle. 


Draw the Circle's Diameter D A, and divide it into ſo many 
equal Parts as the propoſed Polygon hath TEN 6M | 
Number of Sides ; then make the whole tos, 
Diameter a Radius, and deſcribe the 55 
two Arches CA and C D. If a Right- * 
line be drawn from the Point C, thro 
the Second of thoſe equal Parts in the 
Diameter, as at 2, it will aſſign a Point 
in the oppoſite Semicircle's Peri phery, 
as at B. Joyn D B with a Right line, 
and it will be the true Side of the Pen- 
tegon requir d. 


Qq 2 


500 Clements of Geometry. Part If. 


Theſe Twenty Problems are ſufficient to Exerciſe the young 
Practitioner, and bring his Hand to the right Management of 1 
Ruler and Compaſſes, wherein I would adviſe him to be very 
Ready and Exact. | 

As to the Reaſon why ſach Lines muſt be ſo drawn as direQed 
at each Problem, That, I preſume, will fully and clearly appear 
from the following Theorems ; and therefore I have ( for brevity's 
ſake) omitted giving any Demonſtrations of them in this Chapter, 
deſiring the Learner to be ſatisfied with the bare Knowledge of do- 
ing them only, until he hath fully conſidered the Contents of the 
next Chapter; and then I doubt not but all will appear very Plain 
and Eaſy. | ; ets | | | 


CHAP. Il. 


A collection of moſt uſeful Theozems in plain Geometry 
Demonſtrated. 


Note, ix order to ſhorten ſeveral of the following Demon ſtra- 
tions, it will be neceſſary to premiſe, T hat 


I. a HE Periphery (or Circumference) of eyery Circle (whe- 
ther Great or Small) is ſuppos d to be divided into 360 
equal Parts, called Degrees ; and every one of thoſe Degrees are 
divided into 60 equal Parts, call'd Minutes, &c. 


2. All Arg'es are meaſur'd by the Arch of a Circle deſcrib d 


upon the Angular Point (ſe Defin. . page 287.) and are eſteem d a 


Greater or Leſs, according to the Number of Degrees contain d 
ini chat Av. h. A = NN IM EE 


3. A Quadrant, or Quarter. part of any Circle, is always 99 
Degrees, being the Meaſure of a Rzeht- Angle ( Defin. 6. p. 287. 
And a S-aicircle is = 180 Degrees, being the Me aſure of Two 
Kight- Arn gles. | | RN | 


4. Equal Arches of a (Circle, or of Equal Circles, Meaſure 
CFC VVV 
To thoſe Fire general Axioms already laid down in page 146, 
(T:hiih | here ſuppoſe the Reader to be very well acquainted 
with) it will be convenient to underſtand theſe following, which 
Legiu knew A uud er where the other ended. 1 


Axioms. 


1 


Fa! 


„ _  _ ye 
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Axioms. 


6. Every whole Thing is Gzeater than its Part. 
Thar is, the whole Line A B is ** — f — 
greater than its Part Ac, &c. lc ; 
The ſame is to be underſtood of Superficies and Solids. 


7. Every whole is Equal to all irs Parts taken together, 

That is, the whole Line A B is Equal A—| —| —| <3 
to its Parts AC+d Adee F 
The fame is alſo true in Su per ficies and Solid s. 


8. Thoſe Things which, being laid one upon another, do agree 
or meet in all their Parts, are Equal one to the other. Ty | 


But the Converſe of this Axiom, to wit, that Equal Things 
being laid one upon the other will meet, is only true in Lines 
and Azgles, but not in Swperficies, unleſs they be alike, viz. of 
the ſame Figure or Form: As for inſtance, a Circle may be Equal 
in Area to a Square; but if they are Laid one upon the other, tis 
plain they cannot meet in all their Parts, becauſe they are wzlike 
Figures. Alſo a Parallelogram and a Triangle. may be Equal in 
their Area's one to another, and both of them may be Equal to 
a Square ; but if they are Laid one upon the other, they will not 
meet in all their Parts, &c. 


| Note, Be ſides the Characters already explain d in Part I, and 
in other Places of this Tra&t, theſe following are added. 


Viz, x denotes an Angle in general, and S ſignifies An- 
gles; A ſignifies a Triangle; I ſignifies a Square, and H de- 
notes a Parallelogram. And when an Angle is denoted by any 
Three Letters (as A, B, C, &c.) the middle Letter (as B) always 
denotes the Angular Point; and the other T Letters (as A B, 
2 BC) denote the Lines or Sides of the Triangle which includes 

at Angle. 

Theſe things being premiſed, the young Geometer may proceed 
to the Demonſtrations of the following Theorems ; wherein he 
may perceive an abſolute Neceſſity of being well verſed in ſeveral 
Things that have been already deliver'd : And alſo it will be very 
advantagious to ſtore up ſeveral uſeful Corollaries and Lemma's, 
as they become diſcover d Truths: For it often happens, that a 
Propoſition cannot be clearly demonſtrated a priori, or of it ſelf, 
without a great deal of Trouble; therefore it will be Uſeful to 
have Recourſe to thoſe Tyuths that may be aſſiſting in the Demon- 
ſtratioꝝ then in hand. . 
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THEOREM l. 


if 'a Right lin“ fland upon (or meet with) another Right-line, 
and make Angles with it, they will either be Two Right. angles, 
or Two Angles equal to Two Right-angles. (13 e. 1.) 


Demonſtration. 


Suppoſe the Lines to be 4 B and D C, meeting in the Point 
at C; upon C deſcribe any Circle at | 
leaſure: Then will the Arch A D 
the Meaſure of the , and the 
Arch D Þ the Aeaſure of < e, 
but the Arches A ID) ++ D B=189®?, 
viz. they compleat the Semicircle. 
Conſequently the < $ + Ie = 180, which was io be prov d. 


Corollaries. 


1. Hence it follows, that if the x > — 9o then Se S oe; 
but it i be Gbtuſe, then the < e will be Acute, &c. 

From hence it will be eaſy to conceive, that if ſeveral Right- 
lines ſtand upon, or meet with, any Right-line at one and the 
ſame Point, all the Angles taken together will be = 180®, viz, 
Two Right-angles. | 


THEOREM Il. 


If Two Angles interſect (i. e. cut or croſs ) each other, the Two 
Oppoſite Angles will he Equal, (15, e. 1.) 


Demonſtration. 


Let the Two Lines be A F and 
D E, interſecting each other in the 
-> C. 4 
Then < þ + xe=18221 
And Y + xa=18099 per aſt, . 
. Conſequently Y xe = x#&+ © 
I a, per Axiom 5. by 
Subſtract T on both Sides of 
the Æquation, and it will leave 
Se Aa. 1 
Again, S + x e= 1809, as before; and e S C=180?, 
conſequently Je + C= U Se. Subftrat Se, and 
chen C= ]. (XE. D. ; 


. 


Cool. 


——— 


Chap. 3. 


Corollary. 


From hence it is evident, that if Two Lines interſect each 
other, they will make Four Angles; which being taken together, 
will always be Equal to Four Right-angles. | 


THEOREM III. 


If a Right-line cut (or croſs) Two Parallel Lines, it will make 
the Oppoſite Angles equal one to another. (29. e. 1.) 


Suppoſe the Two Lines A B and HA to be parallel, and the 
Right-line D G to cut them both 
at C and 2: Upon the Point C (with : 1. 
any Radius) deſcribe a Semicir- 0 
cle; and with the ſame Radius, up- : DI 
on the Point at 2, deſcribe another 
Semicircle oppoſite to the firſt, as in 
the Figure. Then 'tis plain, and I 
ſuppoſe very eaſy to conceive, that 
if the Centre C were mov'd along 
upon the Line D G, until it came 
to the Centre at 2, the two Lines A B and HX would meet 
and concur, viz. become one Line (for Parallel Lines are as it 
were but one broad Line). Conſequemly the Two Semicircles 
would alſo meet, and become one entire Circle, like to that in the 
laſt Demonſtration. | | 
And therefore the y F A e 42 before, per 

And n = 3 laſt QED 


CG orollary. 


Hence it follows, that if Three, Four, or ever ſo many Paral- 
lel- lines, are cut or croſs d by one Right - line, all their Oppoſite 
Angles will be Equal. 


THEOREM IV. 


The Three Angles of every plain Triangle, are Equal to Two 
Right- angles. (32. e. 1.) | 

Conſequently, any Two Angles of any plain Triangle muſt needs 
be Leſs than Two Right-ang:es. (17. e. 1.) 


Y Demon⸗ 
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Demonttration. 
Let the A A B C be propos d; draw the Right- line H A pa- 
rallel to the Side A B, juſt touching e, 
the Vertical Angle C; and upon the . . „ 
ſame Angular Point C deſcribe any Se- H. f. E. .. 4 K 
micircle, and produce the Sides A C, 
and B C to its Periphery. Then will 
SS 3, Xa = A, and 
IC, per Laſt Theorem. 
But x þ+ x a+ & x = 1809, or 
two Right-angles : Conſequently BT RX A+ = C=180, | 
Per Axiom 5. Q. E. D. : 
Corollary. 


Hence it follows, that the T'wo Acute Angles of every Right- 
angled Triangle are Equal to a Right-angle, or 909. 
onſequently, if one of the Acute Angles be given, the other 
is alſo given, viz, 909—the given I leaves the other . 


THEOREM V. / 


If one Side of any plain Triangle be continued or produced bes 
ond, or out of the Triangle, the outward Angle will always 
be Equal to the Two inward Oppoſite Angles. (32. e. I.) 


Demonftration, 


Let the Side A B of the A A BC be produced out of the A, ſup- 

poſe to D, &c, as in the Figure. | 

Then TZ S TAT C, 

for the < B + I z = 180 

per Theorem 1. | _ — 

And the x B+ IATA C e 

= 180, per laſt Theorem. 

Therefore B+ IZ BTCC ANC, per Axiom 5. 

Sul ſtract B on both Sides the Æquation, and it will leave 

SVvz=<A+<_IC (per Axiom 2.) Q. E. D. 
Conſequently, the outward Angle (at 2) of any plain Triangle, 
uſt needs be greater than either of the inward oppoſite Au- 

gles, viz. greater than & 4, or c (16. e. 1.) | 


C orollary. a | 


Hence it follows, that if One Angle of any plain Triangle be 
given, the Sum of the other Two Angles is alſo given; for 180%— 
the given S = the other Two x S. * | 


| 


THE 0O- 
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THEOREM VL. 
Is every plain Triangle, Equal Sides ſubtent! (viz. are oppoſite to) 


al Angles. (5. E. 1, 


; ) 
Conſequently, Equal Angles are ſubtended by Equal Sides. (6, e. 11) 
Demonftration, 4 


Suppoſe the A B C H to be an Iſoſteles A; 
that is, let BC=C'D. Biſe& the < C, or 
(which is all one ) make C A Perpendicular 
toBD; then will the S on each ſide of 
it (viz. S BAC and DA be Right- *+«../ . 
Angles. « | B %% 

r == 96,2 
Therefore * Q 57 1 52 906 rer Corol. to Theorem 4. 
Conſequently, 2 CTB CCT == D, per Axiom 8. 
dubſtract + < C from both Sides of the # quation, and is will 
leave B = ID, per Axiom 2. Q. E. D. ä 


Corollary. 


From hence it follows, that the Three Ang'es of an Equilate- 
ral Triangle are Equal one to another. 


THEOREM VI. 


Ix every plain Triangle, the Longeſt Side ſubtends the Greateſt 
Angle. (18. e. 1.) 10 | 
Conſequently, the Greateſt Angle of any plain Triangle is ſubs 
tended by the Long?ſt Side. | 


This Theorem is evident by Inſpection only: For, let one of 
the Sides of any plain Triavge (as CB ; 


be produced, ſuppoſe ro E; joyn D E 
with a Right-lize ; Then tis evident, | 
that becauſe C E is now made longer than 3 


the Side 5B C, therefore the T at D is 
become larger than it was before by the 
BDE: And it's plain, the longer che 


Side CE had been made, the <= at Pp 
would have been the more enlarg'd. ** 
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1 
2 THEOREM VII 
if the Sides 


two Triangles are I, the An les oppo ſite i 
thoſe Equal 8455 will be Fquy). (8. 2 I.) i 


The Truth of this Theorem is evident by the Two included 
Triangles the 6th Theorem, for os have their reſpective Sides 
equal, wit, BC — CD, BA=D A, and C A common to bath 
Triangles..\ And it is there prov'd, That the S oppoſite to thoſe 
Equal Sides, are Equal, Sc. which needs no further Proof. 


Nate, 'The Converſe of this Theorem holds not true ; for the 


Aneles of two Triangles may be equal, and their oppoſite or ſub 
ending Sides unequal ; as will appear at Theorem Xl m 


Corollary. | 
Hence it follows, that Triangles mutually Equilateral are alf 
mutually Equiangular ; and, 2 : 
That Prangles mutually Equilateral are equal one to another, 
(4- & 26. e. 1.) | 1 


THEOREM NX. 


An Angle at the Centre of any Circle, is always double to the An: 
gle at the Periphery, when both the Angles fland upon the 
ae Arch. (20.e, 3.) This Theorem hath Three Varieties 

or Caſes, 


Demonſtration. 


Caſe 1. Let the Diameter D A, and 
the Line D B, be the two Lines which 
form the I at the Periphery; Draw 
the Radius B C, then B CA is the 
Dat the Centre. ü | 
But BCA DT, per Th. 5. 
And becauſe DC = BC, therefore & 
D = I B, per Theorem 6, Conſe- 
quenty = BCA =2KD. 


Caſe 2. Suppoſe the B CF at 
the Centre to be within the B DF 
at the . (as in the annexed 
Figure.) Draw the Diameter D 4; 
Then the < BCA=2< BDA C | 
And the x FCA =2< FDA * per Caſe I, LY * 
Add theſe two Æguations together; eee, 


Then 


rr 


e AD 


8 


2828 


And BCA 2 BDA 


— — — > — — —— — 
Chap. . 82 Of Theozems. * 307 
Then will <B C re per Ax. 1 


But < BCA +RFCA= RBC 
And 28 BD A+2RFDA=2SBDF 


Conſequently x BCF=2SJBDF. 

Caſe 3. Again ſuppoſe the x BCF ee 
at 820 Cre to be out of the BDF Fg „ 
at the Periphery: From the Angular E Ly 
Point D at the Periphery draw he F 


Diameter D A. | 
Then ae 1. 


Suh ſtract this laſt Æguation from the 
other, and it will leave | 

<FCA—I<BCA=2 = FDA—2RIBDA, per Axiom 2. 
But x FC A—RBCA=xR FCB. And 2 F DA-2 BDA= 
2 JF DBE: Conſequently x FC B=2K FDB. Q. E. D. 


0 ovollary. 


Hence tis evident, That all Angles at the Periphery, which 


and on the ſame Segment or Arch of a Circle, or upon equal 
Arches, are equal one to another. (21. 6. 3.) vs 


THEOREM X. 
An Angle in a Semicirtie is a Right-angle. (31. e. 3.) 


That is, F the Diameter of any Circle be the Side of a Triangle, 


and the Angle oppoſite to that Side be any where in the Cir- 
cle's Periphery, it will be a Right-angle. | 


Demonkfration. 


Let D 4 be the Diameter, and D B 4 
the Triangle, then 8 B= 909. Draw 
the Radius B C, then is the 8 DB A 
SD SA. | 
For C BDS D, and CBA 

= Ix A, per Theorem 6. 

Therefore = DBA= RCBD+ 

CBA, per Axiom 5. 
Again x<DBA4+ = D＋ A= 180, per Theorem 4. 
Confequently, DB A == 909 or a Right-angle, Q. E. D. 

Auel, e 3 
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Corollaries. 


1. Hence it will be eaſy to conceive, that an Angle made in any 
Segment Jeſs than a Semicircle will be Obtuſe, or greater than a 


Right-angle. l 
2. Ard an Angle made in any Segment greater than a Semicir= ; 
cle, muſt conſequently be Arte. | 1 
THEOREM Kl. } 


FLY 


In any Right-ang'ed Triangle, the Square which is made of the 
. or Side ſubtending the Right-angle, is equal to 
both the Squares which are made of the Sides including the 
Right-angie. (47. e. 1.) | 
There are ſeveral ways of demonſtrating this Noble and Uſefu} 

Theorem, but, I preſume, none more eaſy to be underſtood by a 
earner than that which I ſhall here propoſe : And, in order 

thereto, twill be neceſſary to premiſe the following Lennna g. 


Lemma 1. | 


A Right line is ſaid to be Multiplyd with a Right-line, when 
either a Square, or other Right-angled Parallelogram, is made of 
the Two Lines. „ | 

That is, the Area of any Right-angled Parallelogram is equal 
to the Product of thoſe Numbers which expreſs the Meaſure of 
its Sides, PEN | 8 

Thus, if 4 B = 6 Inches - 

And AC = 3 Inches; a” 1 25 | n 
Then 4 BX ACS GUN 3 = 18 r 
i 


re Inches; which is the 
Area of the Parallelogram ABCD, C 


Lemma 2, 


If a Right-line be any way cut into two Parts, the Square of 
the whole [ze will be Equal to the Syuares of each Part, and a 
double Rectangle or Parallelogram made of both the Parts, (4. e. 2.) 

That is, if the Line $ be cut into the 8 
Two Parts B and C, — 1 — 
Then is S — B+C; but if both the Sides B | | 
of the Æguation be involy'd, it will be SSB = B=2 BC +CC. 


Lemma 


— os — — 
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| Lemma 3. 

The Area of every Right-angled Triangle is half the Paralle. 
logram made of its Baſe and Perpendicular. - 4 

For B C the Area of the whole Paral- : 
lelogram, by the firſt Lemma. And A BCH <. 
+ 4 bc H = the Parallelogram ; but B , 
and C c. | 5 4 
Therefore  B C = the Area of each A, viz. 4B CTI br — BC: 

Theſe Things being premiſed, let us ſuppoſe the Triangle 
B CH to be a Right-angled Triangle, viz. the Side C perpendicu- 
cular to the Side B; then will B B q- C C=HH. 


Demonttration. 

Make a Square whoſe Side: b g. 
is = B -+ C, and draw the c . “ 8 
included Square whoſe Side * b: 
is = H, as in the Scheme: * 


Then will the Area of the great 1 5 AH 
Square be equal to the Area 


ot the Four Triangles + HH; 1 Ly * 9 
but the Area of each A ?: CC : 
BC, per Lemma 3. Therefore , F. ory 


the 4 A's = 4BCX4=28B8C. 
Conſequently, the Area of the 
great Square is HH + 2 C. 
[rwolve B + C, and it will 
be BB + 2BC+ Ces the 
Area of the great Square ; per 
Lemma 3. | | 
Conſequently, HH 2B C=BB+2 BC+CC, per Axiom 8. 
Subſtract 2 B C from both Sides of the Æaquation, and there will 
Remain H H = B B A- CC: 


To illuſtrate this Theorem by Numbers, let us 
Suppoſe C — 3 B=4. ad Hans. 


. 


Then will CC=9. BB= 16, and HH=25. 
Conſequently, BTCC HI ＋ = 25. 


Conſedtary. 


From this admirable Theorem (ſaid to be firft invented zy 
Pythagoras) is deduced the Method of adding and ſubſtrading 


Squares, Parallelograms, Circles, Ge. Ts 
b 8 3 ) T N E O- 


8 


| 
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THEOREM XI. 


Ir any Right-angled Triangle, a Perpendicular being let fall 
From the Right-angle upon the 1 will Haide the 
Piaugle into two Right-angled Niangles, which will be both 
.es (or alike ) to the firſt Triangle, and to each other, 
(8. e. 6.) | 


Note, Al plain Triangles are ſaid to be Similar (viz. alike) 
when each ſingle Angle in one of the Triangles is equal 
to each ſingle Angle of the other; but if any two ſingle 

Angles of one Prog are equal to two o ſingle Angles of 

the other, the third Angle will be equal, Per Theo. 4. 


1. In the Right-angled A B Ac, 
tet 4 P be ſuppoſed Perpendicular 
to the Hypothenuſe B C; Then 
BAP SC. 

For x BAP+ B 
And = B+ = C = 9go?, per Co- 
_ vollary to Theorem 4. | 

Therefore the vBJAP—= C. Per Axiom 8. 

Again, x P AC+RC= 99%, and wx B+E=<C= 909. 
Therefore x P AC = IB, &. Conſequently the A B AP 
is aliketo the A ACP ; and each is alike to the whole A B AC. 


2. Or if a Kight. ius be drawn parallel to one of the Sides 
of any Plain Triangle, (viz. with- © | 
in it) 1t will cut off a Triangle | 
ſimilar or alike to the whole Trian- 
gle. Thus, 5 | 

In the A A B D draw the Right- 
line a b parallel to the Side A B; 
Then will the included A a Db be A B 
like the A ADB: For Rx a= RA, and xb=SIB, per The- 
67-4 g; and S Dis common to both the Triangles ; Ergo, &c. 


THEOREM XII. 


If two Biangles are alike, their like Sides will be proportional. 


That is, thoſe Sides which ſubtend the equal Angles, as alſo 
thoſe Sides which are abort the equal Angles, will be proportio- 
„to each other; and conſequently, if any twa Triangies have 
wir Sides proportional, their Angles are equal, (4, 5, 72 e. C). 
. | R "5. deman⸗ 


Chap-3. Oromo buy 
Demonftration. 
Let the Similar Triangles in the Scheme of the laſt Theorem be 
here propos d again. | i 3 88:90 
Then it will be BP: AP::AP:CP, according to this 
Theorem. Ergo BPXCP=APXAP. 


- Demonffration. 


Let us ſuppoſe the aforeſaid Right-aybled AB AC cut through 
the Perpendicular 4 P, and 'S L 1 
there open d until the Sides B A G. 80 -e 6 
and C A become one Right. line. : : 

Let the Sides BP and CP be II u p 
continued until they meet in E; : : 
then compleat the Parallelograms 1 : 
by drawing the parallel Lines : | N 
GLC, HAP, GHB, and LAP, 32 4 0 EY 
as in the Figure. P 


Then it is evident, that the ABHA— A BP 4, and the 
ACPA=DZACLA; alſo that the ABEC AB GC, be. 
cauſe all their reſpective Sides are Equal. 

But the & BHA+ACLA + HGLAS= AB PA. 
+ACPA+DOAPEP. Now, If from both Sides of this 
Eguation there be ſubſtracted the equal T7iargles, there will re- 
main HGLA—BPXCPp, ad RPAPEP=APx\% AP; 
Conſequently BP: AP:: AP: CP. Which was to be provy'd. 


Or otherwiſe, thus: 


Suppoſe the A B 4c to be | u, 
Right. angled at 4; upon the $* lt 
TI Point c, with the Rating Q oO. > 
CA, deſcribe a Circle, and con- „ OI ae? 
tinue the Hypothenuſe B. C to D. "Hy 
Z; joyn Z A and A D with b 
Kight- lines; then will the n 
ABAD be like tothe BZ 4. B F-; 4 


For x DAB B40 = 999, by Con ſtrud ion. 

And <ZAC+ I D AC = 909, by Theorem X. 

Therefore <DAB4-<DAC=< ZAC4-<D AC By Axiom 58. 

Subſtraft < D AC from both Sides of the Equatlon, and there 
will remain DAN ZAC. But & n, 

. . y 


ER T2... — 
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Theorem 6. And B is common to both Triangles, 
erefore = BDA CB A Z, by Theorem 6. 
Conſequently A B 4 D is like to A B Z A. 


| BA=by c Then bb == bh, by Theorem 11. 
Let the Szdes 280 Conſequently þb — bh — cc, 
| CA I C which gives the following Analogy, 


Viz. : h:: -:; That is, BA:BZ::BD:8 4, 
| Q. E. D. 


 Corollaries. 
1. Hence it is evident, that in any Right-angled Tri angle, 1 


| Perpendicular being let fall from the Right-angle upon the Hypo- 
2 will be a Mean proportional between the Segments of 
o | 


the thenuſe, That is, BP: PA: PA: P C 

2. The Baſe (BA) is a Mean A 
Proportional between the Hypothe- Ine 
auſe (BC) and that Segment of the 4 — 


Ey pot henuſe next to the Baſe, (viz. 
B)) that is, BC: BA:: BA: BP. 


3- The Cathetus ( AC) is a Mean ER. 
Proportional between the Hypot henuſe (B C) and that Segment 
of the Hypothenuſe next to the Cat hetus, (viz. PC): That is, 
BC: AC:: 40:20. | 


Bo 
2 
* 
_- 
* 
* 
g 


Sr holium. 


I have been more large upon this moſt excellent Theorem, in 
giving a double 8 of it, becauſe tis ſo Lxiverſal) 
Uſef, zl in all Parts of the Mathematicks : For the Buſineſs of Fi- 
gonometry (both Plain and Spherical] wholly depends upon it; 
and therefore one may truly ſay, that Aſtronomy, Dyaling, Naviga- 
tion, Surveyirg, Opticks, &c. depend upon a 2 pplication ot it. 

And of its uſe in Geometry, Des-Cartes takes particular No- 
tice ; as you may find in Dr. Pell's Algebra, p. 65, whoſe Words 
are theſe : | 

Des-Cartes, in a Letter not yet printed, writes thus: © In 
ce ſearching the Solution of Geometrical Queſtions, I always make 
« uſe of Lines parallel and Perpendicular, as much as is poſſidle, 
[he means as many Lines as are uſeful ] and I conſider no 
Other Theorems but theſe Two, [the Sides of {ike Triau- 
&« oles hate like Proportion]. And ¶ in Reftang/e mag 
| 86. 
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* f the great | Side is equnt to the Squares of the 
the Square 0 | 
u mo other Sides. And 4 not afraid to ſuppoſe mam Un- 
« known Quantities, that I may reduce the propos d Queſtion to 
t ſuch Terms, as to depend on no other Theorems but theſe 
« Two.“ | . | 
This I thought convenient to inſert, that the Learnes 
may ſee, how the Great De Cartes eſteem'd theſe. two Theorems, 
viz. the laſt, and Theorem 11 : for, in truth, all the precedent 
Theorems are only (as it were) Preparatives to theſe T'wo, 


This laſt Theorem demonſtrates the Reaſon of the Method uſed 
in finding out Proportional Lints ; as in the Three following 
roblems. | | 
PROBLEM L 


Two Right. lines being given, to find a third in Proportion 
to them. (II. e. 6.) 


Let theſe two Lines be U 3 


—D F 
Set the Two given Lines at D wo * 
any Angle in the Point A, and — 
produce the Line 4 B to C, EN — 
making B C = A D; joyn A 8 Lp 
the Points B D with a R:ght- B Cc 


line, and draw C F Parallel 

to B D; then will the AAB D be like the A ACF. 
Therefore 4 B: BC (= A D):: A D: O F, which is the third 
Proportiomal requir d. | 


PROBLEM IL 


Two Right-lines being given, to find a Mean Proportional Line 
ke tween them. (13. e. 6.) 


Let "Ts given Lines be 1 8 E * Le, Ge 


Joyn the Two given Lines into one, FOES, 
viz, make BC=B P+PC, and 1 
upon B C, as Diameter, deſcribe a xöö!ü 
Semicircle ; then upon the Point P, N 7 — 
where the Two Lies meet, erect a Perpendicular to touch 8 
8 8 ; ir- 


0 


| 


* 28 a «- 
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Circle's Periphery, as Þ A, and it will be the Mean Proportional 
requir'd, viz. BP:AP::AP: PC. | 
By this Problem tis eaſie to conceive how to make a Square 
equal to any given Parallelogram. (14. e. 6.) | 

For if BP be the Lengih, and PC the Breadth of the given 
'Parallelogram, then will 4 P be the Side of the Square, equal in 
Area to that Parallelogpram. / 4271 ; | 


Ly 


"PROBLEM MW. 


Three Right-lines being given, to find a Fourth Proportional 
| | wn ine. (12. E. 6.) * 


Suppoſe the Three Lines 3 
Upon the longeſt Line A B ſet 
off the next longeſt Line AD; - 
viz, make B= AB — AD; 
then upon the Point D ſet the | 

other Line D C at any Azgle, either Right or Oblique, and draw 
the Rght- line A C, continuing it a ſufficient length; make B F 
Parallel to D C, and it will be the Fourth Proportional requir'd; 
thatis, AD:DC::AB:BF. | 


THEOREM XV. 
If any Angle of a plain Triangle be biſeted (viz. divided into 


two equal 2 ) with a e (viz. as C A is ſupposd 
todo the Angle B C D) it will cut the oppoſite Side (viz. BD) 


in proportion to the other two Sides of the Triangle, (3. e. 6.) 


i Demonttration. 
Produce the Side D C, until . 


BD joyn the Points E B 


with a Kight-line, and draw the 7 | ©. C 
Line F c parallel to BD; then F.. 
will A CZ F be like to 2 
ADC 4. 

For Z CF = SD and. S 
is common to both Niangles, con- B 4 
ſequently 2 FC=R C 4D 


D 


and FC — B 4. "I, 


Therefore Ba(=FC):BC(=£ZC)::AD:CD. E. D. 
eren DEC ZO) are H 


1 


neee 
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THEOREM XV. | 


If two Right-lines ( howſoever drawn) within a Circle do cut 
each other, the Rectangle made of the Segments (or Parts ) of 
the one Line, will be equal to tbe Rectangle made of the Seg- 
ments (or Parts ) of the other Line. (35. e. 3.) . 


That is, if two Lines (as A Band C D) do cut each other in 
any Point, as at x, then will Ax XBx =Dx XC. 


Demonſtration. 


Joyn the Points A C and B D with 
Right-lines, then will the A C x 4 
be like to ABK D: For B NC 
and x 4 = D. By Corollary to 
Theorem 9. 845 wn ER 0" 
And Ax = BX D. By Theorem 2. | 
Therefore it will be Ax:Dx::Cx: Bx. By Theorem 13. 


Conſequently Ax X Bx =D xX Cx. Q. E. P.; 


THEOREM XVI. 


If two Right-lines are ſo drawn within a Circle, as, being conti- 
zued, they will meet in a Point out of the Circle j Periphery, 
the Rectangle made of the one whole Line, and its Part out of 
the Circle, will be Equal to the Rectangle of the other whole 

Line, and its Part out of the Circle. (36, 37. e. 3.) 
Thar is, if the Lines A C and 5 

D B be continued unto the 

rout © 3" | 4 f _— 

Then will AZXCZ=DZXBZ. Cen apt es; A 


Demonſtration. 


Draw the Lines 4 Band CD, OE” HT 
then will HCE D be? like to D 
the A BZ A; for x A=<D, 


and S S is common to both Fiangles. Conſequently, 


ABZ DC 2, by Theorem 4. 


Therefore 4 Z: BL:: DZ: CZ. Eso, AZXC Z=DZx BZ. 


THEOREM XVI. 


if from any. mg of a plain Triangle inſcrit/d in a Circle there 


be let fall a Perpendicular * oppofite Side, (as DF) 
8 2 . 3 


— — — — — —— — 
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| 00 that Perpendicular is in proportion to one of the Sides in. 


cluding the Angle, ſo is the other Side including the Angle lo 


the Diameter of the Circle, 


Demonſtration. 


Let B C D be the propos d Triangle. 
From the Tat D draw the Diameter 
DA; Then will & 4 = , becauſe 
they both ſtand upon the ſame Arch D C, 
and x DCA = o, by Theorem 10. 
Conſequently the AD CSI BD P, 
by Theorem 4. 

Therefore A Þ C A is like to the 
A DPB; and therefore, 


DP:DB:;DC:D 4; or, DP?DC::DB:D A. Q. E. D. 


THEOREM XVII. 


# any.Quadrangle (that is, a Trapezium) be inſcribd within a 
Circle, the — 0 (5 fate angles, taken together, are Equal 10 
two Right-angles, viz. 180". (22. e. 3.) 
That is, in the Qzadrangle A BCD the X A + I C=180% 
And the 8 B+ I D= 1809. | 


Demonttration 


Draw the Two Diagonals 4 C, and 
B D; then will the BDA BGC 4, 
and the = BC A BAC. 

By Corollary. to Theorem 9. | 
But xA BC+RBCA+RIBAC=1809. 

By Theorem 4. 6 9 
And the < BDA+= BDC=xK ADC. Therefore the 
YI ABC+ xx ADC = 1809. 
And by the fame Way of Arguing it may be prov'd, that the 
<BAD+KBCD=1S9?. Q. E. D. 


THEOREM XK. 


is any Quadrangle inſcribd within a Circle there be drawn 
two Diagonals, as AC and BD, the Rectangle made of the 


iwo Diagonals will be L to both the Redtangles made of, the 
oppoſite Sides of the Quadrangle. | 


That is, ACXBD=ABXCD+ADXBC 
| | Demons 


— 
C 
— 


e 


4 wand Oc O% 


SE —_—_— . 
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— 


— 
Demonttration. 


Make the Arch D G = Arch BC, | 
and from the Points A & draw the Line Mn 
AF, and it will form the A AFD, like 1 
tothe A 4 BC; For the = f AD= #7 _—=E 
SBA, becauſe the Arches DG and [ * 


©” Lid 


BC are Equal. | 

Again, the = FD A = I BC A, be- ; 
cauſe they both ſtand upon the Arch A B : 6 
Conſequently, the = AFD == A BC, 3 
by Theorem 4. | 
Therefore it will be AC: BC:: AD: D, by Theorem 13. 

Cx A 1-2} 
Ergo 2 ME 2 307 

Again, the A B Af and A A CD are alike: For x 4 Bf= 
AD, and <B Af CA D, becauſe the FA D HAC. 
And the x C AF is common to both Triangles. Conſequenthy, 
the = 4fB=R ADC, 
| Therefore AC:CD:: AB: Bf, by Theorem 13. 

Ego <QXAB — BY. But Df + Bf= BD. 
Conſequently, BCX AD + CDX AB = BD X AC. | 
QE.D. 


THEOREM XX. 


All Parallelograms (whether Right or Oblique-angled )'that fland | 
upon the ſame Baſe, or upon equal Baſes, and betwixt the ſame. 
Parallels, are equal to one another. (35 & 36. e.1.) 


That is, 3 ABCD=abcD. 


Demonſtration. 


- Becauſe 4 B —= CD =ab by Suppoſition, therefore 4 4=B 3; 
for B a is common to both. And be- | 

cauſe A C B d, andthe A B, A B «a 1 
therefore the A A Ca AB DE: Ts 
And if from both Triangles there be 
taken the AB x a common to both, 
there will remain the Frapeziums RE 
ABsC=a+xD, per Axiom 5. CA 
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But Trapezium ABxCÞ+ ACsD ABCD. Or 
And Fapexium abxD + ACxD==DabTtD. | 
Conſequently, DABCD= NHC D. Q. E. p. 


Corollary. 


Hence 'twill be eaſy to conceive, that all Triangles which ſtand 
upon the ſame Baſe, or upon equal Baſes, and between the ſame 
* Farallels, (viz. having the ſame Heighth) are Equal one to ano- 
ther. (37 & 38. e. 1.) 5 3 
For all Triangles are the Halfs of their Circumſcribing Para. | 
lelograms ; and therefore, if the Wholes be Equal, their Hal. 
will alſo be Equal. 2 


THEOREM XXL 


neger (and conſequently Triangles) bib have the 
fame Fleighth, hav? the ſame Proportion one to another a; 
their Bales have. (I. e. 6.) 


Demonſtration. 4 3 


Draw A F Parallel to B G, and draw A C F 

A B, CD, F G Perpendiculars to them. „ Sas 6 ne 
Then will BDXAB = TD A BCD. OP 

And becauſe C D = A B, therefore 

D. GX ABS. CD FG But . 
BiD:DG::BDXAB:DGXAB. B D 

And confequently A 4A D: AC DG:: BD: D, &c. 

| 23 1 * Q. E. D. 


af 
# 
* 
, 
» 
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THEOREM XX. 


Like Triangles are in duplicate Ratio to that of their homo/ogous 
| £3 | Sides. (19. e. 6.) | | 


That is, The Areas of like Piangles are in Proportion one 
to another as are the 'Squazes of their like Sides. 


— Demonfcration. 


Suppoſe the A BCD and 
A bc d to be aiike, and their 
like Sides to be thoſe mack d 
| wich the ame Letters. 
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Let A and à be Perpendiculars to the two Baſes D and 7, 


Then D A= the Area of A BCD "WY 
And ; 4 a = the Area of d > By Lemma 3, Page 303. 


Fe iþ 551128 By Theorem 13. 
Conſeq. 31 D: d:: A: a 

3 Da=dA  - | | 
4X3 DAS DDda=,Ddd A. we e's +} 1 FT : 
5 Hence 6 DD: dd: : % DA: 1 da. And fo for other Sides. 


ä 25 * Q. E. D. 


THEOREM XXIII. 


hr every Obtuſe-angled Triangle (as BCD) the Square of the 
Side ſubtending the Obtuſe Angle (as D) is greater than the 
ee F the other two Sides (B and C) by a double Reftans 
gle made out of one of the Sides (as B) and the Segment or 
art of that Side produced, (as a) until it meet with the 
Perpendicular (P) let fall upox it. (12. e. 2.) 


That is, DD = BB +CC + 2B a. 
Demonffration. 


Firſtj x DD = PP + aa + 23a + BB 

And 2 CC SPP -+ aa EOS 
1 — 2[3]DD — CC = 2Ba + BB 
1 + CC|4|DD = BB þCC + 2Ba 


0 


Hence 'tis evident, that if the Sides of any Obt 
angle are 2 the 1 (1 4 of rhe Side produced (or the 


Corollary. _ 
uſo». angled Tris 


Perpendicular, P) may be eaſily found. 


THEOREM XXIV. 


If a Perpendicular (as P) be let full in any Acute- angled Triang'e 
(as BCD), the Square of either of the Tio Sides (as D is 
leſs than th2 Squares of the other Side, and that Side upon 
which the Perpendicular falls (viz. C and B) ty a double Ret 
angle made of the Side B, and that Segment or Part of it 
(viz 4) which lies next to the Side C. (12.0. 2.) 


That is, DD -+ 2B4 = BB 4+ CC. 


Demon⸗ 


Elements ot Geometry, Part Il. 


| Demonttration. 


* 
And} | CO FE Ls NN Teen 1. 
But 3 B — a e, by Figure. 
3 & 2141 BB — 232 ＋ 22 St ee. 
4 — 445 I BB — 2Ba= ve — aa. 
1 — 26D —CC==e 22 
5, 67 DD — CC = BR— 2Ba | 
7 + I81DD+2Ba = BB CC Q. E. D. 
Corollary. 


| Hence it follows, that if the Sides of any Acnte-angled Trian 
gle be known, the Perpendicular P, and the Segments of the Side 
whereon it falls ( viz. 4à e) may be eaſily found. 


* 
a. 1 - » -& . 4 LEES . * 3 , * «a 4 — — 


"CHAP. Iv. 


De Solution of ſeveral Eaſy Pꝛoblems in Plain Geometry, 
whereby the Learner may (in part) percerve the Application 
or Uſe of the "foregoing T heorems. | 


N OTE, Mben a Line, or the Side of any plain Triangle, is 

any way cut in Tio (or more) Parts, either by a Perpendi- 
cular Line let fall upon it, or otherwiſe, thoſe Parts are uſually 
call Segments ; and . much as one of thoſe Parts is Longer, 
than the other, is call'd the Difference of the Segments. 

And when any Side of a Triangle, or any Segment of its Side is 
given, 'tis uſually mark'd with a ſmall Line croſs it, thus — | — 
and thoſe Sides, or Parts of Sides, that are ſought, are mart d 
with four Points. thus LY 


PROBLEM I. 


To cut or divide a given Right-line ¶ as S) into Extream and 
Mean Proportion. (II. £2) | 
That is, to divide a Line fo, that the Square of the greater 
Segment (or Part ) a, may be Equal to the Rectangle made of the 
Whole Pine S, and the leſſer Segment e. | 
5 


— 


S — 4 Se, for SS ae. 
128 


Viz. I . aa, by the Problem. N a | E 
And] 2 


Ha 


Chap: 4+ — 07 Reſolvin 5 Problems. 

1 * oF =* | | 

| 7 By Axiom 5. 1 47: | 
5[- 


aa 22 88 — Sa 
[aa ＋ SA = SS 
42 45S: $4.5. See Fages 195, 196. 


——_———. 


Note, The laft Problem: cannot bo wad r * 4 
but Geometrically it may be Performa, ar io ax J 7 


1. Make a Square, whoſe Side is = $ the given Line, and biſect 
one of irs Sides in the middle, as 

at C; upon the Point C deſcribe boch J% 
a Semicirele as will paſs rhrough the 
remoteſt Points of the Square, and 
OO its Diameter. 


2. Then will either Part of the Diameter, on each End of the 
Side S, be — a, the greater Segment ſought. | 
But a ＋ S :S: :S: 4. By Theorem 13. 
Ergo, a 4a - 8 4 —$S. "Which was to be done, 


PROBLEM IL 


The Baſe of Rieht-angled Triangle, and the Difference be- 
tween the 150 — 47d Cathetus being giver, w find the 


Catherus, Be. 
Let 3 | 7 1 
And , 
Then 


* 


12 2 72 
42 12 
a = Cathetus fought 


415 + 2a = 47 þ 2da+ as 
By Theorem 11. 
4—aal SINUS Ad T 2da 
5440 6 F 
. bh — 
6 — ö 
py 20 7 4 2 65 


Or, 85:4 + 2a: : d: h. By Theorem 13. | 
8 4 bs = 68 4+ 2k. As before ar the 5th Stop. 2 


— — 


— 12 


————— 


Tt Here 


| 


Ty Elements of Geometry, Part Ill 


Here you ſee that either Way raiſes the ſame # ion; neither 
is thts od conſtant Method oe Road to be obſery'd-in folvi 
Geometrical Problems, but every one makes uſe of ſuch W 
Theorems as happen to come firſt into their Mind, the Reik be 
ing every Way the ſame, _ 


PROBLEM III. 


The Difference between the Baſe and Hypothenuſe of any RN. 
angled Triangle, and the Difference between the Cathetus and 


Hypothenuſe e being both given, To find the ** 


7725 +a =the Hypot. 


1 

2 

4 ⁴ 

: 4 1 — 17 by Probl. 
6 
7 
8 


6 alas | 
| 44-4-24a4-aa = yy 
xxI-2xa4-aa=ee 
dd4-24x4-2d4a+2xaÞ+xx+aa=0 Epe. 
9! dd+2da+ 2xa+xx-+ 2aa=yy-+ee 
The two laſt Nreps are Equal, by Theorem 11. Conſequently 
if thoſe T that are Equal in both be taken u the R 
mahnen vill Pe Equal. By Lem 2 a 
aa = 2dx = 1600 
a = V 2dx = 40 


_— 
10 u 2111 
14411 1214 a = J2 =y The Baſe: 

2 + xt (23 x a= 65 =e The Cathetus. 

2 14 44 4228 The Hypothemiſe. 


1014 


PROBLEM IV. 


The Hypothenuſe, and the Sum of the other two Sides, of any 
Right-angled Triangle, being given, Thence to 1 the +. Ga 


Let! 1H 2 M 6 < "Tl 
By Fig. 3 Fe : 
2 S5 4 aa Þ2ae-ee = SS — — Er 
4 — 31 5]244=8S— HH 5 +6 
3 — 5 6 aa — 24e ＋ ee = 2HH SS 
6 w 2| 714 —e = Ness 


Chap. 4- Of Reſolving P20' 
2 + 7] 8[24=$+ JAI 144, 


_— *** 2HH — SS "RR 
8+2 ga ==EL - =72 The Baſe nequir d. 
2 — 9|10 en EYED 2. 6 The Cathetus, 


- = 
, 


> a... Md 


PROBLEM V. 


The , and the Difference of the other two Sides of 
any Right-angled Triangle being given, To Hud the. Sides. © 


Let! 1I5 =97 As before. 
21 2% FE, Quere 
By Fig. 3 aa + ee r bb 5 
1 4% — 248 + e dd 
3 — 4 5[200 = b —dd 
3 + 5| 6]aa+2ae+ee 2. d 
6 % 2| 7|4 +e=4/2bb—dd 
2 + 71 8j24 TND = 144 
14 2 914 = 72 8 | 
7 — 2 e ee 
I 21e 65 : 
ID 5 — — — — —— 


PROBLEM VI. 


In any Kigbt- angled Triangle, either the Baſe, or Cathetus, a7 
the Alternate Segment of the Hypothenuſe, (made by a Per- 
pendiculay let fall from the Right- angle) being given, To find 
the other Segment. : | 


e==45 The Cathetus 3 
5 — 48, The alternate S2gm. 8 


Let] 1 
And] 2 


— — 


4 b:e::e:a Quere 4 

3 „ 4jba=ee © 

Again, | 5 — an See. By Theor, 1 1 
4 5 6 cc — aa x; 
aa + ba = 
aa + ba + 4} bb = 4+ 3th. 
gla+;ib =veic +,85 
IO — . — a bb: —ith —=2y And ſo on for e, &c. 


MES: --:-- I hall 


cow 


* TE En 
„ 0% 


324 III 


I ſhall now ſhew the Geometrical Confirathios (or Solation ) of of 
the Three Caſes of Quadratick Fquations promis d in Page 202, 
Let the firſt Example be that above, viz. aa a cc. Caſe 1, 

Make the Co- efficient Y, and the Root ot the Reſolvenu (which 
is here) c, into a R. ght-angled Pa- 


rallel * am. And upon the middle n . & oF Reta. 
Point of the Side == & deſcribe af 7 18 
ſuch a Semicircle, as will paſs thro - | c ** 
the remoteſt Points or Angles ß 1 * 
the Parallelogram, compleating its . — . 


Diameter, as in the annex d Scheme. 

Then will either Part of the Diameter on each End, be Equal 

to a; the other Part will be 2 + &, and the Side c will be a 

Mean Fro portional between them: Thar is, a +> :c::c:a 
By Theorem 13. 

Conſequently aa 4- ba = cr. Which was to be done. 


PROBLEM VII. 
The Difference between the Baſe and Cathetus of an N. Rig Kight- 
angled Triangle, and the Perpendieular let fall From the Rigbt 


angle upon the Hypothenuſe, * Poe] ; Theuce to Fiala the 
Hypothenuſe, 6c. 


2 14 — 15 The Difference ofthe Sides LT 
25 = 36 23 
. 3 En The arr. 
. :p:rate 5 
4 . . 
Again, 6d, + 2de + 2ee = an By Theorem 11. 

7 

8 


| 242 + 200 = 2pa 


2] 
p a 7] 8]dd = aa — 2pa Caſe 2 

8 C0} 9 [8 = 306 be EOS 2 128; 

9 wv $7016 —2 = op Oe 

10 pji2tia =p + V + Pp =75, te. for c. per Step 5, 


— — — 


The Geometrical C on ſtruction of this Caſe 2 8 viz. a 
may be perform'd in the very - Tj | 
fame manner as the /af# Caſe 


. was ; that 1s; (. a Righe- © 7 70H 2h: 2% 
angled Parallelogram of the Co- 1 
efficient 2p and the \/ dd, viz. 2P 4 25 
d, &c. As in the annexed c onphone' >a £24 


* * 
„ „„ „„ 15 


gure. 


"x 


Chap. 4- 
— 


Conſequently, aa — 25 = dd. Which was to be done. 
_ PROBLEM vm. 


The Hypothenuſe of any Right-angled Triangle, and the Perpen- 
Gul det Fall from the Hebt. gie por the Hypothenuſe, be- 
ing given, To find the greater Segment of the Hypothenuſe, Ge. 


Let] I1|hþ=975 The Hypothenuſe 
And] 2jp == 36 
Then] 3 ape=hb Quere a 


per Fig.j 4/4: p:: p22 

4 if 5 EP =e 

3 — 4] 6h —a=e 

1 ow | 
ha.— aa — pp Caſe 3. 


2X 41 8 
9 Cola - ha ADA — pp = 110, 25 


10 % IIIA —1h = D = 10,5 
WE 


The Geometrical Conſtradon of Caſe 3, viz. ba — ae y, 


may be thus perform d: Draw a Right- 


lire (of any convenient length at plea- ww” 5 4 

ſure) and near its middle erect a Per- -© Ko 

E = p, viz. of the ſame - 5 
ngth with the Root of the Reſolbpend. h-a_] 4a * 


From the top Point or upper End of ., þ 6 
that Perpendicular, ſet off half the 8 | 
length of the Co. efficient, viz. ; h, and upon the Point where 15 
juſt touches the firſt Line (with the ſame Diſtance) deſcribe a 
Semicircle ; then will its Diameter þ be cut by the Perpendicular 
p into two Segments, which are the two Values of the Root a, 
v7z, the greater and leſſer Roots, both taken together, being al · 
ways Equal to the Co- efficient: (vide page 201.) © 
For g - 4: ::: a By Theorem 13. 
Ergo, ha — 44 F · Which was to be done. 


PROBLEM IX. 


The Perimeter, viz. the Sum of all the three Sides of a Agg. 
S. Triangle, axd its Area, being given, Theute to Nd each 


= The Sum of the Side 
1 + its 15586, 2 8 
Ter By Figure 
24 = 4A 

aa + 280 t * 


a+e=$8—y 
| 
e 


9 + q4 = - 253+ 
25y = 58 — 4A=453 


9 = 25 0 1 1 The Hypothenuſe 


pg 

— 4|12jaa — 2a Fee =Jy = 44 = 

2 a — Ne = 1 EP 
11413014 26 1 

13 2154 22 The Baſe. | 
11—15 121 = 137 281. The Cathetus, 


PROBLEM X. 


be | any Ri ed Triangle a Perpendicular being let fall from 
e Right-angle #upor the Hypothenuſe, if the Sum of each 
* when added to its adjacent. or next Side, be given, 
Thence to find each Side, and the Segments. — — 

1 a ＋ u = 108 | 
find 2e =z 72 


20 
21 
2: 
1 
p 
2 

2 

> 


342 22 2-2 
30 2| 4/½½½ = — 254 + aa 
| 5% — 42 =SSo 254 2 pp 
2.—# SIA — e=y. 
21K — 22e + ee = yy 
+ 8] 32 — 2ze = = Re - 
9122 = 205 We = 260” - 


BY Fig 10la: p: f i i 
ae = Pp. 5 


uli 42 = GC 26. 


xxa = $54 — 2304 ＋ 2255 = 423 
2544 + 22a ＋ 254 — 554 = 2258 
aa + = ＋ 224 == 1 5 


=. 
2X = 222 — {5 2 114 
at ＋ 2 = 2s = 7776 @ 
aa + 2xa + *#x = *s g= 11025 
a + x = 4/z3þxz = 105 
a = err: — £= 
# = 60== The Baſe. 


5 
e = 25=27 


y = 45 =the Cathetus. 


4a ＋ 122 the Hypothenuſe: 


the 


The Dro of the Sides of any Obliqu 
ifference of the Segments of the 


— CS 
i . _ * * „ us . 
— — . 
a 0 > 


PROBLEM XI. 


led plain Triangle, 
„ and the Difference 


between the greater Side and the Baſe, being given, To find. 
_ the Baſe, 8.5 88 * fp | 


2 


Then 


3245 


14 
3 10111 


3 
4 
5 
And] 6 
7 
8 


9 


[4 == the Difference of the Sides 405 

b the Difference of the Segments == 495 

| x = 165 the Differ, of the greater Side and Baſe 
4 = the leaſt Side Ts | 

d + 2a + x = the Baſe 


d+a+s: d a:: d: 
abb LA A —246 = 
24a 77 W 1 
. 1181253 
ha” blo 215 1 
a = 785 — tho greateſt Side. 
d + a+ x — 945 = the Baſe, 


o 


The 


the vertical Angle, be 
5 = 405 


I 
2 


PROBLEM XIL 


rrente of the Sides of any plain Triangle; the Difference 
2 of the Baſe, and the Perpendicular let all from 


ing given, Thence to find all the Sides, 


52 45 P. before 


2 
b + 26: d T 26::d:b 
bb + 2ba — dd ＋ ade 
bb — 4 + 24 = 2de 


Pp ++ aa —ee By Theorem 11. 
dd hy 
xx + 2xba + bbaa 


— 


13 


77 = Pp Þ+ aa 


| 


1364.22 
—, 0 
2 ＋L ZL LV 12 —1. 


18 ue 2 19 

19 — 1320 VIE x1 — 26 22 225 

20 X 2 21124 = 450 t | 

2 + 2112216 + ** 945 the Baſe. 

10, Num. 23|e = 375 = the leſſer Side. 

1 + 23]24{4+ e = 780 = the greater Side, - 

PROBLEM XIII. 

The Sum of the two Sides of any plain Triangle, the Difference of 

LIES of the Baſe, and the Perpendicular let J org 


\ 


Chap. 4. Of Reſolving ÞP:oblems. 


10, Numb. 


Pertical Angle upon the Baſe, being given, 


Baſe and the Sides. 
s = I155 the Sum of the Sides. 


Per Fig. 1 | 


9 wy 2 
8 * 
11+ 
Suppoſe 
en 


14 ＋ 24/1 


0s 


—ͤä — 


10 
11 
12 


13 


22 X 2 
2 ＋ 23 


22 


23 
24 


1— 25 


»u— —— 


25 
26 


4 — 495 the Difference of the Segments. 


P = 300 the Perpendicular. 
22 the leaſt Segmert, 

e = the leaſt Side. 

4 + 24 = the Baſe. 


4 — 282 — 


the Difference of the Sides, 


84 ＋ 2a: 511 — 26: 4 
9|aa + pp — ee 


via pe 
dd + 24a = s — 25e 
252 = $5 — Ad — 24a 
2x = 55 — dd 


xx A2xdA - dd 


SS 


24 = 450 


— 


Thence to find the 


5 
19 6 5 %%% 


4 + pp 


xx — 2x42 + ddaa —= $5aa + Ss5pp 
$544 — ddaa + 2x4 = xx — SSPP 
2xaa ＋ 2xd1 = xx pp 


aa + da —= 15 — , Sc. as before. 
a = 225 
4 + 24 = 945 the Baſe. 


e 375 the leſſer Side. 
s — & = 780 the greater Side. 


— 


_ 


The Avea of any Obli 
of the Sides, and the Difference of the Segments of the Baſe, 


— 


PROBLEM XIV. 


angled plain Triangle, the Difference 


being given, Theme to find the Baſe, Wc. 


at: 


A ==: 141750 = the Area. 
d = 495 
b = 495 


V u 


. 


330 " 


Then] 6 


ri 7 
&7 1 8 
8 — * 9 
9 @& 2110 
Per Fig. 


11 &. 
6 X 2 


2112 


13 


13 414 


14 & 2015 
Per Fg. 16 
10 44 17 
16, 


17 
18 X aa 

kit 
19X 44d 
20+ 
21 + 


- 23 CH 


18 


20 


22 
23 
24 


121 


11 | 


| 


Elements of Geometry. 


y = the Perpendicular. 
a = the Baſe. 

{ya =\ old. BO 

224 T2 4. U 
ba dd + ade 
ba — dd = 2de / 
vas — 2ddba I dddd = qddee 


£ n the leſſer Segment of the Baſe, 
aa — 2ba + — 


Part III. 


Mo * 
. 


** 


ESI, 
yy + uu =ee = — 


bbaa — 2dd ba + dddd ** 
ad 
bbaa — 2ddba + dv . + an = 2ba + bb 
4 + 
9 2 + — 2d4dba? d 2. — 2ba3 + N. 
— 23 —=4AA + + 


as 24dba? + daa = 16 AAdd ada 
es 24dba3 + ddbbaa 


bas — dda- 4 deaa — ddbbaa = 16 AAdd 
7 16A A 
ee 
a — 16 AAdd 
1 Tad — 16 HEE +; 42 


5 AAdd aui 


aa - 2ba = 


48 2 ad Þ 


25 
26 a 144 + 


— —u— ——— — YR —_—_—__—_——_— — _ 
* — 
* 


* 


6 AAdd 
5 r 244 = 945 


— 


——— — * LE 


P R O- 


15, 
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PROBLEM XV, 


There is an Oblique-angled plain Triangle, wherein a Perpendi- 
cular is let fn from the Vertical Angle upon the Baſe; the 
leaſt Side and the Baſe are given; and the Rectangle of the 
Difference of the Sides into the leaſt Side is — to the 
Square of the Difference of the St gments of the Baſe: Tis re- 

gquir d to find the Segments of the Baſe, Gc. | 


Let 4| I|[c = 56 = the leaſt Side. 

| 2]B=92=the Baſe. 
And] 3144+ 22=B | 
Put] 41y = the Difference of the Sides. 


Then] 5|cy = aa by the Queſtion. 

By Figure] 6B: 20 ::: 4, for B=a + 2e 

6. 3. Ine = TY 

. BE 2 8 2cy = aa 

7 — B] 9 ba—z2aa=yy 

$2 n ; 
aaaa 

c 


JO — of hos Lang 


aaad 


| 11 121Ba — 244 — 
CC 


I2 x ec|13|«aBa — ⁊2ccaa = anna 
13 — 41A Ice — 2cca = a 

14 + 2cca 15] aan + acra = CB 
15, in Num. 16] aaa + 62724 = 288512 


The Value of a, in this Equation, may be found as in the 
Examples Page 238, viz. by putting r -E e = a, &. as in thoſe 
Examples you will find 2 S 37,55502, Kc. 


PROBLEM XVI. 


The three Chords or Subtenſes of three Arches compleating a 
Semicircle being each given, Thence to find the Diameter of 
that Circle. "That is, | 


ay Trapezium being inſtrit'd in a Semicircle, ers of its Sides 
e the Diameter, and the other three Sides be given, Thence 
to find the Diameter, or Fourth Side. | 

* Uu 2 Let 


9 0 _ 


332 Elements of Geometry: Part III, 


1 2 
Lad! 216 1 3 Sides. 


2] 3j4=5 
eu 41a = the Diam. ſought. 


9 


* A* two Diagonals 
Then 5 ca + bd — f ey By Theorem 19. 


| And | © GE IE = I ÞBy Theorem 10 and 11. 
6 Xx 4 9, aaaa — bbaa ddaa + bbdd ee 
We — 10 aa — bbag — yo = ccaa 

10 — 4 II| aaa — Þba — dda = ora + 2 dc 


aa — dd = ee 
5 © 2| S eee + 2bdea ++ bbdd = eeyy 

24 ; 
II — ca] 12 aan — bba — dada — cca = 2bd. 
12, Num. I3lang — 50a = 120 | | f 


This Æquation being ſolv'd, as in Exanple 45 Pe 240, you 
will find a == 8,05581, &c. 


PROBLEM XVII. 


15 any R ight-angled Triangle, the Area and the Sum of the Hy- 
pothenute, hen added to either Side, being given, Theme io 


fi 2d the Sides, &c. 
224 = 1350 the Area. 


_ X 
2 Td the Sum, &c. | 
31 Quere a,e, and y 


13 2 4 ac =24 
. 7, 
$- 41. % === 
Per Fig | 6]aa ＋ ee= yy 
2 — F4 —_— — | 
pk + $ e 
J 7 % . 
8 | Feb 45A 444 
G 2 MES = 7 
5 & 10e 7 
„Ai = + as 


6, 9, II 


Chap. 4 Of Reſolving P2oblems. 


6, 9, 11 12 


12, That is| 13 


1} Xx a|l4|aaa= 554 — 4SA 
14 + I5| $54 — aaa = 48A 
15, in Num. 16 14400 — aan = 648200 

The Value of a, in this Fquation, may be found as in the 
third Example, Page 241; that is, by making y +e = a, &c. it 
will be found that a = 60 * 


— — 
ꝶ—— — 


PROBLEM XVII. 


There is an Oblique-angled plain Triangle, whereiz a Perpendi- 
cular is let fall from the Vertical Angle upon the Baſe ; the 
Sum of each Segment of the Baſe, when added to its adjacent 
or next Side, and the Area of the Triangle, are given, to find 
the Perpendicular, and each Side. 


3 =2 72 
445 500 N ere , , 5 


A = the Area == 141759 
a = the Perpendicular ſought, 
„ren 24 = 4 | 


Ys 


N 
XD 


- 
hs 
Ow © uy . 


— — _ 
— 


5X2>a * 
„ TZ aA =# 
Per Fig. Q ee + aa — uu 
1 — 5 Ib =zZ—y 
2 — el lo =$ —e 
9 S 5 bb = zz — 225 ＋ yy 
10 © 2112 ju = $ss — 25e — ee | 
1 xx Z ZN — 22 "= d 
8, 1211466 — 25e = aa 
13 15 | zz — 4a = 225 
14 16156 — aa —= | 
7 a E of heats F< Era Having found the Value of 4 
17 > = =y 


: If 
| 
8 


from the 24th Step, e and y will 
be eaſily found by theſe two 


16 > 25|18|————==e ſhe * by che gth and 
7 * 18|19 —— yr. 


| 6, 19 


2 


W aum ee Pr 


— 


| 
| 
| 
j 
| 
| 


| 


_— 


— 


Elements of Geometry. Fart Ill 
— * A "Tp 
6, 19 20 — ＋— — 2 
20 X 22121 zz — 4 . 


Here a == 300 found as in the laſt Problem. 


225 — $02 f 258 — 24 = E 


22854 — $404 L 2854 — aaa = 42A 
90000084 — aaa = 243000000 


There is a Right-angled Triangle, wherein a Right-line is drawn 
Parallel to the Cathetus ; there is given the Cathetus, that & g. 


ment of the 


nate Segment of the Baſe ; Thence to find the Baſe, Gc. 


viz, Let] 1 
Then 2 
Here | 3 
And] 4 

3 — 5 

5 © 2 6 

4 — = 7 

8 v8 

8 * 9! 

1 

That is, 111 


— = — 
— 


„ ͤ em. | 


PROBLEM XIX. 


Hypothenuſe next to the Cathetus, and the alter. 


20 c=24., and 5 = 15 R 
ag the Baſe. Quere a 
S +a:c::a:e per Figure, 


aa + ee== hh per Figure, 


ca 


r 
ccaa PA | 
FB Tha Ta = ©* b 
h Pom 


5 == aq = ee _—_ 


ccaa 6 
r 

ccaa=hhbb — bbaa + 2hbba — 2 L Hhaa—4 
a*-j-2baaa ecaa+bban — hhbaa—-2bhba H 


aaaa ＋ 40a - 75 144 — 9000 =2 90000 


— 


— . — . OS. 


For a Solution of this Æguation, let it be made 


mme „ e FSI 


Put e 4 


4 = 9000. . C= 90000 


brrr + 3brre + 3bree = baaa ( 2 


Cry 


＋ ＋ qyrre + 6rree == as 
1 5 


＋ zere ＋ cee = eag eee 


Letr = 10 


Then 


181 
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7 + 10000 + 400 + Gooee 
＋ 40000 + 12000 + 1 200% __ , _ 
Then + 75100 + 150208 noch = C'= 90000 
— 90000 — 9000e vet 
That is, 35100 + 22020e + 2551ee == 90000 
Hence it will be 22020e + 2551ee = 54900 
Conſequently, 8,63e + ee = 21,52 = D 
And 22 
S e 
,63+e 
Operation, 8,63) 21,52 (2,1=e 
| +e 22,1 20 


1. Diviſor = 10 1,52 Firſt / =10 
2. Diviſor = 10% 1,07 +e=21 


| 45 &. eg 12,1 ==” for a Se- 
cond Operation, which being involy'd, and multiply d into the 
Coefficients, as before, will produce theſe Numbers : 
+ 21435,8881 7086, 24e 878,46ee 
70862,4400 + 17569,20e + 145 2, 0% _ c 
109953, 9100 + 18174, 20 + 751, oe —— 
—— I08900,0000 — 9000,008 


Viz. 93352,2381 + 33829,64e + 3081,46ee = 90000 
Here, becauſe 93352,2381 > 90000 Therefore 12,1 > z, 
and therefore it muſt be made — & — a, which will produce the 
* Numbers, only all the 2 Sines 2 — chang d. A 
us, 93252,2381 — 32829,04e -+ 3081,46 = 90000 from 
whence will 215 is Equation, ö | 
+ 33829,64e — 3081, 66e = 3352,2381 
Conſequently, 10,9784e — ee == 1,08787332 = D 
Operation 10,9784) 1,08787332 (05,0999 =e 
* e —,0999 9792 


1. Diviſor 10,88 , 198673 Laft 1 = 12, 1 


2. Diviſor 10,879 97911 S 0,0999 
3. Diviſor 10,8785 1076232 7 — & == I2,000I = # 
979065 
&c. 


| | PROBLEM XX. 
bh: the Oblique-angled Triangle C 4 D there is given the Side 4 D 
and the Fun of the Sides 4AC+CD; alſo within the Trian gl 
is given the Line A B Perpendicular to the Side CA; Then 
bo find the Side C A, &c. L 


8 


; . atone — I 2 
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CA+CD=s=51 F 

AD =d — 32 „ 
FB —=Þ = 21 2 $ 
C4 Sa ſought, 
$—a42=CD 


I 
2 


the Line DF 
| Parallel to A B, and C A produced td F 
N ACAs, and ACFD will be alike. 
BC: C4: :DC: CF 


6 
But BC = bb aa, Let 4 F e b 
6, 7 8 a/ bb + aa: . :a+e ; OS 
F 34 — Aa 
8 *. 9 2 Sa Te 
5. G. 210 5s — 25a +aa=OCD 
Per Fig. \11, ss - 2:04 0a=aa+2a6+ee4 yy=DCF4+QFD 


11 — 412 Ss — 284 = 2ae + ee + yy 
But[1z3}4dd=ee+ y=AAF+FOFD 
I2 == 13 14 SS — 254 — dd = 2ae | 
Let 15 2K , — dd 
14 I5|16]x — $4 = ae 


I6 — al 17 — =e 
17 + 4 18 EEE mae 
* & 2 1% = =; 
18 & 210 xx — 2x84-|-2x407-$540—2503-T-04 _ =0 57 
54 SSAR — 8 2 
1 a 1 5 ＋ 22 5 gs — 2.503 ＋. 4. 
aa 


This Æguation being brought out of the Raa and into 
e will become 


— 2018 + 125409 — 2464230, 25a + 354683070 
274183922, 25 

which being divided by 2018, the Co-efficient of the higheſt 

Power of a, will be= a+-+62,14564%—=1221,1254a4-17575,90974 


—135869,138875, &c. 


And 


— © "Ig Xa . ˙ TO 
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And from hence the Value of a may be found, as in the Laſt 
Problem, due Regard being had to the Signs of every Term. 


This Work of Reducing, or preparing Æquations for a Soſu- 
tion by Diviſion, hath always been taught both by Ancient and 
Modern Writers of Algebra, as a Work fo neceſſary to be done, 
that they do not fo much as give a Hint at the Solution of any 
Adfected Æquation without it. 

Now it very often happens, that in Dividing all the Turms 
of an ÆAquation, ſome of their Q#0tiex4s will not only run into 
a long Series, but alſo into imperfect Fractions, (as in this 
AÆgquation above) which renders the Solution both tedious and 
Imperfedt. 

o remedy that Inperfection, I ſhall here ſhew how this 
Equation (and Conſequently any other) may be Reſo/v'd with- 
out ſuch Di vi ſion, or Reduction. | ve 


Let þ = 2018. c = 125409. 4 = 2464230,25 
F = 35468307. And & = 274183922, 25 
Then the precedent Æquation will ſtand thus, 
— baaan + cada — daa +fa = G 
Put ry e = a As before. 


— r, — dbrrre — Gbrree = — bat 
; ＋er + 20370 ＋ 2708 = Æ c ( __ 
Then will Ji FFF 


N . ˙ = . 


This is plain and eaſily conceiv'd. The next thing will be, 
how to Eſtimate the firſt Value of r; and to perform that, let 
G be Divided by b, only fo far as to determine how many 
Places of whole Numbers there will be in the Quotient ; Con- 
quently, how many Points there muſt be (according to the 
ght of the Fquation.) | 1 
Thus 2 = 2018) G e 274183922, 2501 30000 
| 201 


7238 &c. 


Now from hence one may as eaſily gueſs at the Value of , 
as if all the Terms had been Divided. That is, I fuppoſe r = 19, 
which being Vyvol d, &. as the Letters above direct, will be 


XN —— 20180990 
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— 20180000 — 85720008 — 1210800 ee 8 93 
S 


＋ 125409000 + 376227008 ＋ 3762270 
— 246423025 — 492846056 — 2464230, 25e 
+ 354683070 + 354683070 N 


Viz. 213489045 + 1 $7 344926 ＋ 87239,75ee = 2741839 &o. 
Hence 157344026 + 87239,75ee = 60694877, 25 
Conſequently, 180,36 + e = 695,72 = D 
1 
N And 180,3 Pe pee | 
Operation 180,3) 695,72 (3,7 e 


＋ 722 357 54 5 
1. Diviſor = 183 146,72 Firſt v = 10 
2. Diviſor = 184, 128,80 + e= 37 


&c. 1 + e = 13, = for a 
fecond Operation, with which you may proceed, as in the Laſt 
Problem, and fo on to a Third Operation, if Occaſion require 
ſuch Exactneſs. But this may be ſufficient to ſhew the Method of 
Reſolving any Adfected Aguatior, without reducing it; which 
is not only very exact, but alſo very ready in Practice, as will 
fully appear in the laſt Chapter of this Part, concerning the 
Periphery and Area of the Circle, Sc. wherein you will find 
a farther Improvement in the Numerical Solution of High Ægqua- 
tions than hath hitherto been publiſh'd. 


* . 


CHAP. V. 


Practical Pꝛoblems, and Rules for finding the Superficial 
Contents, or Area's of Right-lin'd Figures. 


Efore I proceed to the following Problems, it may be con- 
venient to acquaint the Learzer, That the Superficies or 
Area of any F igure, whether it be Right-liz'd or Circular, is 
compos d or made up of Squares, either Greater, or Leſs, accord- 
ing to the different Meaſrres by which the Dimen ſions of the 
Figure are taken or Meaſur d. 
at is, if the def ere are taken in Inches, the Area will 
be compos d of Square Inches ; if the Dimen ſions are taken in 
Feet, the Area will be compos d of Square Feet; if in Yards, the 
Area will be Square Yards; and if the Dimenſions are taken by 
Poles or Perches, (as i Surveying of Land, Ge.) then the Area 
will be Square Perches, &c. Theſe Things being nn 
an 


B 


- 
C 
al 
U 
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1 


and the Definitions in the 283 and 284 Pages well conſider'd, 
will help to render the following Rules very eaſy. 


PROBLEM I. 


To find he Superficial Content, or Area of a Square; or of 
| any Right-angled Paralielogram. 


Rule Multiply the Length into its Breadth, and the Product 
| Tan be the Area requir d. (See Lemma 1. Page 302.) 
Example, Suppoſe the Line AE==6 
Yards, = the Breadth 4 C or A 8 
BD = 3 Yards. | + 
| | 
| 


Then L AC=6X3= 18 34 
will be the Number of Square Yards 
contain'd in the Area of the Paralle- 
logram AR C D. : 

This is ſo evident by the Figure only, that it needs no De- 
monſtration, | 


n 


. 


PROBLEM II. 


To find the Area of any Oblique-angled Parallelogram, viz, 
either of a Rhombus or Rhomboites. 


Multiply the Length into its perpendicular Height, (or 
Rule4 Breadth) and the Produtt will be the Area requir'd. 
That is, the Side ABX BP = the Area of the Rhombuy 
ABCD. For if B F be drawn per- 
pendicular to CD, and 4 G be made 4 B 


parallel to BP, then will GC = PD 


and G P = CD. Conſequently A AGC 
CFD 


= A BPD, and - A B G P—=Rhombug 
ABC DPD. 2 

But AB BPS C ABGP. There- 
fore AB X BP, or CD x BP the Area 
of the Rhombus A BCD, 


5 


Example, Suppoſe the Side A B = 23 Inches, and the Per- 
pendicular BP = 17,5 Inches, ( bring the ſhorteſt or neareſt Di- 
ſtance between the two Sides AB, and C D.) 

Then ABXBP = 23 X 17,5 = 402,5 Square Inches, being 
the Area of the Rhombus requir'd. 

The like may be done for any Khomboides whoſe Length and 
Perpendicular Breadth are given. ' 

Xx 2 ER Qs 


4 
* 


—— 
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PROBLEM III. 
To find the Superficial Content, or Area of any plain Triangle. 


Every plain Triangle is Equal to half its Circumſcribing Pard. 
elo ram, (41. e. 1.) which affords the following Rule. 
( Multiply the Baſe of the given Triangle into Half its 
ule? perpendicular Height, Or half the Bale into the whole 
Perpendicular, and the Product will be the Area, 


That is, BDX ICP, or; BDI CP g Area of A BCD, 
For 40 = BP, AB = CP. 
and BC'is common to both Pk 3 : 
therefore AABC= ABC 5 © : : 


And for the like Reafons A CFD + _- Ee : 
= AC P Þ. IT; = Pp 'D 

Therefore ABCP FACPD 1 
= ABC b. Conſequently ; BD XC P, or BD NI Cp 
will be the Area of AB CD. 

Example, Suppoſe . the Baſe BD. g Inches, and the per- 
fendiciclar Feight C P = iq Inches, | 

Then 5 BDXCP=16'X14= 224 Or BDNicP 
== 22% 7.== 224 TIX ; 

r thus, 32 X 14 = 448. Then 2) 448 (224 = the Area 

cf rhe Triavg'? BCD in Square Inches. NO OY 


PROBLECEMCIV. 
To find the Superficies, or Area of any Trape zium. 


Firſt, Divide the given Trapezium into Two Triangles, by 
drawing a Diagonal from one of its Acute Azgles to the Oppo- 
ſite Auge; and let fall Two Perpendiculars (from the other Two 
Arges upon the Diagoval. As in the following Figure. Then 


Au tiply half the Dingonal into the Sum of the No Per- 
Entg< pr dicuars, or half the Sum of the Perpendiculars into 
(ih Diagonal, and the Produtt will be the Area. 
That is, 1 4C Xx BY + ED. Or ACX+BP ++ EO Area 
ot the Trapezium. 4A BCD. Ss : | 


For the A ABC. is: Half its Circumſcribing Parallelogram 3 
And the A ACD is alſo Half of its Circumſcribing Parallelo- 
grau, As hath been prov'd at the laſt Problem. 

| Conſequently, 


F 


w an. Mc 2 . os a> oi 
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Conſequently, BE + E DN AC, or: BP +3 EDX AC 


will be the Area of the Tragezium, 
As above. . 


Example, Suppoſe the Diagonal 
AC ='33 Feet, the Per pendicu- 
lar BP = 15 Feet, and the Per- Z\ 
pendicular E D = 14 Feet. Then Es SS W 
BP Ab D = 20 Feet, and' $ 
BP DX AC =29 X 16,5 2 
—478,59 Or AC X BP ED = 33.X *: = &/&% 
Or thus, 29 X 33 == 957. Then 2) 957 (478,5 any of 
theſe Produtis are the Area of the Trapezium A BCD. 


PROBLEM YV. 


To find the Superficial Content or Area of any Irregular Polyg u 
or marry Sided Figure, which by ſome bes 220229 ge DEL 
Authors is calld a Triangulate, becauſe B | 
(as I ſuppoſe) it muſt be. Divided into = 
Triangles, as in the Aunexed Figure g : 
ABCDFG; by which it is — a e 
that the Sum of the Areas of all thoſe — 
Triangles, found as in the laſt Pro- F 
blem, &c. will be the Area of their 
Circumſcribing Polygon. 


PROBLEM VI. 


To find t he Superficies, or Area of any Regniar Polygon, viz, of any 
Regular Pentagon, Hexagon, Yeptagon, Octagon, Oc. 
Multiply half the Sum of. its Sides into the Ra- 
General Rule J dius of the Inſcribd Circle, Or half the F wv 
Radius into the Sum of the Sides, and the Pro- 
duct will be the Area required. e 
That is 2 — — HAAS 20 
S the Area of the Aunexed Ofagon; wherein it is evident, 
that its Area is compos d of ſo many Equal Tſoſceles Triang'es 
as there are Number of Sides in the Polygon, viz. of Eight Iſo- 
ſceles Triang'es, whoſe Baſes are the Sides of the Octagon, viz. 
AB = BD, DE, &c. And the Sides of thoſe Triangles, 
C4, CB, CD, &c. are the Radiuss of the Circumſcribing 
Crrcle ; and their perpendicular Heights, viz. PP, is the Radius 
or the Inſcrib d Circle. | l 5 ä 
ut 


636 — — — 
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But the Aren of any one of thoſe Tian les is AB C 
by Problem 7 Conſequently Sies, 18 y 2 XC 


the Sum of all their Area's will 
be, C into balf the Sum of all 
their Prſ-s, As above. 

This being Equally evident 
in all Regular Polygons whatſo- 
ever, makes the Fl General 
for finding their Area's. 

Now becauſe it «s requir'd 
to have the Radius of the pro- 

os'd Polygons Inſirib'd Circle, 
I fhall here inſert (and demon- 
ſtrate) the Proportions that are | 
between the Sides of ſeveral Regular Polygons, and the Radins'; 
Hou fa Inſcri'd _ pm Ag, Circles ; the one will 

p to delznegts or project the Polygon, (if Occafion require it 
Gs ar ni be F 


to find its Area. 


And Firft, Of an Equilateral Triangle. 


The Side of any Eguilateral plain Triangle is in Proportion © 
the Radius 85 rs Ad 

ircumſcribixg Circle, As 1: To , 57735027 &, 

2 1 Inſcribd Circh, As I: To CE? &c, 

And to its Perpendicular Height, As 1: To 0,86602540 &, 

That is AB: CD:: 1:0, 7735027 

AB: CA:: 1:0, 28867513 

And 4B: 46 :: 1: 0,8660250 


Demonttration. 


Let AB = BD = 1 

Then will B83 C= G DS o, 5 

But AB — BA = DAG 

by Theorem 11. | 

That is, 1 — 0,25 = 0,75 = DAG. 
Conſequently, y/0,75 = 085602540 = 4 G : 
Then 46: AB:: AB: AH, by Theorem 13. 
That is, o, 8660254: 1 : ; 1,15470054 &c. = AH 


Then 1 AH = 0,57735027—4 C. Again AG : DG :: DG: cd 


That is, 0,8660254 : o, 5 :: 0,28867513 = CG. Q. E. D. 
Now, by the Help of the Firſt of theſe Proportions, it will be 
eaſy to Reſolve the following Problem. | PR 0- 


— — 
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PROBLEM VII. 
The Side of any Equilateral plain Triangle being given, To find 


its Area. 


Example, Suppoſe the Side of the propos d Ti angle | 
to be 2% Leer viz. A B=BC=CA= 25 ** 
Firſt 1: o, 800254: : A B = 25: 21, 650635 B 
—B P. By Theorem 13. 
Then AP (CA) XB PS the Area of 
A ABC. By Rule to Problem 3. 

That is, 12,5 X 21,650635 == 270,6329 
the Area in Square Inches. 

Or this Problem may be otherwiſe Reſolvd, 4 F GC 
thus : 

Let Y AP AHA. Then 2b = AB. 

But A B - UA PS 0 BP. By Theorem 11. 
That is, 45% — U = g⁰⁰ BP. Conſequently, 3 = BP. 


Then / 30⁰ = BP X3 AC. Viz. / 3% =the Area of the 
Triangle. | 


Secondly, For a Pentagon. 


The Side of any Pentagon, is in. Proportion to the Radius of 
+. S Circumſcribing Circle, As 1 : To 0,85065089 &c. 
x 4 Inſcrib d Circle, As 1: To , 68819096 &c. 

And to its Perpendicular Height, As 1: To 1, 53884175 &c. 

AB: 40: : 1: c, 85065080 0 

Viz, 545 CH:: 1: c, 68819096 

AB: AH :: 1: 1, 53884176 


Demonttration. 


Let AB = 1. And draw the 
Diagonals A D, A Fand DG, which 
will be Egual to one another. Then 
will 4@&XxDF+ADXGF=APFx DG 
By Theorem 19. | 
Conſequently, AGXDF=AFXDG : — ADXGF 
That is, AB HAD: ADXGF =—1 . 

Hence it will be AD = 1,61803398 
Then CJ 4D=D H=O AH By Theor. 11. But DH = 4B 
Therefore HA LAB = AH= 1,53884.176. 

Again, AH: AD::AD: AX=2AC. For A AHD and 

AA & are alike, 


Ergo 


* 


| 
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Ergo r _ 240 = == I,70130161, Hence AC= , 85065080 
But AH — AC'= CH — 0,68819096 &c. . Q. E. D. 


= — it will be Eaſy to Keſolve the following Protlem. 


PROBLEM VIII. 


Side of any Regular Pentagon being given, To find its Arey, 


le, Suppoſe the given Side 4 be 15 Inches long, then 
it wil : 1,53884176 : : 22,08 26264 the per. 
pendicular ' Height ; by the LS Rule 9 X's 
= 165,619698 the Area requir'd. 


T birdly, For an Octagon. 


The Side of any Regular Octagon is in Proportion tothe Radius of 

115 — ſcribing Circle, As 1: To 1, 30656296 Gc, 
WY Circle, As 1.: To 1,20710678 Sc. 

Viz. BA: CA:: 1: 1,30656296 
34: C P:: 1: 1, 200 10678 


Demonſtration. 


Draw the Right-live DB, and 
from the Point 5; let fall the Per- 
pendicular B x upon the Diameter 

DA. ä 
Then will A DBB and A DxB 
be alike, By Theorem 10 and 12. 


Let £52 = BA=r. 3 


* 


* 1 b::e 2 DA : BA:: DB: Bx 


I of 2 2 =e=DB 
2 & 21 3 er DB 
But 4 | 448 — 32 = bb \ | 
That is DA — DB = HBA. By Theorem 11. 
4 X SA — gaayy —= bbbb 
Again | 6 24a = yy, For Cx = Bx | 
135 OCcx + B = OCB = az 


s, 6 


my we WS COW wwﬀ ib eas, 


1 di 


6 
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G5. PA Rules 2 Area's, fee. 347 


3 qbbaa — 245 — bv Or 24% — 45a = — 5 
2 2| 8a — 2baa — 248 | 

zo gs as — 2bbaa + 64 —b+ — 414 = 13 * 
9 uw 2010 — bb = . 


10 1 11 44 = bb + 4/ 1b* x 5 

124 =4;bb + Ji — 1,39656296, Se. = C4 
13444 — 5 = C, viz. OCH — H — ACP 
140 Vai =1,20710678 &c, = C P. 


From hence twill be eaſie to find the Area of any Odagon. 
PROBLEM 1X. 
OY of any Regular Octagon being given, To find its Area, 


Example, Suppoſe the Side given to be 12 Inches long; F;-f 
as 1: 1,20710678 ::12 : 14,48528136 = the Radius S 85 f, 


Then 
13 w 32 


— 


ferib'd Circle; then 12 K 4==48 is half the Sum of its Sides, 


and 48 X 14,485 28136 = 695, 2935 the Area requir d. 
Fourthly, For a Decagon. 


The Side of any Regulay Decagon (viz. a Polygon of Ter 1/7/14 
$147, ) . Proportion to the Radius of * 


ſcircumſcribing Circle, as 1: to 1, 61803398 &c. 
Is A Jiſcril Circle, : as I : to 1,53884756 &c. 
Viz 154 CA:: 1: 1, 61803398 1 
* TBA: C P:: 1: 1,3884166 - 
Demonſtration,” 1 | 
588421. 228 A4 
Let Je DB . and y = By 


Then] 21] 22:5: :: 
That is, DA: BA:: DB: Bx 
e, 2a) =be 
1 „ 2 3 
„ 3 gs 
But] 3 25: e:: 1: 1, 61803398 See Pertagory 
1 | 1e IS be 1 
„ 7551853388 J ON: 8 
4 = 1el 51,61803398 24 = C 4 | 
viz. CF PF = HCC. By Theorem 11. 
That is] 7| / 2,61803398 = 0,25 = 1, 53884176 = C P 


5 ME * | P R 


1 


345 _ Elements ot Geometry. Fart f. C 


PROBLEM X. 
The Side of any Regular Decagon being given, To find its Area, 


Example. Let the given Side be 14 Inches long; then 2 
I : 1, 53884176: : 14 : 21,543784 = the Kadius of the inſcribd 
Cirtle ; and 14 %5 = 70 is half the Sum of its Sides. Laflly, 
21,543784 X 70 = 15c8,96488 the Area requir'd. 


 Fifthly, For a Dodecagon, 


The Side of any Regular Dodecagon (viz. a Polygon of Twelve 
2 Sides) is in Proportion to the Radius of 
Trs J Gircumſeribir Circle, as 1: to 1,93185165 &c. 
4 Hſorib'd Circle, as 1: to 186632012 &c. 
BA: CA:: 1: 193185165 | 
V. TBA: C P:: 1: 1, 86632012 


| : . 
Demonſtration. FL W 
Let Y BA = 1. 2 (Aas before 1 | 3 
And e=xA; then a — e=Cx J S N 
eee > rr * 24 
Firſt 1 bb — [] Bx==ee N N * ] 
By Figure. \ þ ] 
But! 2 Bx==3C 4=1c * N Pa t 
2 & 2 [] Bx fan 8 N 75 q 
T, 31 4 Dh 1a = ee 3 F | 
4 w 2 5|[4/bb—iaa—e ( 
gain] 6144 — 34a = aa — 2a + ee 6 
Viz. OCB — OBÞx = (1 Cx 7 
5 X 2a] 7]244/ Draa = 24e 
4 — 71 80 — 44a — 24 /Naa = ee — 24e f 
7, 8 94% — 3jaa= aa + bb — 4aa — 244 tb—jas 
9 + 102A = I = bb 
10 & 2114 — aaaa = 34 | 
11+ 32 aaaa — bbag 2-3. l 
13 CO] aa — 4bbaa + 44+ = 3b =; 
x w 2144 — 2bb — {23 — 1,7320508075 | 
14 ＋ 2515 a = 2bb + = 3,7320508075 | 
15 w 2116]a =4/3,7320508075 = 1,93185165 = CA 
Again 12a - 1 = QCP. viz. CF PF = NF 
17, Hence 1810 — Naa 1b = 1,86632012 Q. E. P. 


* 


Con- 
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| Conſettary. 


Hence, if the Side of any Regular Dodecagon be given, the 
Radius of its Iuſcrib d Circle may be ealily obrain'd, and thence 
the Area found; as in the laſt Problem. | 


The Work of the *ſoregoing Polygons, being well confiler'd, 
will help the young Geometer to raiſe the like Proportions for 
others, if his Curiolity requires them: Aud not oaly ſo, but they 
will alſo help to form a true Idea of a Circle's Pæriphery and Area, 
according to the Method which 1 ſhall lay down in the next Chap- 
ter for finding them both, | | : 


— r) 7 7 0 — — * T Led 


CHAP. V4 


A New and Eaſy Method of finding the Circle*'s Periphery 
and Area to any aſſign'd Exattneſs (or Number of Figures) 
by one Equation only. Alſo a new and facile Way of 
making Natural Siues and Tangents. 


ET us ſuppoſe (what is very eafie to conceive) the Circle's 

Arca to be compos'd or made up of a vaſt number of p!aiz 
Joſceles Triangles, having their Acuteſt Angles all meeting in 
the Circle's Centre. And Jer us imagine the Gaſes ct thoſe Tri- 
angles ſo very ſmall, that their Sides and their Perpendicular 
Heights, vz. the Ravius's of their Circumſerib'd and Inſcrib'd 
Circles (vide Problem 6.) may become ſo very near in Length to 
each other, as that they may be taken one for another without 
any ſenſible Error: Then will the Per7pheries of their Circum- 
ſeribing and Inſccib'd Circles become (altho not co- incident, yet) 
o very near to each other, as that either of them may be indiffe- 
rently taken for one and the ſame Circle. 

But how to find our the Sides of a Polygor (viz. the Baſes of 
thoſe Tſoſceles Trinrgles) to ſuch a convenient Smallneſs as may 
be neceſſary to determine and ſettle the Proportion betwixt a Cir- 
cles Diameter and its Peri phery, (to any aſſig ad Exattreſs) hath 
hitherto been a Work which requir'd great Care and much Time 
in its Performance; as may eaſily be conceiv'd from the Nature 
of the Method us d by all thoſe. who have made any canſiderable 
Progreſs in it, viz. Archimedes, Snellius, Hugenius, Matius, 
Van Culen, &c. Theſe proceeded with the Biſecting of an Arch, 
and found the Value of its Chord to a convenient Number of Fi- 

; Yy 2 gures 
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Sures at every ſingle Biſection, repeating their Operations until 
they had approach'd to the Chord defign'd. 
And this Method is made choice ot by the Learned Dr. Walli, 
in his Treatiſe of 4/g-bz7a ; wherein, after he hath given us a 
large Account of the different Enquiries made by ſeveral, (ven 
eminent in Mathematical Sciences) in order to find out ſome 
eaſter and more expeditious Way of yan. to the Circles 
Peri phery, as in Chap. 8a, 84,85, 86, and ſeveral other places, he 
comes to this Reſult, (page 321.) 
« *T'is true, ſaith he, we might in like Manner proceed by con- 
ce tinual Triſection, Quinquiſection, or other Section, if we had 
for theſe as convenient Methods of Operation as we have for 
& Biſection: But becauſe Euclid ſhews how to biſe& an Arch Geo. 
© metrically, but not to triſect, Sc. and the one may be done 
 <(Alg»braically ) by reſolving a Quadratick Aquation, but not 
< thoſe other, without Equations of a higher compoſition, I there- 
fore make choice of a continual Biſection, c. 
And then he lays down theſe following Canons. 


The Subtenſe of + | I into 6 
* „„ : . 12 
Uf 1 J 2—y : 271 &c. 24 
of 44 N 2-y/127v/ 1250 48 

o „4 2 -V: 277: 2 y/ © 27-3) 96 

& * 2 -V: 2＋ NY: 2＋ : 2＋- h: 2+v3 192 


2-2 :2+4/:2+4/:2+v :2+y3] 238 
IV 3: "ra 2+\/: 2+y :2+43 76 


How tedious and ah ig” rey; the Work of theſe complicated 


Extractions ig, I leave to the Con ſideration of thoſe, who either 
have had Experience therein, or out of Curioſity will give them- 
ſelves the Trouble of making Tryal. 

Again, in pag? 247, the Doctor inſerts a particular Method 
propos d by Libnitius, publith'd in the Ada Eruditorum at Leip- 
Heck, for the Month of February 1682, in order to find the Circles 
Area, and conſequently its Periphery, which is this: 

As r: to- TT -T -er &c. 
Infiurely : : ſo is the Square of the Diameter : to the Circle's Area. 
Eut this convergeth fo very ſlowly, that it is not worth the Time 
de e r.. N 

I thall here propoſe a New Method of my own, whereby the 
Cucle's Periphery, and conſequently its Area, may be obtain d 
| innnite- 


ww 2 55,01 
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infinitely near the Truth, with much greater Eaſe and Ex —.— 
than either that of Biſection, of that of Libnitius, as above, or 
any other gon; that I have yet ſeen, it being perform'd by Re- 
ſolving only one Æquation, deduced by an Eafie Proceſs from the 
1 of a Circle (known to every Cooper) which is this; 


The Radius of every circle 7s Equal to the Chord of One fexth 
Part of its Periphery. 

That is, AD = DH — HG, the Chords of One third part of 
the Semicircle, are each Equal to A F its Radius, | 

Then, if the Arch 4 O be 


Triſe&ed, it will be yp ——— Xt 


AB=BZ=ZD. 77 d 
R = AF =I 7 N 
Le 55 —=AD=1I  ” # | 
a=AB Quere As PN 
— — 8 


Then . A 


That is, 3 FB. :BZ::Fe:ex= AD - 2a 
For AAFB, and A B Ae, are alike, 
And AB = Ac = Ds, &c. 
4 | Re2Ra=Ra— — A 
3 5 1 3Ra—aaa Re. That is, za - aaa fl 
. a = the Chord of z part of the Circle. 
For 4 & + = — | 


* 
Lad * * — 


Next, To triſect the Arch A B. 


Let] 1139 —9* = 4 the laſt Chord. 
I & 31 2127p — 27 of —yff=0#8 
a X 3 EEE ** . 8 
— 21 4197 — 30 275 — = 24 — 45 = 
| Hes — e Chord of , EO the Circle. 


—B 


—ů—— 


„„ An... 4 


Again, To triſect the Arch whereof | y is the Chard. 


Let 1 1134 — * = 
I & 3122749 — 2745 + 947) — a = = 
I G- 513 2434405 G C27 - 1544. 5 


1807 


— 
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218747 — 510349 + 51034. — 28354'3 4 
* O- 2 4 4 +9454" = 9! 
1 & 1968349 — 599490%* + 787324} — 
| 913 ? — 61236 m = * 
1 X 9 61274 — 9a = gy 
2 X 39] 71810 — 81045 + 27047 — 0? = gc. 
| | 65614˙ — 109354 + 72904? — 24304" + 
53 7 : 2 TIE" + 278" 4p 
= 196834? — 4592749 + 459274" — 
6 — 7? 27a — 8194®? + 73714. 308884! + 
* 4.4 10 T 72930⁸ = wy nor —— =1 
| 10465 24 — 697084 i 
I | Here E the Chord of ; Part of the Circle, 
— — — —— : 8 —— UU. .. 


Proceeding on in this Method of continually Triſedting the 
Arch of every new Chord, and flill connecting the produced Æqua- 
tions into one, as in the two laſt Piſections, twill not be ditficult 
to obtain the Chord of any aſſigu d Arch, how ſmall ſoever it be. 

Now, in order to facilitate the Work of railing theſe Fquations 
to any conſiderable Height, twill be convenient to add a few uſe- 
ful Obſervations concerning their Nature, and of ſuch Contractions 
as may be ſafely made in them; which, being well underſtood, will 
render the Work very eaſy. | | 


I. I have obſerv'd, that every Tiiſection will gain or advance 
one Figure inthe Circles Periphery, ut no more. Therefore ſo 
many Faces of Figures as are at firſt defied to be perfect in 
the Periphery, ſo many Triſections mmft be repeated to raiſe an 
Equation that will produce a Chord anſwerable to that Deſign. 


2. 1 have alſo found, that all the Superiour Powers (of a) 
whoſe Indices are greater than the Number of Triſections, (viz. 
whoſe {ies are greater than the Number de ſigu d Figures) 
may be who'ly rejected as inſignificant. 


„ 

3. When once the Number of Triſections, and thence the 
higheſt Power (of a) is determin'd, the Third Proceſs (viz. the 
Third Friſetion) may be made a fix d or conſtant Canon; for by 
it, and Multiplication only, all the ſucceeding Triſections (how 
mary ſoever they are ) may be compleated without repeating the 
fſ-v2ral Involutions, | Wwe nf OS 
5 4. I 


1 AL 
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4. 1 75 and collecting the Co-eſicient of the ſoyerat 
Powers (of a) twill be ee to retain only ſo many ſignificant 
Figures (at a) as there is deſign d to be places of Figures in the 
periphery, (or at moſt but two more) and "__ ſucceeding ſupes 
riour power may be allowd to decreaſe two Places of ſig ificant 
Figures: But herein great care muſt be taken to ſupply the pla- 
ces, of thoſe Figures that are omitted, with Cyphers, that ſo the 
whole and exact Number of places may be truly adjuſted, other. 
wiſe all the Work will be erroneous. 

Now the Number of thoſe ſupplying Cyphers may be very con- 
veniently denoted by Figures placed within a Parentheſis, thus ; 
576 (8) as, may 65% 5760909000943, as in the following 
Equations. The like may be done with Decimal Parts, thus; 
(7) 058 may ſignify 0000000658 &. which will be found very 
uſeful in the Solution of theſe and the like Aquations, | 


The aforeſaid Contractions may be ſafely made, becanſe both the 
ſuperiour Powers of a, which are rejected; as alſo thoſe Numbers 
that are omitted in the Co- eficients (and ſupply'd with Cyphers) 
would produce Figures ſo very remote from Unity, as that they 
would not affect the Chord deſign d; that is, they would not affect 
the Chord in that place wherein the defign'd Peri phery is con- 
cern'd ; as will in part appear in the following Example. 

If theſe Directions be carefully minded, twill be eaſie to raiſe 
an Æquation that will produce the Side of a Regular Polygon, 
whoſe number of Sides ſhall be vaſtly numerous, conſequently infi- 
nitely ſmall : Bur, I preſume, twill be ſufficient for an Example to 
find the Side of a Polygon confiſting of 258280326 Equal Sides; 
that is, if I find the Chord. of 282 part of the Circle's 
Periphery, and that requires but Sixteen Triſections, which being 
order d as before directed, will produce this Æquation. 


430467214—332360179486968612(4)a? 

T769837653199714(20)a5— 84912185 32841(35)a? ( ; 

54033331143(50)a%—230083348(66)a"! 

C-6830988(79)a"*—15072(94)a's 

Here the Value of à will have 23 Places of Figures true; 
that is, the Sides of the e and Circumſcrib d Folygons will 
be exactly the ſame to 23 Places of Decimal Parts, but nor farther, 
all which may be eaſily obtain d at T-vo Operations. And for the 
firſt, twill be ſufficient to take only Three Terms of the Æquation, 
which will admit of being yet farther contracted, fhus: 


"i | Let 
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439467214 — 33236 YL 
Ln e (27) 45 * 4885 
And let Ee Sa; then rejectingdall the Powers of e, that 
ariſe by Involution above ee, 
it will be + grre + gree ＋ eee = aaa 
And 7 + 5r%e + 1or?ee + 1orreee a. 
Then the firſt i Value of » may be thus found: 
43046721) 1,00000000 (,00000002 =# 

This ,00000002 = r being duly involv'd, and its Powers mul. 

tiply'd into their reſpective Coe ſficients, will produce 


Dee 14430467210 0 
=1 


,0265 I ann V92K 18) eee 
2800246354 61587e 6159(9)ee-+ 30 82 


viz. „83459196 + 391199866 — 193257(9)ee—3016(18)eee=r 
Hence 39119986 — 19325709) ee 3016018) 6% , 1654004 


All the Terms of this laſt Ægquation being divided by 19325709) 
the Co-efficient of ee, it will then become 


,0000002024e — e@—156(5)eee= 0000000000000008558986 =D 


D—+- 156 (5) eee __ 
Conſequently, 2024—e 
Oper ation. 6 EEE. 
,0000002024) ,0000000000000008558968 (,000000004==2 
—£ ,000000004.3 ＋, ooo — DA Ka BH ,150(5)eee 


I Di. 2000000198) ,0000000000000008568952 (,000000004327 
2 Di. 50000001981 792 


648 
5943 


| 5465 
Firſt + = ,00000002 3962 


+ & = ,000000004327 G. 


F+e= ,000000024327 == &, Or rather newer for a ſecond 
Operation, 


Now, F this firſt Value of a—,000000024327 were not 
cotinued to more places of Figures by a ſecond peration, but 


only nultiply'd into the Number of Chords 


Viz. ,000:00024327 X 258280326 = 9528318529 &c, the 
Periphery of that Circle whoſe Diameter is 2, nearer than either 
1 Archimedes 


mier © G 
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Archimedes, or Mærtius's Proportion : For Archimedes mates 
it 6,265314 c. viz, As 7 To 22. And Matius makes it 
6,28318584 &. viz. As 113 To 355. — 

But if the whole Æquation before propos d be now taken, and 
we proceed to a Second Operation, the Value of a may be er- 


creas d with Twelve Places of Figures more, aud thoſe m 
obtain? d by plain Diviſion only. 5 E 1 may be 


Thus, let » + e == a, as before, and let all th Powe | 
be now Re jected as inſignificant ; , e Powers of e 


135 1% = 2 


. * 3 it Ms ao tf 
Then will 4 2 8 * = + MI "% == 4 
(ye a 1 + yr = as | 
The ſeveral Powers of » = ,000900024327 being Rais'd, and 
Mutiply'd into their reſpective Co-efficients, will produce theſe 
following Numbers. | 3 
+ 1,047197581767 + 430467210) 


| = 9047849196598394865 — 590057 
| + ,009655906484595355 + 134810? 


— ,000004281440413375 — 12322, 1 

＋ ,000000016392517863 þ 5 * 

— ,000000000040631167 — Oe 

+ ,000000000000071388 | oe 

— ,000000000090000092 — +0? ; 


Viz. 1,090009026474745100 + 37279554 =1 | 
Hence 372795549=—,000000026474745106 = D 
Or rather — 37279554#,000020026474745106 = 


D 
. Conſequently, 3 37279554 — — 


Operation. 5 : : 
37279554) ,990909026474745106) (, 15710167 = —e, 
260956878 = 1 


37905730 

37279554 

62617660 
37279554 


&. 


2 2 Lat 


_—_ 4 F ry 


4+ 355 Elements of Sromerry. Parr iff TT 


* 000000024 327 
r 


# — & = ,0000000 243269992898 2033 S a the Chord or Sid: 
of the Polygon requir 45 the: 

The next Work will be to examine how many Places of theſe 
Figures will hold true to the Circles Peri her: In order to 
that let à be repreſented by the Chord BI, in the Arnexed 
; Some. and let Bx=zb, Then _ | 

x=3a=(,7)121634996449160165 
And DO B . ncsx. 
Let the Radius B C = 1 as before. 
Then will the / UBC O Bx==Cx 
C 7 &c. 

Ci B:: CA: a 
. Cs: 075 CA: Day Pig. 

Dd =(;7)2 269992 20 
the's Side of Nei 7 f.ribing 550. 
Sor. Then will a X 258280326 % 
Perimeter of the Inſcrib d Pol 


46646666644 4 bot 


C 


cumſcribirg Polygon. 
* is, 6, 283185 3071795859 = the Perimeter of the Inſcribd 


75175 n = the Perimeter of the Circum: 


" ris evident, that the Ci wele's Periphery, whoſe News 
fey is 2, may be concluded „ ei true, becauſe 
the Ni of the Iuſcrib d and Cirumſcrib d Polygons are ſo 
far very near being Co- incident, or the fame. 

Tis poſſible there may be ſome who will think this is tedious 
and troubleſome Work; ow if thoſe pleaſe to conſider, that if this 
© Periphery were to be found by the aforeſaid Method of ets on, 

it would PN theſe following Wo 


V3: 2 22+ & 4. e 
| ys: yl 5 85 127579 2 
Viz. AN: 28 47 5 Arn 2 
* 2 2 
Heine 402809984. an ke 


Here the firſt Root (viz. / 3 muſt be Extracted at leaſt to 


one hundred and two Places of Figures. The ſecond 2 
| its 


And wax 258280326 wall be the Perimetey of the th. 


S 
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(viz, V: 2 + v/ 3) muſt have 99 Places of Figures in it. The 
third Root (viz. : 2 +/:2+ V 3) muſt have 96 Places in 
it, Ge. every Extraction being allow d to Decreaſe Three Places, 
that ſo the laſt Root (viz. the Chord Sought ) may conſiſt of 
24 Places of Figures, As above. 

I fay, whoever duly conſiders the Trouble of theſe fo often 
repeated Extraftions, will, I preſume, be pleas'd with what I 
have done, For truly when I conſider of the great Time and 
Care requir d in them, I cannot but admire at the Patience of 
the Laborious Var Culen, who proceeded that Way until he had 
found the Circles Periphery to Thirty Six Places of Figures, to 
wit, 6,28318530717958647692528676655900576. 

Theſe Numbers are _ to be engraven upon his Tomb Stone in 
St. Peter's Church in Leyden, for a Memorial of ſo great a Work, 


Having thus obtain d the Circles Periphery, its Arch may ea. 
fily be found 4 to the ſame Number of Figures) by Problem 6. 

That is, if Half the Periphery of any Circle be Multiply'd in. 
to Half its 3 the . — will be that — 4 Area 
as will appear on. erefore 3, 14 1592653589793 wi 
be the Area of the Circle whoſe Diameter is 2. 5 : 


Thus I have ſhewd the young Geometer how to find the Czr+ 
tles Periphery and Area to what Exactneſs he pleaſes to aps 
proach z for preciſely true it cannot be found, notwithſtandin 
the late Preten ſions of 2 certain French-marn who hath publith' 
to the World, (inthe Works of the Learned) that after twenty 
five Years Study he had found the Qzadrature of the Circle: But 
if he had perus d the 83d Chapter of Dy. Wallis's Algebra, he might 
there have ſeen his Error, viz. the /Zpoſibility of what he pre- 
tended to ; for it is as impoſſible to ſquare the Circle (that is, 
fo find its true Area) as it is to find the Root of a Surd Number. 


Note, What 1 have here propos'd and done by the Niſection of 
an Arch, may as eafily and much more ſpeedily be perform'd by 
„ or Septiſection, 8&c. put becauſe the Scheme for 
Triſection is more ſimple, and may be eafter underfiond by. a 
Learner than thoſe of the other Sections, (of which ſee my Com- 
pendium of Algebra, Pages 76 and 79) I have for that Reaſon 
made Choice of Triſection. | | 


As to the Pro portion of one Circle to another, and of the Cir 
cle to the Elli pſis, &c. thoſe ſhall be fully. new d when we come 


io the ſifth P 
2 2 2 Before 
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IN Elements ot Geometry. Part III. 

Before I conclude this Part, I thall make ſome Uſe or Appli- 
cation of the above-found Periphery, in finding the Quantity of 
Ayveles, which is done by the Help of Kight-lizes, call'd Sine; 
and Twigonts, the Length whereof are Calculated to every Degree 
and Minute of a Quadrant, by much Labour. But I thall here 
ſhew how to find the Natural Size (ard conſequently the Natur] 
Turg-nt) of any propos d Arch or Angle, by Two Aquations, 
without the Help of any precedent Sine, as uſual ; which I did 
ſome Years ago communicate to the Ingenious Mr. Zoſeph Ralph. 
ſon, and he fo well approv'd of them as to make them the 2cth 
and 21 Problems in the Second Edition of his Analyſts Æquatio. 
aun Univerſalis, 

And becauſe in finding the Quantity of Angles, every Cin 
is ſuppos'd to be D:vided into 360 Equal Parts, called Degrees; 
every Degree is Subdivided into 60 Parts, call d Minutes; and 
every Minute into 60 Seconds, &c. (See Page 294.) 

Therefore 360) 6,2831853 &c. (0,0174532925 &. is an Arch 
of the adove- found Peri phery, Equal to the Arch of one Degree, 

And 60) 0,0174532925 &c. (9,0002908882 &c. = the Arch 
ot one Minute. | 
Then if the given Arch (or Argle ) be Leſs than 45 Degrees 
Reduce it into Minutes, and Multiply thoſe Minutes into this 
conſtant Multi plicator, viz. 0,9502908882 calling the Product p. 
And for the Sia? ſought put a. Then it will be 

aaa ＋ I2pana — 19544 — 36ppaa -+ 240pa = 45. 

8 Example. 
Let it te required to find the Sine of 199 . 13 = 1157. 

Here 0,0002928882 X 1153 = 0,3353940946 = Pp. 

And — a + 4,0247294 — 199,04961 1424 + 80, 4945834 = 

= 5,962C1394. 

Letr be = 20 

1 ＋ 2re bee = aa 
Then 5 


rr A zrre + 3Yee aaa 
rer Þ+ 4arre + orree = aaaa 
Note, In this Caſe the firſt x may always be taken Equal to the 
Firft Fignre in the Product =p. Viz. here r == 03 which being 
IÞrc0!n'd asits Powers direct, and thoſe Powers Multi ply d inio 
the Reſp:6live Co- icie its of the Æquation, it will be 
＋ 24,148 J 80, 49 o 
— #4 "4. 117,137 — 199, 05 ꝗ 
2 + eb 1 _ 1. — 220 2556201394 
— C,OC8T — C, 116 — O, 54 e 


Viz, 6,3344 37% — 195,97ee = 5506201 


— 


Henee 
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Hence 37,97ee -+ 195,97ee == 1,27239 
And ON 23e + ee _ 0,006492 = 5 


Cheozem 


= 


1 


Operation. 6, 193) 0,006492 (0,029 Se 
＋ erg ,029 42 


—U— ́7!. —¾—ͤt— 


I. Diviſor „21 2292 
2. Diviſor „222 1998 
Firſt x = 0,3 
＋e == 0,029 


7 + & = 0,329 = » for a Second Operation. 


Which being Þ:volv'd and Multꝭ plyd, &c. as before, will pro- 
duce theſe 1 e 25 Fr 


＋ 26,48271781 + 80,49458e 

— 21,54532894 — 130,97464e — 199,0496ee 

+ 0,14332578 + 1,30692e + 3,9724ce 
| — OOII7IOIT — 0,14244e — O0O,6494ee 


Viz. 506899854 — 49,31558e — 195,726 — 5500201394 


Hence 49,31558e + 195,7266ee = ,0069846 ; which being 
Divided by i 95,7266 the Coefficient of ee, will become 


„25196 ＋ ee = ds oa D 
| Tm A ack 
Operation. 0,25196) ,000035685.4 (0,0001415 = Ee 
＋ & = 0,00014 2520 
1. Diviſor o, 2520 104854 
2. Diviſor o, 25219 100840 
| 40140 
) 25210 
| Lally = 0,320 &c. 


+ & = 0,0001415 


era =0,3291415 being the Natural Sine of 9. 13 
As was required. | 


Thus you may find the Right Sine of any Arch or Angle leſs 
than 45 Degrees. | 1 


Elements ot Geometry. Part IN. 
But if the given Arch be Greater than ee 
take its Complement to 90. viz. aa ee ere 


and Reduce the Remainder into Minutes, as before. 
Then Multiply the Square of theſe 1 into this con 


ti plicator, 0,000000084616 23 — 
22 Sine ſought, as before. 1 * 4 


a + 284? ＋ 19548 ＋ 36a 108 Sa = 19681 


Example. 


Su 0 it were requir d to find the dine of © 227, or 
Is the fame thing) to find the Co- fine of 14 28 hers: 
are 753424 X 0,000000084616 = 0,06375172518 = . 
ence the Æquation in Numbers will be 
aaaa ＋ 28a + 197,29506244 — 21,114814a = 
= 190,8361102588 


Let - e 2 And r = x 

Lr — 2re+ ee aa | 
Then 5 777 = 3rre + 3ree == aaa 
rrrr — re ＋ 6rree S aaaa 


Note, F here tate I becauſe the Arch is fo near to 900, 
and therefore I make it v — e =4. 


— 21,1148 + 21,110 | 
— VEE OR 


I ,0000 — 4,002 — 
beads = — 52 ce = 1 90,8361 
Hence 461,482 — 287, 296 = 14,3447 


And 1,606e — ee =,049939 =D 
D 
Xheozem IE = 


Operation. 1,656) ,049930 (0,931 e 
— = C031 471 
1. Diviſor 1,579 2830 Firſt = 1,000 


2, Diviſor 1,575 157% — & — 0,021 
| 17 0,909 —=P 


For a Second Operation; which being [voy 4 as before, wil 
— 20 


pr oduce theſe follow ing Numbers. 


ha 


hf lk. ©» 
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NI ——— 
— 20,460254 766+ 328 | 


27 e Rel $76 30 197,295 tee 
/ yy ee. 


Viz. TT 2487 
==190,8361 10259 

Hence it will be 44375515 — 284 2486 = , 313541256 

And 1, 559632— = _— 21 2 9 


K 


0.0.0 8-6 


Operation, 1,55963) 0,0011019821 
— = ©,00070 209123 


1. Diviſo# 15589 1 1075210 


2. Diviſor 1,55893 935358 
| 1398520 
Laſt y = * 0,969 I247144 


— & == 0,0007068 
r—e=4 ==0,9682932 the dine of 730, 32 d As was requir d. 


found the Sine and Co- ſine of any Arch, the Iungert 
h found by this 2 — 11 ay os wy 


Viz by the Co ſine of any Arch: is 0 the Sine of the Arch : + 
* Iſo is the Radius: 10 2 Tangent of the ſame Arch. 


For ſuppoſing B C = BD Radius, 4 c the Size of as Arch 
CD. Then BA is the Co- ſine, and : * 
FD the Tangent of the ſame Arch, — 

But B A: C A:: BD: Fb, &c. | * ; 


Now by this Proportion there is A 
Requir'd to be given both the Sire ee 
Co-fine of the Arch, to find the 855 
Tan agent. B F ap 

Tis true, if the Radzus, and 
either the Size or the Co- fine be given, the other may be found 


Thus, HHU =D = B A. Or YA B8C—O CADCA. 


But if either the Sine or Co- ſine be given, the Iungent may 


(1 preſume ) be more Eafily found by the following Theorems. b 
er 


_—__ 


g” — 1 UL 
Let 5 C 1. CA=ZS. BA=z, and FD =I. Tha 
if S be given, Tmay be found by this 


| SS TRE 
Theozem4 / E 


Or if be given, T'may be found by this 


DN pot, 


Let the Sine of go. 13. (before found) be given, viz, 
0,3291415 = . To find T the Tangert of the ſame Arch. 
Firſt 0,3291415 X ,3291415 = 0,108334127 = 88. | 
Again 1 — 0,108334127 = 0,891665873 = 1 — SS. . 

Then o, 891665873) o, 108334127 (0, 1214963253 

And , 1214963253 =0,3485632 1, the Targert, of 199, 
I3'. As was required. 

And ſo you may proceed to find T= the Tangent, when 
x = the Co- ſine is given. | 


Perhaps it may here be expected, that I ſhould have ſhew' 
and Demonſtrated (or at leaſt have inſerted) the Proportions 
from whence the foregoing Æquations for making Sizes were pw. 
duced ; but I have Omitted that, as alſo their Uſe in computing 
the Sides and Angles of plain Triangles by the Pen only, (viz. 
without the Help of Tables) for the Subject of my Diſcourſe il © 
hereafter, if Health and Time permit. 

In the mean Time, what is here done may ſuffice to ſhew, MW © 
that the making of Sue s by ſuch a Laborious and Operoſe Way, Wl © 
as was formerly uſed, is in a great Meaſure overcome; which, J 
think, I may juſtly claim as my own. 285 
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INTRODUCTION 


TO THE 35 


Mathematicks. 


FEAR T Iv. 
e 


Definitions of a Cone, and its Sections. 


HERE are ſeveral Definitions given of a Cone: The 
| Learned Dr. Barrow, upon Euclid, hath it thus: 

A Cone ( ſaith he) is a Figure made when one Side of a 
“Rectangled Triangle, (viz. one of thoſe Sides that contain the 
« Right-angle) remaining fix d, the Triangle is turn d round 
about, till it return to the place from whence it firſt mov d: 
„And it the fix d Right-Line be equal to the other which con- 
* taineth the Right. angle, then the Cone is a Rectangled Cone; 
« but if it be leſs, tis an Obtuſe-angled Cone; if greater, an 
* Acute-angled Cone. The Axis of a Cone is that fix d Line 
* above which the Triangle is mov'd: The Baſe of a Cone is 
© the Circle, which is deferib'd by the Right-line mov'd about. 
* (Defin. 18, 19, 20. Euclid. 11.) 

Sir Jonas Moor, in his Treatiſe of Conical Sections, (taken 
out of the Works of Mydorgins ) defines it thus: 

* If a Line of ſuch a length as ſhall be needful, ſhall upon a 
© Point fix d above the Plain of a Circle, ſo move about the 
„Circle, until it return to the Point from whence the Motion 
© began, the Superficies that is made by ſuch a Line is call'd a 
© Conical Superficies ; and the ſolid Figure contain d within that 
© Superficies and the Circle-is calld a . The Point remain- 
ing ſtill is the Vertex of the Cone, Oc. | | i 

e Ns 


Conick Sections Fart IV. 
Altho both theſe Definit/ors are equally true, and, with a lit. 

tle Conſiderat ion, may be pretty eaſily underſtood, yer I ſhall here 

propoſe one very different from either of them, and, as I preſume, 

more plain and intelligible, eſpecially to a Learner. 

If a Circle deſerib'd upon Riff Paper (or any other pliable Mat- | 
ter) of what bigneſs you pleaſe, be cut into Two, Three, or more 
Sectors, either equal or unequal, and one of thoſe Sectors be fh 
rolld up, as that the Radius may exactly meet eacn other, it will 
form a Conical Superfiries. | | 

1 hat is, if the Sector HV G be 
cut out of the Circle, and ſo roll d 
up as that the Radins's V H and 
A may juſt meer each other in all, 
their Parts, it will form a Coze, and 
the Centre V will become a S$o/:d - 
Point, call'd the VERTEX of the 
Cone; the Radius H being every | 
where Equal, will be the Side cf H 
the Cone, and the Arch FI G will 
become a Circle, whoſe Area is 
call'd the Cone s Baſe. . 7 

A Right-lize being ſuppos d to paſs 
from the Vertex, or Point V, to the Centre 
of the Cone's Baſe, as at C, that Line 
(viz. / O will be the AXIS, or perper- 
dicular Fight of the Cone. 

If a So/i1 be exactly made in ſuch a 
Form, it will be a compleat or perfect 
Cone; which 1 thall all-along call a Right 
Cone, becauſe its Ax7s VC ſtands at At 
Argles with the Vin of its 8% H G, 
and its Sides are every where equal. 


362 


Any Cone whoſe Avis is not at Right-angl-s 
with the Plain of irs Baſle, may be properly 
call'd an Inperfect Cone, becauſe its Sides are 
not every where-equal (as in th? arnexed Fi- 

ure). Now, ſuch an imperfe& Cone is uſually 
call'd a Scalene, or Oblique Cone. 


; Any Solid Cone may be cut by Plains / which 7 ſhall all-along 
hereaftcr call Right-lines) into Five Sections, 


Sea. 


11 
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Set. 1. 


If a Right Cone be cut directly thro its Axis, the Plain or Su- 
perficies of that Section will be a plain Tſoſceles Triang'e, as HV G 
Fig. 2, viz. the Sides ( HV andV G of the Cone will be the 
sides of the Triangle, the Diameter (HC) ef the Cone's Baſe 
will be the Baſe of the Triangle, and (C) its Axis will be the 


perpendicular Height of che Triangle. 
Sobt. 2. 


If a Right Cone be cut {any whore ) off by a Rigiit-line paral- 
Jel to its Baſe, as hg (it will le eaſt? to conceive, that) the Pluid 
of that Section will be a Circle, becauſe the Cone's Eaſe is ſuch : 
Wherein one thing o'2ght to be clearly underſtood, which may be 
hid down as 2 Lemma, to demonſtrate the Properties of che follaw- 
ing Sections. 1 

If any Two R ight-lines, inſerib d within a Circle, do 

cut or croſs each other (as bg doth & in the annexet 

Figure) th: Rectangle made of 1h? Segments of on. 
Lemma, \of the Lines will be Fqual to the Rebtanzl? made of 

the Seg nents of the other Line. (See I Heeren 15. 


Page 315. V 

That is, heaxga=baXottec * 

And HAXGA =BAXAS N 
Conſequently if ba =at 11 2 
And if BA AB 7 
Then it will be haxga = 0 a 2 
And in the Core s Bate FLAX GABA. jul a. 2 

WY PIKE * 3 
S⸗ct. 3. 


Va Right Cove be (auy whore ) cut (ff by a Nigbt Line that 
cuts both its Sides, bur not parallel ro its Baſe, (as TI 7% 52 
followive Fig ure) the Plain of thut Section will be an E 1p ſis, 
(rug. riy call d au Oval) vi. an oblong or imperkect Circle, winch 
h ith ſeveral Diameters, and Ito particular En. hat 

1. Any Right Line that divides an Elipſis into Two Equal 
Parts is cal'd a Diameter; amongſt which the 70ſt and the 
ſbertaſt are particulariy diſiing aA from the reſt, as be iug of molt 
general uſe ; the other are o 2pplicible to particular Caſes. 


A1 2 2. The 
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2. The longeſt Diameter (as TS) is 
call'd the Tranfverſe Diameter, or Tranſ- 
verſe Axis, being that Righi- line which 
is drawn thro' the Middle of the El lip- 
ſis, and doth ſhew or limit its Length, 


3. The ſhorteſt Diameter, call'd the 
Conjugate Diameter, is a Right-line 
that doth interſe& or croſs rhe 2 
verſe Diameter at Right- angles, in the 
middle or common Centre ot the Elli 
ſis, (as Nn) and doth limit the Ellipſiss 
Breadth. 


The Two Points, which I call particular Centres of an 
Ellipſis (for a Reaſon which ſhall be ſhew'd farther on) are two 
Points in the Tranſverſe Diameter, at an equal diſtance each way 
from the Conjugate Diameter, and are uſually call'd Notes, 


Fotus e, or Burning Points. 


5 All Right-lizes within the Elipſis that are parallel to one 
another, and can be divided into Two equal Parts, are calld 


Oꝛdinates, with reſpe& to that Diameter which divides them: 


V 


4 
. 0 
„ 
„„ „„ 


And if they are parallel to the Con jugate, viz at Right-angles 


with the gary Diameter, then they 


right!y *pp'y 


are remar 


able above the reſt, which 


are call'd Qrdinates 


1 
nd thoſe Two that paſs through the Focus's ( 
ing equal and fituated 

| 


alike, are call'd both by one Name, viz. Latus Gectum, or Right 
Parameter, by which all the other Ordinates are regulated aud 


valued ; as will appear farther on. 


Seh. 4. 


If any Cone be cut into To parts by a Right-line parallel to 
one of its Sides, (as S A in the following Scheme) the Plain of 
that Section (v7 SBA B S) is call'd a Parabola. 


I. A Right-line being drawn thro' the Middle of any Parabola 
(2s S 4) bs call d its Axis, or intercepted Diameter. 


2. All Right-lines that interſect or cut the Axis at Right An: 
ges (as B B and b ; are ſuppos d to cut or croſs S A) are calld 
Orginates rightly apply d, (as in the Ellipſis) and the greateſt 
Ordinate, as B E, which limits the length of the Parubola s Axij 
(9 A) is uſ aj call d the Baſe of the Faratoln, 


3, Text 
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4 That Ordinate which paſſes thro' 
the Focus, or burning Point of the Pa- 
rabola, is call d the Latus * or 
ight Parameter, (as in the Ellipſis) 
— by it Ache other e 
are proportion d, and may be found. 
The Node, Focus, or burning 
Point of the Parabola, is a Point in irs 


Axis (but not a Centre, as in the Elli- 
pſis) diſtant from the Vertex, or Top 


of the Section, (viz. from S) juſt + part pad A. 1 
of the Latxs Kö; as flall be hn en © 
farther on. B 


5. All Right. lines drawn within a Parabola parallel to its Axis 
are call d Diameters; and every Right- line that any of thoſe Dia- 
meters doth biſect or cut into Two equal Parts, is faid to be an 
Ordinate to that Diameter which biſects it, 


Sect. 5. 


If a Cone be any where cut by a X7ght-line, either parallel to 
its Axis, (as 8 A, or otherwiſe as x M ſo as the cutting Line be- 
ing continued thro' one Side of the 
Cone (as at S or x) will meet with the 
other Side of the Cone if it be conti- 
nued or produced beyond the Vertex V, 
as at T; then the Plain of that Section 
(viz. the Figure 855 BS) is call'd an 
Þyperbula. 


I. A Right-line being drawn thro' 
the Middle of any Hyperbola, viz. 
within the Section, (as S A, or x N 
is call'd the Axis or intercepted Dzan?- 
ter, (as in the Parabola) and that part 
of it which is continued or produced 
out of the Sedion, until it meet with 
the other Side of the Cone continued, 
viz. F'S or Tx, &c. is call d the Tranſ 
verſe Diameter, or Tranſverſe Axis of the Hyperbola. 


2. All Aigbt- ines that are drawn within an Hyperbo/a, at 
Right-ang'es to its Axis, are call d Ordinxteg rightly apply d; as 
ja the Ellipſis and Pgrab og. 1 8 

th | 3; That 
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— | 


bs That Ordinate which paſſes thro the Focus of the Hyper. 
Bola is call d Latus Rectum, or Righi Parameter, for the ſame rea. 
ſon as in the other Sections. 


4. The middle Point of the Tranſverſe Diameter is call'd thy 
Centre of the Hyperbola ; from whence may be drawn two Right- 
tines (out of the Section) call d Atymptotes, becauſe they vil 
always incline (that is, come nearer and nearer) to both Sides 
of the Hyperbola, but never meet with (or touch) them, altho 
both they and the Sides of the Hyperbela were infinitely exten. 
ded ; as will plainly appear in its proper place. 

Theſe Five Sections, viz. the Tr4a77gle, Circle, 2 Para. 
Bola, and Hyperbola, are all the Plains that can poſſibly be produ- 
ced from a Cone; bur of them, the Three Laſt are only call 
Conick Sections, both by the ancient and modern Geometers, 


Scholium. 


 Befdes the foregoing Definitions, it may not be amiſs to add, 
by way of Obſervation, how one Section may (or rather doth) 
change or degenerate into another. 

An Elipſis being that Plain of any SeQion of the Cone which 
is between the Circle and Parabola, twill be eafic to conceive 
that there may be great Variety of Elipſes produc'd from the ſame 
Cone; and when the Section comes to be exactly parallel to one 
Side of the Cone, then doth the Elipſis change or degenente 
into a Parabola. Now a Paralola being that Section whoſe Plain 
is always exactly parallel to the Side of the Cone, cannot vary, as 
the Eli pſis may; for fo ſoon as ever it begins ro move our © 
that po ſition, (viz. from being parallel to the Cone's Side) it de. 
generates either into an Eſlip ſis, or into an Hyperbola: That is 
if the Section inclines towards the Plain of the Cone's Baſe, it be- 
comes an Elipſis; but if it incline towards the Cone's Verter, 
it becomes an Hyperkola, winch is the Plain of any Section that 
falls between the Paraboia and the Piang e. And therefore thee 
may be as nauy Larietiss of Hyperbola's produced from one and 
re fame Cone, as there may be Eliipſes. | 

To be b:jet, a Circle may change unto an Elip ſis, the Fllipfis 
19 2 Parulols, the Prall into an Hyperbo/a, and the Hyper- 
19/2 im a plain Jſofreles Tiangle: And the Centre of the Cucle, 
which is its Focus or buraing int, doth, as it where, part or ci- 
vide it ſelf into two Focus's fo Toon as ever the Circle begins to 
degencrate in an Elipſis; but when the E/ſip ſis changes into 
a ':ratola, 0:6 end of it flies open, and one oi its Fo- us 5 bar 

ni! 085 


r r 0 


1 


r os ö <A oo > e ot _ 


Chap. 2. concerning the Ellipſis. 1 
niſhes, and the remaining Focus goes along with the Parabola 
when it degenerates into an Hyperbola: And when the Hyperbola 
degenerates into a plain Iſoſceles Triangle, this Focus becomes the 
vertical Point of the Triangle (viz. the Vertex of the Cone); fo 
that the Centre of the Cone's Baſe may be truly ſaid to paſs gra- 
dually thro all the Sections, until it arrives at the Vertex of the 
Cone, till carrying its Latus Rectum along with it: For the Dia- 
meter of a Circle being that Right-line which paſſes thro' its Cen- 
tre or Focus, and by which all other Right-lizes drawn within the 
Circle are regulated and valued, may (7 preſume ) be properly 
call d the Circle's Latus Rectum: And altho' it loſes the Name 
of Diameter when the Circle degenerates into an Ellip ſis, yet it 
retains the Name of Latus Ręctum, with its firſt Properties, in all 
the Sections, gradually 8 as the Focus carries it along 
from one Section to anothet, until at laſt it and the Focus become 
co · incident, and terminate in the Vertex of the Cone. 

| have been more particular and fuller in theſe De nitious than 
is uſual in Books of this Subject, which I hope is no Fault, but 
will prove of Uſe, eſpecially to a Learner: And altho they may 
perhaps ſeem a little ſtrange, and at firſt hard to be underſtood, yet 
when they are well conſider d, and compar'd with a Cone cut into 
ſuch Sections as have been defined, they will not only be found 
true, but will alſo help to form a true and clear Idea of each 


Section. 


CHAP. ih 
Concerning the Chief Properties of an Cllipſis, 
Note, If the tranſverſe Diameter of an Ellipſis, as TS in the 


follouts:g Figure, be interſrcted or divided into any two Parts 


ty an Ocdinate rightly apply d, as «t the Points A, C, a, &c. then 
are thoſe Parts TA, TC, Ta, and S d, SC, S a, &c. ꝛ0ſunliy cal. 
led Abſciſla's, (which figrifie's Lines or Parts cut off ) and by 
the Rectangle of any two Abſcifli's is meant the Rectangle of 


ſuch two parts as, being adde tog ther, will be equal to the 


Tranſverſe Diameter. 


ASTA+SA=TS. AndTC Sc ITS. 
Te TR Or TA+S A= TS, &c. 


Sect. 


Teoniek Sections 


Section 1. 


Every Ell;zpfis is proportion d, and all ſuch Lines as relate to it 
— * the help of one general Theorem. 


As the 8 any two 3 : is to the 

ä Square of any Ordinate which divides them: : $ 
Theozem. 2 5 the Rectangle of any other two Abſciſſa's: To the 
| Square of half that Ordinate which divides then. 


' 
— 


That is, | 


TAXSA: OB A::TaXx Sa: a 
TAXSA: QB A::TCXSC: ONC 
TC X SC: N C:: In x SA: ba 


& 


Dcmonſtration. 


Let the annexed Figure repreſent a Right Cone, cut thro' both 
7 


Sides by the Right- line TS; then 
will the Plain of that Section be an 
10 (by Sect. 3. Chaps. 1.) TS 
will be the Tranſverſe Diameter, 
Nec andbab — Ordinates 
rightly applyd ; as before. 
3 the Lines D 4 and N & 


be parallel to the Cone's Baſe, they 


will be Diameters of Circles ( by 
Set. 2. Chap. 1.) Then will ATCX 
and T'a O be alike. Alſo AS A A4 
and AS Cx will be alike. 


Ego 
400 


111834: 24:: Sc: CA 
2 
I -{2[SaxXCk=adxSC 
2. *l4IiTaXCK=TCXaD 
2 X 315 

But | 6 
Andi 
Then 


CRC S NC 


Hence 


2 — 


N 


1 


= 


Te: CX: : Ta 0 ber Theorem 13. 


aDXad=0 b Fper Lemma Sect. 2. 
for CAC k, and a D ad, take NC and Ua 
5, 6,7 8 [SK TAX NNO TNS Per Axiom 5 

SN Ta: Ota::TCx SC: 0 NC. See Page 194 


W 


„E. D. 
R Or 


Fart IV, 


5 


Sa RIA CK aN CNC XD. Per Axiom 3. 


\ WT 
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Or, the Truth of theſe Proportions may be otherwiſe proy 4 by by 
a Circle, without the help of the Cone; thus: 

Let any Ellipſis be circumſcrib d and injcrib'd with Circles, ag 
in the following Figure; then from any Point in the circumſcrib d 
Circle's Periphery, as at B, draw the Righ:-line Ba, parallel to 
the ſvmai-congrugate Diameter N C, then will > a be a Semi-ordinate 
_ rightly apply d to the Tranſverſe Diameter TS; as before. 


Again, from the Point & (iz the Elipfis's Peri phery) draw 
the Right-line 5 4 Parallel to the Tranfverle 78; and draw che 
Radius BE. 


Then will A BCaand AC Va be alike, TO 


30: B :Cf:4C 
Therefore per Theorem 13. 
TC=BC, NC mf 
But 1 — ba - 4 C 
Cots. 37 :NC:ba 
:Ba:ba 
4 in 92 BRED BA: Qa 
Ta XS ASB 2 2 . 
bu p per Lem. ſec. 2. ch. 1 n e 
Ta e oO ba: CS Orc:o 
Therefore| 714 A dechre | 


And ſo for any other Abjc:fja's, and their Semi-ordinate. » 


Theſe Proportions being found to be the true and common Pro- 
perties of every Ellipſis, all that is archer requir'd in (or about } 
that Section may be eaſily deJuced from them. 


dect. 2. To find the Latus Rectum, or Right Parameter 
of any Ellipſis. 


There are ſeveral Ways of finding the Latrs Ndum, but 5 
think none ſo eaſie, and ſheus it ſo Plain y to be the Third prin- 
cipal Line in the Ellipfis, as the follwing 

As th2 Tranſverſe Diaineter : 7s 27 Proportion to 


th: Conjugate : : ſo is the Corjugate : 10 1%. 
Theozem, ; Latus Rectum. | 


Viz. (in the following Fig.) 18: Nut: Na: LR the Laits Redl uin. 


Demouſtration 


From the it Proportions take either f the Antececdennts, and, 
its Conſeque: u, dix. eithet c M. £2 N C, of Ta x5a: oh 
HED and 


Sequent hy, FO= TC Q NC. 


| 
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and make 78 che Third T erm, to which find a Fourth Propor- 
tional, and it will be = LR: 


Thus! 1 TESxC:ONCHETS:ER 
3 at] <JYAd NC =C x 
Therefore! 31 Tc » SC==iT'$ 
And] 4] ONC=;0 Nz T 
1, 3, 41 5 TS: NN:: TS. IR 
5 „6A OTSILRSHπ NA TS 
6 X 4] 7{OTSXER=O Nu XTS n 


which gives the following Analog y. 
biz. 9 TS: N:: N: I X 


, 4 To xSC : NC: : TZ S2: A 
Again, | 10 By common Properties. 
1, 10[IIITS: LA: : Ta Xx S2: Qa. 


From hence *tis evident that L X, thus found, 1s that Ordinate 
by which the other Ordinates may be regulated and found, 

Theretore (according to its Definition Sed. 3, Chap. 1.) it is 
the true Latus Rectum. Q. E. D. 

Con ſectary. 

Hence it follows, that it the Tranſverſe and Conjugate Dia. 
meters of :ny Ellipſis are given (either in Lines or Numbers) 
the Latus Rectum may be eaſily found; and then any Ordinate, 
whoſe Diftauce from the Conjugate is given, may be found; As 
above. | | 


Sect. 3. To find the Focus of any Ellipfis. 


The Focus is the Diſtance of the Latus Rectum from the Con- 
jugate or Middle of the Ellip ſis, (vide Definition 4, Page 36 
and that Diſtance is always a Mean Proportional between t 
Half-Sum and Halſ-Difference of the Tranſverſe and Conjugate 
Diameters, which gives this Theoram. 


Tg From the Square ff the Tranſverſe ſubſtratt 
Eheopcm. 75 Square of Half the Conjugate, the ſquare Rout 


of their difference will be The Diſtance of each Fo- 

& cus from the mddle or common centre of th? Elli pſis 

That is, ſuppoſing the Points F and F to be the two Forus's, 
viz /C = EF, al FC =3 TS . NC = Ts, 
ICN: FC:TCOgFro QFCE=0 TC. DO NC. 


Demon⸗ 


e 


„„ 
* * 
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Demonfration. 


TSX LR U Nu. By 8 Step of the laſt "WI 
TS: LR: : TFS F: LF, per common Properties. 
TS: LR: TC TCEFX TCF: iam 


O1iC-OCFY.LA | — . 
i#LAXTS=OTC—QCF 7 OF 


— 


I 
2 
3 
4 
5 
6 
7 
8 


1TSXLR=" ONu=NC T ks 
1 UNE Rene: hs F 

CFS QT — | * 
| oC F=/DOTC—<ONC KS 


Now fol hence is deduced that Notable Propoſition, upon 
which is grounded the uſual Method of deſcribing an EF 's, and 


drawing of Tangerts, &c. 
4 from the two Focus's of any Ellipfis there be 


rawn two Right-lines, ſo as to meet each other 


P2opoſition, 9; in any Point of the Ellipſis's Periphery, the Sum 


Viz F NX NF =TS,f L-þ LE=TS. Or f BXBF=TS, . 


I, 2 


3 . 2 
Hence 


Again, 
Conſeq. |. 


But 
8. 
7 


of thoſe Lines will be Equal to the Tranſretſe. 


Demonftration, 


[458 ONC— OTC 
by 8th of the laſt. 


IEF ONC=ONE 
2 11. 
oO NEU TC 
3 2 
4 NF = T 
2 NF * a 
SITS: LK : TFS: LF. By common Properties. 
6 Ts: 1 LR: :TFXFS:OLF 
+TS = TC. And I TL R LE 
„Te: LP: :TC+CFXTC.—CF: OtF 
8 TCxLE=OTC—DOCF 


Bat, oOAfF+OLF=nFL, by Theorem 11. 
Thatis 10140 CF+OLF= QL for 20F: =fF 


8 * 4111 4TCXEF=4oOTE—40CF 
12 
T2. = 


1214 O7c+ OLF=ATCKLF:+ OfL 
13 e ii TREES 97 


13 m 2 
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L2 is F|1 2TCU __LF=fL <p 
5 


14＋LF 2TC—fL+LF. But 270 S 
Eg fLX Lf =TS. 2 Be, Q. E.D, 


And this Propoſition muſt needs hold true to every Point in 
the Fllipfis's Periphery, viz. at B, Sc. as will evidently appex 
to any one who rightly conſiders, Thar | 
As a Thread juſt the length of the Diameter of any Circle ha. 
ving its two Erds ty d together, and then mov'd about a Point in 
the Centre, (viz. by making it a double Radius) will, by drawing 
another Point in its Extremity, deſcribe the Periphery of a Cir- 
cle, [vile Definition Page 286} even ſo, | 

If a Tyread juſt the length of the Pauſuerſe Diameter (TS) 
hwing its evo Euds ſo fixd upon the two Focus's (f and F) u 
that it may be mov'd about them, by drawing a Point in its Ex. 
tremity (viz ot its full Stretch) it will deſcribe the true Peri 
phery of an Ellip ſis. 3 

Now, altho' this eaſie Way of deſcribing, or, as uſually phras d, 
drawing an Elipſis, be mechanical, and known even to moſt 
Goyners, 8 Kc. yet it gives as compleat and clear an 
Idea ot that Figure as any other way whatſoever ; and by deſcri- 
bing it thus about irs two Focus s, as a Circle is about its Centre, 
doth plainly thew thoſe two Points are not improperly call d parti. 
cu ar Centres in Defivition 4, Sect. 3, chap. 1. for each of them 


bears much the ſame reſpect to the Ellipſis's Periphery, as the Cit· 


cie's Centre doth to its Feriphery. 
Scct. 4. To deſcrive gr delineate an Ellipſts ſe veral Ways. 


There are ſeveral (other) ways of deſcribing an Ellipſis, both 
Geomerrizally and Numetrically, according to peculiar Occaſions, 
bur 1 thall only mention two or three of them, leaying the reſt to 
the Learner's Genius. Now, in order to that Work, it will be 
covenient to confider what Lives are requiſite to limit or bound 
its Form, which I take to be chiefly theſe following. 


I. If the Tranſverſe and Conjugate are given, the Ellipſis is 
perf-aly hmited ; (vide Conſectary Peg? 363.) for if T'S$ and 
N be ſet at Right-angles in their inidule at 2 and TC or C&S be 
ſec off irom N. or, both Ways upon the Tranſverſe to F and F, 
(viz. make f N= TC NH) then wiil thoſe Points F and F 
be we ue Cocus's, (by 4th Step of the laft Proceſs ) and thei 
the Elięp ſis may be deſcrib'd as abre. 


2, If 


1 


— — ——— —— ———— 
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2. It the Tranſverſe Diameter and Latus Rectum are given, 
the ws fr is truly limited, becauſe by them the Conjugate may 
be found, by Sect. 2. AS, 

3. Or if only the Panſverſe, and the Proportion it hath either 
to the Conjugate or Latus Rectum, be given, the Ellipſis is 
thereby limited. As for inſtance ; ſuppoſe the given Ratio be- 
tween the Tranſverſe and Conjugate to be, As a: rod: 


Viz. a: d:: TS: Na, chen IX Vn, &c. 


a 
4. If either the Tranſverſe or Conjugate, and the Diſtance of 
the Focus from the Conjugate be given, the Elipſis is limited, 
becauſe by them the Conjugate or Franfrerſe may be found. 
Theſe being premis'd, and the precedent Work a little conſi- 
der d, it muſt be eaſie to deſcribe or delineate any Hlipſis in 
Plano, either Geometrically or Numerically. 


— 


I. To deſcribe an Ellipſis Numerically, by Points. 


Suppoſe the Tranſverſe Diameter TS = 20, and the Conjugate 
Nu = 12, (either Inches, or any 1 1 | 
other Equal Parts) and let them — 5 
croſs each other at Right-angles in 5 
their Middles, as in the Point C; 
then will TC —C'$ = 10. 

And NC=Cn—=6 
And it will 20: 12 ::12:7, 2 
= the Latus Rectum. 


Again 20: 7, 2. Or rather take their Ratio 


(1: o, 36: : 10 ＋ 1X1-—1: Qa. 1. 
5 0, 36: : 10 ＋ 2K 10 — 2: QU. 2: 
1: o, 36: : 10 ＋ 3 Xx 10 — 3: 04.1] 3. &c. 
100 - IN, 36.4. 1. Hence v 99x80. , o &c. . 1 
ix. ö 00-4 N, 362 UU. 2. x 96x0,36==5,88 &c.==b.2 
199.—9X0,36=[14.3- / 91X0 36=5372 c. d. 3 


Ik fo many Semi. ordinotes as may be thought convenient (th 
more the hetter) be found in this manner, and every one of them 
be ſer off at Rigbt-angles from its reſpective Point in the Tra». 
verſe Diameter each way, viz. from 1 to a, from 2 to E, from 
3tod, c. Then if a Curve Line be carefully drawn with an 
even Hand thro' thoſe Extream Points a, 5, d, 8c. it will be dia 
Ellipfis's Periphery requir d. a Eel | 
| 2. To 
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2, To aſcribe an Ellipſis Geometrically Ly Points. 


Having the Tranſverſe and Conjugate Diameters given, viz. 75 
and Nu, placed at Right a»g'es in their Middles, As before; 
Then from either End of the Conjugare, viz. N (or „) ſet f 
halt the Tranſverſe Diameter to x. * | 
That is, to make Nx = C, (com --- . 
re nuieα th- Conjugate Ny whe: 1 
#s ſhorter than TC) Or, which 1 C 


18 C ONe, make C x © ds TC — NC, .A FI , —$ 
Then take any Point in the Line \ ItaY =< E 4; 

Cc at pleaſure; Suppoſe it at & yd fe a 
and trom that Point at G ſet of © 73 


the Diſtance C x to the Tranſverſe 

(as at E) viz. make G E Cx, and joyn the Points G E with 

a Right. line, produced fo far beyond Z as to make E BNC. 

Conſequently G B = TC. | | 
Then, I fay, where-ever the Point & was taken between C and x 

the Point 8 will juſt touch (or Fall in) the Ellipfts's Periphery, 


Demonftration. 


Draw the Right-line B 4 perpendicular to TS, wiz. let B A 
be a Semi. ordinate rightly applyd to the Tranſverſe Diameter 
758; Then A GO E and A B A E will be alike, | 


Confequent{ 1 CE: A E:: EG: E B, by Theorem 13. 
1, And] 2;CE+ AE: AE:: EG4+EB : ER. See p. 192 
But; 3 C E＋AE SCA. EG EBT C. And EBM 
n 4 14:4 E:: TG: C 
6, in 08 5 . nyc 
2 ; . C FS -F: [I C er: 
3 Ve AE 


But 8 7 6 5 AE 


That js, e 
e 


3 Fre Ne- 
SX UTC olncas DNC NR DTC: UAB UC 


9 #119] DATz OTC: —OC4 x OGNC=Q4B x OTC. 


| 19, Aragyl IOC: NC: : q 70 - C4: 0 43 
Uhu , 12 Ten cS: NC :: TC V CAT C- CA: QAB 
Which is according to the common Pro perties of the Elli pſis: 

1 herelore the Point B is truly found, 

| Hence 


> ap 2.0 © a 
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Hence it follows, that if a convenient Number of ſuch Lines 
45G E B be ſo drawn (as above directed) from the like number 
of Points taken between C and &, &c, their Extream Points 
(as at B) will be thoſe Points by which (with an even Hand) 
the Elli pfis may be truly deſcrib'd ; as before. | 

Bur, it this be well underſſood, twill be very eaſie to conceive 
how to deſcribe an Ellipſis very readily, without drawing thoſe 
Lines, by having a thin, ſtreight, narrow Ruler juſt the length 
of TC, made ſomewhat ſharp at both Ends, upon which, from 
one of its Ends, ſet off the Length of VC. Thien, if the Point 
upon the Ruler which repreſents E be gradually or eaſily moved 
along the Tranſverſe T &, and at the ſame time the Point or End 
repreſenting & be kept lliding cloſe along the Conjugate N, tis 
evident from the Work above, thu, the End of the Ruler repre- 
ſenting B will, by that Motion, aſlizn the true Periphery of tlie 
Ellipfis requir'd ; for by that motion the freight Eage of the 
Ruler doth ſupply an infinite number of the aforeſaid Lines; as 
will appear very plain and eaſie in Practice. 


Echolium. 


Now from hence was deduc'd the firſt Invention of that well- 
contrivd In ſtrument tor drawing an Ellipſis by one Moticn, com- 
monly call'd the Eliptical Compaſſes, being uſually made of Braſs, 
and compos'd of Three Parts, Two of which repreſent (or rather 
ſupply ) the Tranſverſe and Conjugate Diameters 1et together at 
Right Angles ; and the Third part is a Moveable. Ruler, whiclt 
pertorms the office of the laſt-mention'd 1% Ruler. But becauſe 
the making of it is ſo well known to moſt Mathematical Inſtru- 
ment-makers, Fſpecially to that Accurate and Ing-nious Art iſt 
Ar. JOHN ROWLEY, Mathematical Inftrument-maker, un- 
der St. Dunſtan's Church 22 Fleer-ſtreer, London; who for his 
great Skill in contriving, Framing, and graduating all kind of 
Mathematical Inſtruments, may, I believe, be juſtiq call d One 
of the beſt Workmen of his Trade in Europe; | think it need- 
leſs therefore to give a particular Deſcription of that Iyſtrument. 


Alſo from hence came that I-g2nions Intention of making 


Evgines for Turning all ſorts of Etfiptical or Oval Work, as Oral 
Boxes, Picture Frames, Ce. | 


Sec · 
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Se. 5. Any Ellipfis being given, To find its Eranſveri 
and Conjugate Diameters. 


Suppoſe the given Ellipſis to be NSM (in the annexed 
Scheme) in which let it be requir'd to find the Tranſverſe Dia. 
meter T'S and its Conjugate Nn. Draw within the Ellipſi, any 
Two Right Lines parallel to each 
other as H h and HA m, and biſect 
thoſe Lines, viz. find the Middle 
Point of each, as at Kand P; 
Then thro' thoſe Points X and P 
draw a Righr.line, as D A, and it 
will be a Dixmeter ; for it will di- 
vide the Ellipſis into two equal 
Parts, [See Defin. 1, Page 257.] oy 
Conſequently the middle of D A will be the true Middle or com. 
mon Centre of the Elliplts, as at C. : | 

For tis the Nature or property of all Diameters, Houſoerer 
they are drawn in any Ellipſis, (as tis i a Circle) to cut or croſ; 
on? another in the common Centre or Middle of the Figure; a; 
at C. 
Upon the Point C deſcribe an Arch of any Circle that will cut 
the Ellipſis's Periphery in Two Points, as at 3 and &; then joyn 
thoſe Points B b with a Right Line, and it will be an Ordinale, 
through whoſe Middle (as at a) and the common Centre C, the 
Tranſverſe Diameter TS muſt paſs. | 

For 88 e b, and Ba is at Right-angles with TS; therefore 
the Line g; h is an Ordinate rightly 422 to T'S the Tranſverſe 
Diameter. And if thro' the Poiar there be drawn the Right. 
line N parallel to B &, it will become the Conjugate ; As was 


requir d. 


Sect. 6. To draw a Tangent, or Right Line, that may touch 
the Ellipſiss Periphery in any Aſigu'd Point. 


The Drawing of Tangents to or from any (gu d Point in the 
Ellipfis's Periphery, admits of Three Caſes, 

Caſe 1. If it be requird to draw a Tungent that may tæuch 
the Ellipfis in either of the Extream Points of its Tranſverſe Dia. 
meter, as at T or S, it is plain the Targert muſt be drawn 
parallcl to the Conjugate Diamcter Na, as H X in the fe llou- 
A; we is ſuppos' 
iag Figure is ſuppos'd to be 00 


W 33. 


. . 
Cuſe 2. Or if the Tangent muſt be Draton to touch the lip / 
in 4 of the Extream Points of its Conjugate Diameter, "offs 
N or 2, tis as evident that it muſt be Praun paralle! to che 
Tranſverſe Diameter T S, as X A. Conſequently, if that 
Tingert, and the Fanſperſe were =,” 


Infinitely continu'd, they 
2 meet. n H Dr | 
Caſe . But if it be requir'd It | 
to 5 a Tangent that may . ATE > 
Touch the Ellipſis in any other | 
Point, as at B, &c. . K M 


| Then if the Tangent and the | 5 
Tranſverſe Diameter be both continu d, they will Meet in ſome 
Point, as at P; and thoſe Two Points (viz. B and P) do fo 
28 2 ern 1 _ _— muſt be 
Nd in order to e other, that e Iungent may 
them be truly Dyawn. / | - F by 

Let DP TS. = AS: And = AP. Then if y be 


given, a may be found by this Theorgm N —— Ws 
Or if = be given, 3 may be found by [this Theorem: 
Theozem 3 A {=== = 


Demonttration. 


Draw the Semi- ordinate 5 a, as in the Figrre; then will 
ABAP and A B54 P be alike. Pub x = An the Diſtance 
the Two Semi-ordinates (viz. between B A ba) 
which we ſuppoſe Infinitely ſmall. "PL 
Then] 1'z:z— x::B 4:ba. By Theorem 13. 


But] 2/D—9Xy9:D—J+#XJ—x::0 B4: 03a 


That is, | 3 Dy- Y: Dy—yy+21x—Dx—xx:: O B4:054 
In Qs] 4|[zz: zz—2zx-pxx:: OB 4: Oba 
Suppoſe | 5|x=o That ſo x may be every where rejected. 
3, Then] 6 ne 
45 ny 1 322 5 
6, 71 M Dy—y9+23—D :: xX: 22 
8 . Sn ads * 2 
9 < v2|10|9z 1b = Dy ; 
1+ LD r —= —o£2"_ © 


Gee 5.55 


| 


Which is the 1 Thew 
11 * e DI "3 an 
e 13 on :9: n . A: 45 
1401 2115 00 S honpoyge 
EP 1D+*: * — 1 is the 2d 
Theor. Q.E.D, 
— —— —— — ——— IG 


The Erometrical Performance of theſe two | Theovente is ver 
725 as by the following Figure. 


1. Suppoſe the Point B in the Ellipfis 's Periphery were given, 

and it were requir'd to find the Point 

Make T C Kadins, and upon the — C Deſcrite 
the Semi- circle T d 8, and jo joy by hs Points C and d with a Kight 
Line ; then Biſect chat (by Prob. 2, Pag. 287) and 
mark the Point where the Biſecting Line would Croſs the Tranſ- 
verſe, as at || e. Upon that Pont e, with — Radius Ce (or Cd 
Deſcribe another Semi circle, producing the Tranſverſe Diameter 
to its Peri iphery, and it will 20 the Point P. 

For if 5 STS. 5248 * * 
Then 1 5— 727 J %y 
And 2 [IT D=yxz=04A4 
For] 3 TA: d 4144234 
And 4194: d A:: d 4: 4 
W 5 „, Ke. 


WOE x — Jz= 
279 / Modern id p erb 
Therefore . 


— xy oy; 212 drawn through ny 
omts Ba the Tun ut a 
the Firſt Theorem. 15 "Ow * 


2. The Converſe of this is as Eaſy, 'to wit, if the Point! 
be given, thence to find the Point B in the Elipſis Peri 77 27 
Thus, Cirenmſcribe half the Ellipfis with the 4 rr 14 
As before; and Biſett che Diflares between the Poixts C and P, 
as at || e, viz. Let C c P; Then making Ce Radius, up- 
on the Point |jc || deſcribe the Semi- cirele Cd p; and from the 
Point where the Tuo Semi. circles interſe& or croſs each other; 
as at Id, draw the Right Line dA perpendicular to the Jya 7771 ſe 

Th 


Yrs no = JA@ Q wa, tent AL 


nn — ow” Pay, hh, Oi 


Pre OE TTY ww ww wa: wi. 


a s 6 * Sd cds ws 
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1 27 f ala » the Fornt of Jia in + ob 
Penne through ien the Tangent a * 

But a Pratt ical Method of dra Tangents to any aff 
peg ns thout finding the 2 ore- 


Point in the Ellipfis Per 
ſaid Pont P) be 40 ee Thom! the following Property of Tan- 
H 


gents Drawn to a 61 which is chis. 


If to any Radius of a Circle, as C B, 
e as HK) 
to * Radius Br "the Point B, 

s W Tangent 
— l — Reding, will always be 
Two Right — ( 16, 17, 18, 19 
Euclid. 3.) 
That is, & HHC CBR =S. 


In like Manner the To Ang!es made between the Target 
and the Tuo Lines drawn from the Focus's of any E!lipfis to the 
Point of Contact, will always be Equal, but not Right Angles, 
fave only at the To Huds of te Fran noe Diameter. 

Theſe being well conſider d, pard with what hath 
been faid in ae 366, it muſt "needs be Zaſy to underſtand the 
following Way o ing Tangents to any Aer 4 Point in 
yt an ipſis Periphery ; which; is has: > 

ving by Ge Nag e and Conjuge ate Diameters found the 
Joo Fab ery 7 8.8 So LR ham 25 Two Right 
Lines to meet each 
255 4 Point of Contact, as Fband 


Poſer «fam F 8 in the Au. ==} 
nate J =b (F. 4 2 6 . 
and joyn the Falte bs Cor 754 
with a Right Line. CEA 

5M fay, if a Right Line be 

drawn thro the Point ot Contact 
(or B) parallel to d F, or (D. F) 
it will. be the Tangent requir d. 
For it is plain, that as the = FN == FNX when the 


Taugent is parallel to the Treo Diameter, even ſo is the 
SFS SF ( IRH F BK) and will be 


every where ſo, as the Poirt of Contact b ( or B) and its Tan- 
c 7 carry d about the Elli 7 8 Feriphery wich the Lines 7 b . 
1B FJ. 


Cc 2 C HA F. 


— — — 
380  Conick Sect tons. Part NV 
ee CHAP. Il. | 


Concerning the Chief Properties of every Parabola. 


N OTE, I every Parabola, the intercepted Diame ter, o: 
that Part of its Axis which is between the Vertex and 
that Ordinate which limits its Length, 4s S a or S A, &c. i; 
call d Abſciſſa. 
Sea. I. The Plain or Figure of every Parabola, is proportion 4 
by its Ordinates and Abſci ſſa 2 as ix the following I heoven, 
As any one Abſciſſa: is to the Square of its Seni. 
Theozem e : ſo is any other Afi: : fo the — 
tof its Semi-ordinate. 

That is, if we ſuppoſe the annex d 
Figure to be a Parabola, whereln Sa, and 
S 4, are Abſciſſa's, and b ab, B 'AB, 
Ordinates Kightly apply d, it will 


be Sa: Ula: :84: U 27 whereſoever 


Or$a:$4:: nba: B 4 are rake 


And ſo for any other Abſciſſa, &c. "i 8 


Demonſtration. 


Let the following Figure H V G repreſent a Right Cone cut 
into Two Parts by the Right Line 8 A, parallel to us Side / H. 
Then the Plain of that Knien, viz. Bb S 5 B will be a Para 
vola, by Ser. 4 Page 358, wherein let us ſuppoſe & A to be its 
2 and b a b, B A to be Ordinates rightly Apply d to that 

& 25. 

Again, Imagine the Cone to be Cut by the Right Line bg 
2 to its Baſe H G, Then will þ g be the Biameter of 4 
Circle, by Sed. 2. Page 57. And AS a g like to RIES 
T herefor h SAA 

By Theorem 13. 
© * * X AG SS ANA 
2 b 45 e, 


| ee. ſe S 

A = uſe SA 
But TY parallel to H 
And J 98545 2 Lem. 


DO ha = NK P. 387. 
| 17 84x0 B4=84x0% . 
2, 4,55 By Axiom 5: 17 [$000 { x Janes. G 
6, Anale $: 03a::84: 0.34 HN 
N vide Page 194 B 


— — — — Q. E. D. 


Chap. 3. Concerning the Paradola. © J 
"Theſe Proportions being prov'd to be the Common Property of 


net Parabola, all that is farther requir'd about that Stb or, or 
Figure, may from thence eaſily be deduced. | | 


Se. 2. To fond the Latus Rectum, or Right Parameter 
. of. any Parabol a. 0 


The Latus Rectum of a Parabola hath the ſame Ratio or Pro- 
portion to any Abſciſſa, and its Semi- ord inate, as the Latus Re- 
dum of any Ellipſis hath to its Tanſverſe and Conjugate Diame- 
ters, and may be found by this Theorem. | 


As any Abſciſſa : is in Proportion to ts Semi-ordinate 
Theezom4 ::ſo 5 that Semi-ordinate : to the Latus Rectum 


Let L the Latus Rectum. 
Then] 11S 4a: ) a: 04: Ly FSwhere-ever the Points a and 
_ e 


1 
2 
0 

E. Or 6X L= 04s 


OF =L: Or SA x L = NA 


2 ol 


f B. Sa I 
3=4] 5|87" le daun 5 
5 X | 7847 OBA=SAX NZ Which gives this 
Analegy| 7]S a: :: S4: UBA The fame as at the th 
Step of the laſt 2 ; therefore L (thus found) is the true 
Latus Rectum, by which all the Ordinates may be Regulated and 
according to its Definition in Section 4, Page 358. h 
For by the Third Step Sa x L UU. And by the 
ach Step S AK L= U B A. Conſequently / SaXL=ba 
And JSATNX L= UBA; and for any other Ordixate. 
Or if the Ordinates are given, to find their Alſciſſa s; then 


it will be, L: 5a: · ha: Ca. And L: BA:: BA: & 4A, &. 
Conſequently s. And M= 4. xe. 


From the Conſideration of theſe Proportions, it will be eaſy to 
conceive. how to find the Latus Redlum Geometrically, thus: 


Jos 
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oys the Vertical Point S of the drip, and either Eve 
Pornt of any Ordinate, as B, (orb) 2 | Roger Line, 


SB(orSb) Page 267.) making th (y þ 
Problem 2, t 
Point where the ili Line d Rd ( 
terſect or croſs the Axis, as at E, (or 2 enen N 
and with the Radius $ E (or 8 e ') upon jy} | 
the Point E, (or e) Deſcribe aGirde; + „ op 
1 Auner d Figure ) then will the . = 
between the Grdinate and that * 
Paint where the Cirile*s Periphery cuts „ OR IS 
the Axrr, viz. 4 R {to a v) be the true pol 
Latus Rebium equi d. | . 
For S A: B A:: B 4: A K. And Sa: a: : Ba: ar. By Theor. 1. Wl * 
de 4 = And ar=L by the 1ſ and 2d 5% | / 
conſectarq. 
From theſe Prop Ae of finding the Latus Rectum, it will 
be eaſy to deduce and u ſtrate he following Theorem. 
As te Ln $ 1 Fs to the Sum of any Tus 
Theazem? Semi-ordinates :: ſois the Difference of thoſe Ti . 
Semi- ordinates: to the Difference of their Abſciſi's | 
Suppoſe any Right Line Drawn within the Parabola, as bD, 
gn to its Axis $ A; then will chat Line (viz. 5 D ) be 
eameter (by Def. 5. Pag. 359) which will make E DA B+46, 
B AB - ab, and h BS 4 - S4. Then it will be 
EP. :DB:b D, according to the Theorem. 
Dcmaonfrafion. 
| | of the ne ( 
a 
And 2 175 * By Step 1. 
| | of the laſt Prgceſs. 
I — 2 31 SA— Se= D ZH ; 
38 : Sa K * ul Ke Which Ss 
But] 5 0 BA—Oba=BAFbaxBA-4s 5 the 40 biz ; 
4% 255 6} 6 $23Ia x 4 =BdT he KPA © qrndlogy. if 
r oe. EAN La: BA ba; 24 p 
| 814. 2 D:: D 5 9 | ( 
This ! 


—_ 


cv - 
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Ibis 715 Pro * of the ET Sal Was ff Publ 4 


Anno 1684, by one op N 
ton ia Dev Devtre in in a Featiſe 2 Tb 1474 1 Key : 
Or, The Gate of Equations unlock d; wherein he hath ewa 


the Geometrical cb ae and Solution of all 'Cubick and BV&2 
adratick adfeae ay by one general Method, which, 
be call a Central Rule, Deduced from this peculiar Property of 


Sc. 3. 75 nd the Focus of any Parabola. 
N. Fociss of Parabbla is that Point in its Axis th 
hich the Latus ects m doth piſs. (See Definition 3. Seft. 4. 
Pay 359.) Therefore its Diſtance from the Vertex of the Para- 
may bs eaſily found, either by the Latus Rectum it ſelf, os 
by any cher 4 and its Abſci ſſa. 
3 ſuppoſe the Point at F to be the Focus, $ the 2 
, the Ordinate R FR =L che 8 


2. Rectum, and 5 4 b any other 
Ordinate. 


Then wil srl o. 5 


Firſt] 1 SFAL=OFR By Scr. 2 37 

And 2 FX =I. For the Onlinare K F. pf! + IPD 
2 & 2 3 OFA=;OL= LX L | 
4 —-L '| = =1L by Definition 4- Sect. 4. Page 359. 
Again . by the Third Step in Page 275, 
Conſeq. 7] 05s — L. Ve, As above. : Q. E. D. 


Sec. 4. To Deſcribe, or Draw a Parabola ſeveral vip. 
Note, There are Tivo or Three Way s of Drawing a Parabola 
Isirumentaliy at one Motion ; but Jecauſd thoſe Inſtruments 
or Machines are not on 275 per plex For a Learner to manage, 
bt alſo a little ſubject to Error, I have therefore choſen to 
he w Dow that Figure way be (the 'beſt Dran by a convenient 
Number of Points, viz. Ordinates found, either Numerically or 
Geometricallj, according to the Dara ; which if the Work of 
the Three laſt Sedtions be Well confeder'd, muſt needs be very we 


* _ USES, SC LIFE 3 1 | : 
384 Conick Sectjons, Part IV. 


1. If any Ordinate and its Abſciſſa are given, there ma 
them be found as many Ord?zates as you pleaſe to aſhgn or 1 
Points in the Parabola s Axis, (by Sect. 1. Page 374) and the 
urve of the Parabola may be drawn by the Extream Point; of 
thoſe Ordinates, as the Ellipfis was Page 37 e 
2. If the Latus Rectum, and either wy Ordinate, or its Alſcih, 
are given, 8 aſſign d Number of Ordinate may by 
be found, (by Sect. 2. Page 375.) either Numerically or Geong. 


ically, Sc. 

3. Tt only the Diſtance of the Focus from the Vertex of the 
Parabola be given, any aſffign'd Number of Ordinates may be 
found by it. For S F the Latns Rectum, and; L = FR 
as in the Laſt Section; and it will be, as S F: is to D FR: 
Þ is any other Abſciſſa, viz. (Sa, or S A, &c.)+: to the Squpe 
of its Semiordinate, (viz. [I ba, or U B A) according to the 
common Property of the Parabola. RPE Es: 

. Altho' any of theſe Ways of finding the Ordinates are ex 
enough, yer that Way which may be deduced from the follows 
ing Propoſitios will be found much more Eaſy, and ready in 


PraRice; S 8 
The Sum of any 2 * and focal Di ſtance from 
= tion. the Vertex, will be Equal to the Diftance frm il * 
P20po the Focus to the Extream Point of the Ordinat il © 
which cuts off that Abſciſſa. .) / 
For Inſtance, ſuppoſe S ro be the Vertex of Jes. 
any P arabola, the Point F to be its Focus, 
and A B any Semi-ordinate Rightly Applyd to 
its Axis $ 4. Then I ſay, where-ever the 
Point A is taken in the Axis, it will be 
$S 4+$S F— FB. Conſequently, USF=8F; --, 
it will bef 4 = FB. | — 


l 

p { 

Demonttration. | 
| 

| 


} pr 


—_— 7. 


So — Mhyj & - Q £ 5 = 


= & — 2 


I SF— 3 L by the 7th Step, Sep. 3. | # 
2\f 4=F A + 1 L by Conſtruction above. 
OfA=OFA+SFAXL:;LL 1 
SAZFA + 1 the Suppoſition nd e 
|S KFA But'SA x LNA 
6 
7 


OAB=FAXL:+iLL . e 
Of4—048<0E4.: Conſe. Of a=0 F4+048 

8! OE44-QO.48=QFs. By Theorem 11. 

Eel [DFS FB | 

> ws 2 1olf 4=FB E. D. 


1 


; 
e 
e 
l 


i. A 


| 


8 
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This Fropoſition being well underitocd, twill be very eaſily ap” 
phy d to Practice, ſuppoſing the Focal Diſtance given, or any other 
Data by which it may be found. | | 

Thus draw any Rigbt-line to repreſent the Parabola's Axis, 
and from its Vertical Point, as at &, fer Off the Focal Diſtance 
both upwards and downwards, viz. make Sf = SF, the Diſtance 
of the given Focus from the Vertex; as in the Scheme: Then by 
the Pro po ſition tis evident, that if never ſo many Lines be drawn 
Ordinately at Right-ang/es to the Axis, the true Diſtance between 
the Point F out of the Parabola, and any of thoſe Lines (or Ordi- 
nates) being meaſur'd or fet off from the Focus F to the fame 
Line or Ordinate, twill aſhgn the true Point in that Line through 
which the Curve muſt paſs ; that is, it will thew the true Limits 
or Length of that Ordinate; as at B in the laſt Scheme. 

Proceediug on in the very fame manner from Ordinate to Ordi- 
nate, you may with great Expedirion and Exactneſs find as many 
Ordinates ( or rather their Points only, like B) as may be thought 
convenient, which being all joyn'd together with an even Hand, 
will form the Parabola requir'd. 


NB. The more Ordinates (or their Pcints) there are found, 
aud the nearer they are to one another, th: eafier and exatter 
may the Curve of the Parabola be drawn. The ſame is to be ob- 
ſervd when any other Curve is requir'd to be drawn by Volts, 


Sect. 5. To draw a Tangent to any given Point in the 
fo Curve of a Parabola, | 


Twngents are very eaſily drawn to the Curve of any Parabola ; 
For, ſuppoſing S to be its Vertex, B 
the Point of Contact, (viz. the Point 
where the Tangent muſt touch the 
curve) and P the Point where the : 
Targ-ut will interſect (or meet with) : bog vs 
tie Uarabola's Axis produced: Then 44 Wy. P 
if ſrom tlie Point of Cotatt & there 
be drawn the Semi- ordinate B A at . 
Right-angles to the Axis S A. where- 
ſoever the Point A falls in the Axis, cwill be S P = SA. 


— —— 


Demonſtration. 


Draw the Semi. o linate h a (as in the Fee) hei will the 
ABAP and 2 4 be aline. Let = AS the Abſciſſa, 
D d d aid 


* 


356 Tonick Sections. Part N. 


and = = Y, put x = A a the Diſtance between the two Sem;. 
ordinates, which we ſuppoſe to be infinitely near each other, à 
in the Ellipſis, Page 37 T. 


Ther 3 ＋ Z: BA: Tx + x: 54. Per Theorem 13 
15 1 e B A: ba. See Page 192. 

Again 5 B : a. Per Theorem age 374, 
3, Orl 4ly 11 54 924 


2 in D's „ e 5750 25 T4292 +224 


Ta + 24z+zz: 2 
4 51 1 1 Jy n 


3 7 D ee 

wo Jy S29z+29x+zz+22zx +x x 

That is, == =yJx+xx Conſequently == = y -þ x 

Suppoſe | 9jx =o And Rezetted, as in the Ellipſis, Page 371; 
Then] 10 == 
10 2111 


=y Conſequently z z = yy 
x y That is, SP=8 4 


Q.E.D. 


An Sm eu. — » ; * * 


CHAP. IV. 
Concerning the chief Properties of the Hyperbola. 
O T E, Any part of the Axis of an Hyperbola, which is inter, 


N cepted between its Vertex and any Ordinate, (viz. any 2 
. Tercepted Diameter) 7s call 4 an Abſciſſa; as in the Parabola, 


Seck. 1. 


The Plain of every Hyperbola is proportion 'd by this general 
| Theorem. 


As the Sum of the Tran 27 and any Abſciſſa 2 

tiplyd into that Abſciſſa: is to the Square of it! 

Theozems) Semi -ordinate : : ſo is the Sum of the Tranſve 
| and any other Abicifla multi ply'd into that Abſcilla 


to the «Ss of its Semi-ordinate, Thai 


18 


E. 


W 


} 


- GS 
* 


Chap. 4. Concerning the Pyperbola. 


That is, if Ts be the Tranſverſe Niameter, 
And Sa, 8 A Abſciſſa's. 
| ; b a, B A Semi-ordinate. 
. ſTa=TS+8Sa 
Then A7 =TS+84 


And it will be 
Ta XS 4: UV:: TAS A: UBA. 
S be 


T8+SaXSa: [Jba:: TSÞSAXSA: UBA n 
| _ | 0 — 
. 8 ( A 


Demonftration, 


Let the following Figure H G repreſent a Right Cone cut 
into two parts by the Right-line & 4; then will the Plain of that 
dection be an Hyperbola, (by Set. 5, Chap, 1.) in which let 8 A 
be its Axis, or intercepted Diameter, 5 a5 and B A B Ordinates 
rightly applyd (as before in the Parabola) and T its Tran 


verfe Diameter. 


Again, if the Cone is ſuppos'd to be cut by H , parallel to its 
Baſe H G, it will alſo be the Diameter of a Circle, 87. as in the 


Elipſis and Parabola. 


Then will the AS g A and A8 G A be 
alike, alſo the A Ta h; and TA H will be 
alike 3 therefore it 


wil be] 1]$Sa:ag::S4: AG 

And 2 Ta: a h:: T4: AH 

1 e ee. 

2 | 4ATAX AHS Ta v4 

11 SaXTaX AGX aH= 
"NY 2 SAXTAX ag Xahb 
But] 6 


) ag X ah — [7] ab 
CS a NTA NU AB. 


3 1 
And II UAB 
12 I —=SAXTAX Cab 


per Lemma Page 357. 
which give the following 
8, Anal. 9 
. WE Th 1 0-0 2 JIE 86 e 


D.d.d 2. 


Sa KTA: DA: SANTA: DAB, &. 
Sb, — 10 Q. E. D. 


— 1 
6 2 6 — 


3d. 


m— — = ———— ——  — 
iT 1:1ck Sections. Part IV, 
Theſe Proportions are the common Property of every Hyper. 
Zola, and do only differ from thoſe of the E!lipfis in the Signs . 

T and — ; as plainly appears in the fol. 


| lowing Proportions, 
That is, it we ſuppoſe TS the Trans 
1 verſe Diameter common to both Sections, 


ziz. both the lip ſis and Hyperbola 
& in the annexed State : n 


Then in the EVipfis it will be 


Ass by Sec. 1, Chap. 2. 
And in the Hyperbola it is 
TS+$axSa: ab:: TS+SAXSA4:O AB 


7 RY: - San as above | 
And therefore all that is farther requir d 


in the Fiyperbola, may (in a manner) be found as in the Elipfs, 


due Regard being had to charging of the S7gzs, 


Sec. 2. To find the Lafus Nrdum, or Right Parameter, 
of any Hyperbola. 


From the laſt Proportion take either of the Antecedents and its 
Conſequent, viz. either TaXSA: Ua b. Or TAXSA : DAB. 
To them bring in the Tranſverſe TS for a third Term, and by 
thoſe Three find a Fourth Proportional (as in the Ellipfis) and 
that will be the Latus Rectum. 


| Sinn 
Thus] 1 CORD UTE: TaXxs A == the Laus 
Rectum, which call L (as in the Parabola.) 
Then] 21TS: L:: Ta XS 4: U a5. 


Burj 3 Ta S 4: Qab::TAXSA: O 4B Therefore 
2, 21 4 TS:E::TAXSA: MAB, &c. 


— 


Conſequently L is the true Latus Rectum, or right Parameter, 
by which all the Ordinates may be found, according to its Defini- 
tion in Chap. 1. 


And becauſe T'S + $ a= Ta, let it be TS + & a inſtead of 7a 


Th - . 9 2 DU aHEHE NTS * 
Then it will N U 


And in thy Ellipfis it would be iI 
Aud in the Ellipſis it wor! NTA LR oh 


% 


TS—S$SaXSaDOab:: TS—SAXSA: UA 


© *» Xx 


Chap. 4- Concerning the Dyperbola. N 


—— 


Sect. 3. To find the Kotus of am Hyperbols, 


The Focus being that Point in the Hyperbola s Axis through 
which the Latus Rectum muſt paſs, (as in the Ellipſis and Para- 
bola) it may be found by this Theorem: 


955 the Rectangle made of ha 7 the Tranſverſe into 


4 


| half the Latus Rectum, add the Square of half the 
Theozem 


Tr anſverſe, the Square Root of that Sum will be the 
( Diftance of the Focus from the Centre of the Hy- 


perbola. 
Demonſtration. 

Suppoſe the Point at F, in the annex'd Scheme, to be the Forus 
fought z then will FR L. 

Let TC=CS be half the Tranſverſe; 
then is the Point C call'd the Centre of the 
Hyperbola (for a Reaſon that ſhall be here- 
fr ſhew'd.) | 

Again; Let CS = d, AndS F 4 

Then 1124: L:: 2d EAN 4 : 4LL 
That is, 2 TS: L: :TS+SF+FS:QFR 
1 *:j3|14L= 24a + ag 
2 + dd\4\dd +4dL = ddd + 24a + aa 

4 w 25 444+ UL dT AFC 


Or 5,4 6 dd dL — 4 = a 2 58 F 
In the Elli p ſis tis, 2d: L:: 2d - 4 * 4:4 L. 
That is, 24 L. = 24a — 4 a, &c. 
The Geometrical Effection of the laſt Theorem is very eaſily 
perform'd, thus; | | 
Make Sæ = \ L, viz. half the Latus Rectum; and let CS d, 
as above. I 
Upon C x (as a Diameter) deſcribe a tk 
Circle, and at & the Vertex of the Hy- 
ee draw the Right-line 2 SN at 
ight-angles to C x ; then joyn the 
Points CN with a Right-line, and 
twllbeCN d AS = FC. 
For 11 CS: SN:: SN: Sx per Fig. 
That is, 204: S M:: S N: 2 L 


2% ¾TL = OSN 7 
But] 4% NS N= HCN 5 
3, 40% +£2dL + OC " 
$ w 2 , + a, &c, 


* 


399 Eonick Sections. Part IV. 
| Now here is not only found the Diſtance of the Hyperbola 
Focus, either from its Centre C, or Vertex 8, but here is al 
ſound that Right-line uſually call'd its Conjugate Diameter, viz 
the Line 2 8 N, which bears the ſame Proportion to the Tran. 
verſe and Latus Rectum of the Hyperbola, as the Conjugate Diame. 
ter of the Elipſis doth to its Tranſverſe and Latus Rectum, 
For, inthe Eli pſis TS: Nn::Nn: LR. per Sect. 2, Pag. 363. 
Conſequently 1 TJ: N:: NA: IL XK. ie 
But TS d. 1 Nu & NM, and: L R=. 
Therefore 4: S N:: S N: L. As at the 2d Step above. 
What Uſe the aforeſaid Line 2 8 Nis of, in relation to the 
Hyperbola, will appear farther on. | 


Sc&. 4. To Deſcribe ay Hyperbola in Plano. 


In order to the eafie Deſcribing of an Hyperbola in Plans, it 
will be convenient to premiſe the following Pro po ſition, which 
differs from that of the Elipſis in SeR. 3, Ch. 2, only in the Sig, 

(if From the Focus's of any Hyperbola there Je 
drawn two Right-lines, ſo as to meet each other 
Pꝛopoſition in any Point of the Hyperbola's Curve, the Dif- 
| rence of thoſe Lines (in the Ellipfis tis their 
Sum) will be Equal to the Tranſverſe Diameter. 


That is, if F be the Focus, and it be made Cf= CF, (as in 
the laſt Scheme ) then the Point F is ſaid to be a Foczs out of the 
Section, (or rather of the oppoſite Section) and it will be 
F FTS © „55 


Demonttration. 


Suppoſe f C, or C F=z, and & A x. Let CS, or FC 4d, 


as before. 
Then will f4=d Fx Ta, and FAST z. 
Again; Let E B h, and F BB. Then 24 5, by 
the Fro poſition. | | | 


From theſe ſubſtituted Letters it follows, 


That 1 dad 2dx —— 24% + xx + 27x — zZ — of A. 
And|2{4d + 24d — 247 +xx — 22zx 4+33z=O FA 
But \Of4+ DAB=O FB. Ando fd+AB=OFB 


Per 4th 
el Js | ; 14 V, e e eee 
„ ©1351 24 


* 


X w 1, AT 


— 
* th. * 


2 ＋ 8 


924 4 


1o x dd 
II wy 2 
12 2 


13 24 


1. 


17 —17 


16, „ 


Concerning the Ppperb d. 301 


20: :: ide þ ar 48 


adezx rr ü n 
—, ——= 4} 


2dxx 7 2dx —ddxx =0f4+O48=0 


922 2d x + 242 þ xxt ＋E + 22x + zz + 


M41 * 20% — _—_ 45 apy + zz + 
2x x 24 Xx — LY 
107 — — —— rA 
11 2E + ꝛ2ddxxT-A AAN 2dzzx＋ zzxx = ddhb 

I 2] d4*-—2432+2ddzx+ddzz+-24zzx T zzxx==dd bb 

13 |dd+dz+zx=dh { Altho' the Aquation at the 
14 Ad AR xx b 16th Step be in it ſelf impoſſi- 
| 1 x ble, becauſe ⁊ is greater than 
1514 ＋ 2+ 7 hb d, (by the qth Step) yet from 
| a z thence it will be eaſie to con- 
618 = 2 22 b \ cludes that the Difference be- 
; | 24 25 | tween d and 2 + = will 
. I give the true Value of b; as 

18124 =h—b (in the 17th Step. 


— 


— 


——_——— 


But Becauſe I would leave no room for the Learner to doubt 
about changing the Ægquation, d — 4 — ** =b into that of 


1 +E — d=bÞ, it may be convenient to illuſtrate the whole 


Proceſs into Numbers, whereby (I preſume) *rwill plainly appear 
that „ — 5 S. 


In order to that, Let the Tranſverſe T$=24=12. Then 4=6 
Suppoſe the Abſciſſa S A 4, And the Semi- ordinate AB = 5 


Firſt] 1 
1, biz. 2 


3 


* 


Again 


TS ＋TSANKSA: 4B: : TS: I. per Sect. 2. 
i2-1-4X4=64:9::12: 1,6875 = L 
/ddÞ+\dL =d a =CF per Sect. 3. 


rag : , 3 
37 57z. 14 v3643,0625 == 6,490 F 
Then 5 |d+x+2=6+44+6,428=16,408 - f A 


And | CHAT ＋＋ 5,08 = 3,592 FA 


\ 


58 2 


Conick Sections. 


269,2224 = OF A 
| 12,9024 — O FA 


g= 4B For ABR 3 
28,2224. UFA4＋ 455 2 
21, 9024 = 1 F4 + Q 4B= 


16,68 — f B 
468 =FB 
12, B -F BFS. Which was to be proy', 


If this Propoſition be truly underſtood, it muſt needs be eaſe 
to conceive how to deſcribe the Curve of any Hypertola ven 
readily by Points, when the Tranſverſe Diameter and the Focus 
are given, (or ary other Data by which they may be foun!, 4 
in the precedent Rules) thus; | 

Draw any ſtreight Line at pleaſure, and on it ſet off the Leaxth if 
the given Trarſverſe Ts, and from its f 
Extream Points or Limits, viz. T5, ſer vel 
off Tf == SF, the Diſtance of the given 
Focus (viz. the Point F without, and 
F within the Section, as before ) ; that 
done, upon the Point , (as a Centre) 


with any aſſum'd Radius greater than 5 

TS, deſcribe an Arch of a Circle ; then . 

from that Radius take the Tranſverſe Fas F * 
TS, making their Difference a ſecond : "2 
Radius, with which, upon the Point F : ox 


within the Section, deſcribe another Arch 
to cut or croſs the firſt Arch, as at B; Then will that Pcint B be 
in the Curve of the Hyperbola, by the laſt Propoſition. And 
therefore tis plain, that proceeding on in this manner, you may 
find as many Points (lite B) as may be thought convenient, (th? 
more there are, and nearer they are together, the better ) which 
being all joyn d together with any even Hand (as in the Parabola) 
will form the Hyperbala requir'd. : 

There are ſeveral other Ways of delineating an Fyperbolain 
Plano: One Way is, by finding a competent Number of Ordi 
#ates, as by Sectiou 1, Oc. but I think none fo eaſie and expedi- 
tious as this Mecharical way: I thall therefore, for Brevity's fake, 
Paſs over the reſt, and leave them to the Learner's practice, as be- 
ing eaſily deduced from what hath been already ſaid. 


Secd. 


Thap. 4. Concerning the Dyperbola. © 393 


Set. 5. To draw a Tangent to any given Point in the 
Curve of an Yyperbola. 


The Drawing of a Tangent that will touch any mou Point in 


the Curve of an Hyperbola, may be eaſily perform'd by help of a 
Theorem ; as in t Pale Sect. 6, Chap. 2. 

D —= TS the Tranſverſe Diameter. _— 
Let 55 = the Latus Rectum. 

y =S 4 the Alſci ſſa. 


Ordinate and that Point 


the Diſtance between the 
And z = 4 ed in the Tranſverſe cut by 


the Target. 
Then if y be given, x may be found by 


this Theorem, L 5 4 9 21 


al 


[which differs from That in the Ellipſis 
only in Signs, Vide Page 371.] 


Or, if z be given, then may be found by this Theorem: 
Theozem. VE: + 57 —1 Dy 


Demanttration. 


Draw the Semi- ordinate b a, as in the Figure, and 

1 an infinite ſmall Space between the two Semi- ordi. 
1 Aa 1 as N in = Sc. 
en]! 11D: L:: D :0 AB | 
| 2 75. L275 AXIS 4 AB 

AENA 4 


D: L:: Dy ++ yy — 29x — Dx + xx: 45 
T8:L::TS+8aX&Ia:1asv 
LD age DEl xt 2 145 


z: 4B: : 3 -e a, viz. PA: AB:: PA: ab 
zz: U AB:: 22 — 232K ＋ xx: 046 
x and every where rejected ( as in the Ellipſis) 


2 
* £22 7 — 214 — 21140 
Dy ES = 01 ab 

* e Ee : 6, 11 


4 
5 
4... 6\ 
per Figure] 7 
7un Qs 8 
Suppoſe j 9 


Then 35 9110 


10 1 


3 9 


1 NS ATE * 
D 
| 


DyLzz4yLix—2DyLi=2)9Ex 
D 1 1 
12 reduced 13 DZ ＋- 25 — . 
13 Analogy 14 543 5 :: DA: z, viz. CA: SA:: TA: 45 


f 13510-3115]; N Which is the firſt Theorem. 
0” HP ag 

13 — x39] 16] y 9 - 29 5 

DD— DD + 

16 6117 pro 1 1 5 DOES 
4 DD 

[+10 = == 
D . Which is the ſe 
pp = VERS +$2=3 0 font Theres 


The Geometrical Effection of the firſ# of theſe Theorems is 
very eaſie; for, by the 14th Step, tis evident that there are three 
Lines given to find a fourth proportional Line. [By Problem; 
Page 308.] 


I7 w 2 


| 
18 +: 


Scholium. 


From the 2 which have been all- along made in this 
Chapter, between the Hyperbola and the Elipſis, twill be caſt 
(even for a Learner) to perceive the 8 4 
Coherence that is in (or between) thoſe *:. 
two Figures; but, for the better under- 
ſtanding of what is meant by the Centre 
and Aſymptotes of an Hyperbola, conſi- 
der the annexd Scheme, wherein it is 
evident (ever I Inſpection) that the 
oppoſite Hyperbola's will always be alike, 
becauſe they will -always have the ſame 
Tranſverſe Diameter common to both, (gc. 
(fee Sæct. 1. of this Chap.) Alſo, that the 
middle Point, or common Centre of the - 
Ellipfis is the common Centre to all the 
four Conjugal Hyperbola's, BI . 
And the Two Diagonals of the Right-angled Parallelogram, 
which circumſcribes the Fllipfis, (or is inſerib'd to the four Hy 


L 
- 
* 


perbola s) being continued, will be ſuch Aſymptotes to thoſe Hy- 


Perkolad's as are defined Chap, 1, Ser. 5, De fix. 4. Seck 


0 


Chap. 4 Concerning the Dyperbola. 3 95 


Sect. 6. To draw the Alymptotes of any Dyperbola, &. 


Having found the Latus Rectum (by Sect. 2.) and the Conju- 

te Diameter 2 S N in its true Poſition, by Sect. 3. Then, thro' 
£ Centre C of the Hyperbola, and the Extream Points 2 XV of 
its Conjugate Diameter, draw Iwo Kight-lines, as C NM and C x, 
infinitely continued, (as in the following Figure) and they will 
be the Aſymptotes requir d. 

That 1s, they are T'wo ſuch Right-lines as, being infinitely ex- 
tended, will continually incline to the Sides of the Hyperbola, but 
never touch them. 


Demonttration. 


Suppoſe the Semi- ordinates g Þ and A B to be rightly apply d 
to the Axis T A ; and produced both Ways to the Aſymptotes, as 
3 the A CSN Ac ag, and A C Ad be 

ke. XI 
Let 4 c SSC. And L= the Latus Rectum; as before. 


fers OR d+e=Ca. 
Put J = 8. N the Abſeiſſ's: Then $93 Zo % 


J 

1d: S N:: d e: ag. viz. CS:SN::Ca:ag 
2d d: S N:: c d ＋ 2de ee: 4 
nie per Sect. 3. 

| 


Again] 5 24: L:: 2de ＋ ee: U 45, per Sect 2. 


7 | 

? | | C 
8Jag þab =bf 

Bute | 9 . Fig. AX 
101 JRE -N NBA Sn | 


1. 10 I11þfXbg—=43idL FA ENS 


| 7 / 
Again I2!dd: []SN: : dd-4-2dy+yy: A F, 0 5 


wr 
07 
O 


That is, {OCs: S N:: CA: 46 Y 
351213 r ale 85 


„ AB, per Sect. 2. 
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13 — 15 1612 E = 46 — 045 


2 
| 17\4G+AB==BF TY 
Allo $ 18 464 36 ber Fig. 
17 X 18119046 — DAB=BFxXBG 
16, Wi HL 
21 


:4L : 
11, & 20 1 =. And BG = 377 


„ 4 


— 9 = * 


vo _ W 


From the laſt Step tis evident, that the Aſymptates are nearer 
the Hyperbola at & than at g, and conſequently will continually 
approach to its Curve: For B F) 14 L ( B is leſs than bf) 
4 L (B, becauſe the Diviſor B F is greater than the Dir: 
for bf ; and it muſt needs be ſo where- ever the Ordinates are 
produc'd to the Aſymptotes, from the Nature of the Triangles. 
Again; From the 7th and 16th . tis evident, that the 
Aſymptotes can never really meet and be co: incident with the 
Arve of the 7 perbola, altho both were infinitely extended, be- 
cauſe ; d L will always be the Difference between the Square of 
any Semi-ordinate and the Square of that Semi-ordinate, when tis 
produc'd to the Aſymptote. | 


Conſectary. 


From hence it follows, that every Rig h- line which paſſes thro 
the Centre and falls within the Aſymptotes, will cut the Hyper. 
Zola; and all ſuch Lines are call d Diameters, (as in the Elipfts) 
becauſe the Properties of the Hyperbola and Ellipfis are the ſame. 


Note. Every Diameter, both in the Ellipſis, Parabola, and 
- Fiyperbola, hath its particular Latus Rectum and Ordinates; 

which, ſhould they be diſtinctly handled, and the Effection of all 
ſuch Lines as relate to them, as alſo the Nature and Properties of 
ſuch Figures as may be izſcrib'd and circumferid'd to all the Secti- 
ons, with the various Habitude or Proportions of one Hyperboli 
to another, Sc. would afford Matter ſufficient to fill a large Volume. 
But thus much may ſuffice by way of Introduction; I ihall there- 


fore deſiſt purſuing them any farther, being fully fatisfied, that it 


what I have already done be well underſtood, the reſt muſt needs 


be very eaſie to any one that intends to proceed farther on that 
Subject. n 


AN 
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INTR ODLICTION 


TO THERE 


Mathematicks. 


hag — pon —e— * F * * 
PART V. 
5 — A 


HE Method of finding out any particular W N (viz. 

either any Line, Superficies, or Solid) by a Regular 
| Progreſſion, or Series of Quantities continually approach. 
ing to it, which being infinitely continued, would then become per- 
fealy Equal to it; is what is commonly call d Arithmetick, which 
I ſhall briefly deliver in the following Lemma's, and apply them to 
Pradtice in finding the ſuperficial and ſolid Contents of Geometri- 
cal Figures farther own. 


LEMMA I. 


If any Series of Fqual Numbers, (repreſenting Lines or othex 

' Quantities) as, 1. 1. 1. I. e. / 2. 2. 2. 2. . Or 

* 3. 3. &c. if one of the Terms be multiplyd into the 

umber of Terms, the Product will be the Sum of all the 
Terms in the Series. 

This is ſo very plain, and eaſie to be underſtood, that it needs 

no Example. © | $f 


9 


* — 


1 


9 — — 
- 
- 


LEMMA IL 


If the Series of Numbers in Arithmetick Progreſſion begin with a 
Cypher, and the common Differente be 1; as, O. I. 2. 3. 4. &c. 
(repreſenting a Series of Lines or Roots beginning with a Foirz) 
if the laſt Term be multiply d into the Number of Terms, the 
Product will be double the Sum of all the Series. | 
That is, putting L= the laſt Term, N = the Number of 

Erms, and & = the Sum of all the Series: © 2 

Sp ; 5 Then 


K — * pay 2 — — — 
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Then will V L—=28. Conſequently, : NL =S. 


viz, one Half of ſo many times the greateſt Term as there a 
Number of 7-7ms in the Series. 


; o+I+2+3+4 __ 10 = the Sum of the Series = * Nr, 
4+4+4+47T4 20=MHNL. | 
And this will always be fo, how many Terms ſoever there are, 
by Conſect. 1, Page 185, 
LEMMA III. 


Fa Series of Squares whoſe Sides or Roots are, in Arithmetick 
Progreſſion, beginning with a Cypher, &c. (as in the laſt Len. 
ma) be infinitely continued, the laſt Term being multiply in. 
to the Number of Terms, will be Triple to the ſum of all th 
Series, viz. NLL = 38, or } ML. SS. 


That is, the Sum of ſuch a Series will be One Third of the 
laſt or greateſt Term, ſo many times repeated as is the Number of 
Jerms 1a the Series, | 


Inſtances in Square Numbers. 
On 5 1 1 


- — + — — — 


_ C4+474 12 3 12 
2 R 
2. 


 —— — 


949499 30 18 3 18 
See e 1 


— = —— = oo — — — 


16+-16+16+164-16 80 8 24 1 5 
From theſe Inſtances tis evident, that as the Number of Terni 
in the Series does encreaſe, the Fraction or Exceſs above + does 
decreaſe, the ſaid Exceſs always being —— which, if we ſaß⸗ 


7 
poſe the Series to be infinitely continued, will then become inf 


»#ely ſmall, viz. in Effect nothing at all. 
Conſequently, „ NLL may be taken for the true or perfect Sum 
of fuch an i»fiite Series of Squares. | 
LEMMA IV. 


If a Series of Cubes whoſe Roots are, in Arithmetick Progreſſion, 
beginning with a Cypher, &c. (as above) infinitely continu, 
the Stn of ail the Series will le; NLLL==S. | 
That is, One Fourth of the /aff or greateſt Term ſo many times 

repeated as is the Number of erm. | | 

Fg RT Tnftas'M 


1 


\ 


3 n Ee PP: 16S 
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Inſtances in Cube Numbers. | | 


5 Ito. 1. 2. 3 . (8. be the Roots of the Cubes. 
0+ 1-+8+a7;-30 411 
7 Then 1. 75 — — — 


| 2723423427 108 12 4 12 
J o+ 1 + 8 +27+64 100 10 5 1 1 


4 

T 8 + 27+ 64125 225 45 3 

2 125+125+125+125+125-+125 755 150 10 
33 


20 4 20 
| From theſe Examples it plainly appears, that as the Number of 
ens in the Series excreaſes, the Frattion or Exceſs above ; de- 


creaſes, the Exceſs being always 7 * - which, if we ſuppoſe 


the Series to be infiritely continu d, will become infinitely ſmall, 
or rather nothing : As in the laft Lemma. | 

Conſequently, 3 NL LL may be taken for the true and perfect 
Sum of all the Terms in ſuch an infinite Series of Cubes, 


LEMMA V. 


If a Series of Biquadrats, whoſe Roots are in Arithmetick Pro- 
greſſion, begining with a Cypher, &c. (as before) be infinitely 
One, the Sum of all the Terms in ſuch a Series will be 
7 7. 


The Truth of this may be manifeſted by the like Proceſs as in 
the foregoing Lemma s, and ſo on for higher Powers. But if any 
one deſires a farther Demonſtration of theſe Series, he may (7 pre- 
ſume) meet with ample Satisfaction in Dr. Y/allis's Hiſt. of Age- 
tra, Chap. 78 & 79, wherein the Dr. concludes with theſe Words: 


« Thus having ſhew'd, that in a Progreſſion of Laterals (or 
% Arithmetical Proportionals) beginning at o. the ſum of 2. 3. 4. 
45. 6 Terms, is always equal. to alk of ſo many times the grea- 
«teſt; and there being no Pretence of Reaſon why we ſhould 
© then doubt it in a Progreſſion of 7. 8. 9. 10. (3c. we conclude it 
« fo to be, tho? ſuch Number of Terms be ſuppos'd infinite. 
Again; In a Progreſſion of their Squares having ſhew'd, that 
in 2. 3. 4.5. 6 Terms the Aggregate is always more than One 
Third of ſo many times the greateſt, and the Exceſs 2 ſuch 
8 Y aliquot 
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“aliquot Part of the greateſt, as is denominated by ſix times the 
„Number of Terms wanting 1. (As, if the Terms be 2, 
Lit is 2 +73 if z, it is + +55; if 4, it is ++: ifs, 

te it is - + of ſo many times the greateſt Term, and fo on- 
ward) we may well conclude, (there being no Pretence 6f 
cc Reaſon why to doubt it in the reſt) that it will be fo, how ma- 
« ny ſoever be ſuch Number of Terms. And becauſe ſuch Exce 
« as the Number of Terms do increaſe will become infinitely 
cc ſmall, (or leſs than any aſſignable) we conclude (from the 
« Method of Exhauſtions) that, if the Number of Terms be ſup. 
cc pog'd infinite, ſuch Excefs muſt be ſuppos'd to vaniſh, and the 
4 Aggregate of ſuch infinite Progreſſion ſuppos'd equal to; of 
« ſo many times the greateſt. 

& In like manner having prov'd that ſuch Progreſſion of Cubes 
<« doth (as the Number of Terms encreaſes) approach infinitely near 
« to of ſo many times the greateſt, and of Biquadrats to +, and 
&« fo of Surſolids to 4 of ſo many times the greateſt, and fo on- 
ce wards as we pleaſe to try; and there being no Pretence of Rea- 
«© {on why to doubt it as to the reſt, we may take it as a ſufficient 
& Diſcovery, that ( univerſally ) the Aggregate of ſuch infinite 
<« Progreſſion is equal (or doth approach infinitely near) to ſuch a 
* Part of ſo many times the greateſt, as is denominated by the 
© Exponent (or Number of Gimentions) of ſuch Power (as is 
& that according to which the Progreſſion is made) encreas d by 
& I. namely, of Laterals 4 ; of Squares 4 ; of Cubes ; of Bi- 
« -_ +; (of ſo many times the greateſt) and fo gawards inf 
* nitely. 


This Diſcourſe of the Doctors I thought convenient to inſert, 
ſuppoſing it may give ſome ſatisfaction to the Learner, to hear fo 
Great a Man as Dr. Wallis's Arguments about the Truth of theſe 
Series, which I have briefly deliver d in the foregoing Lemnas. 


LEMMA VI 


If any Two Series or Ranks of Proportionals Have the 2 Num- 
er of Terms, (whether Finite or Infinite) it will always 
As the firſt Term of one Series: is to the firſt Term of the 
te 5455 Series:: ſo is the Sum of all the Terms in the one Se- 
rie g: to the Sum of all the Terms in the other Series. 


(12. e. 5. 
As 


1 1 as a« +. mc __ , . 


S  —»  YyU Go©r. && CTY. & Vv cwyp 5 OD 


* > 


— __— 


applyd to Duperficies nd Solids. 40« 


As i in theſe Numbers, 1] 3 Or theſe Numbers, 4 5 
1 6 | 12 15 

319 36] 45 

4|12 108 135 

5115 324] 405 

6118 97211215 
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That is, 1 3:1 21:63 And 4 5 :: 1456: 1820 Ec. 
The Application of theſe Lemma's to Geometrical Quantities, 
viz, to Lines, Superficies, and Solids, wholly depends upon grant- 
ing the following Hypotheſes. 
The Pypothefes. 
I. That every Line is ſappos'd to conſiſt (or be compozd) of 


an infinite Series of Equidiſtant Points. 


2. A Surface (viz. the Area of any Figure) to conſiſt of an in- 
finite Series of Lines, either ſtreight or crooked, acording as che 
Figure requires. | 

3. A Solid to conſiſt of an infinite Series of Plains, cx por ji- 
ces, according as its Figure requires, 

Not that we ſuppoſe Lines, which have really no Preadth, can 
fill a Space or Superficies; or, that Plains, which have not any 
Thickneſs, can conſtitute a Solid: But by what we here call Lines 
are to be underſtood ſmall Paralle/ograms (or other Superficies ) 
inſinitely narrow, yet ſo, as that their Breadths being all taken and 
be together, muſt be Equal to the Figure they are tuppos'd to 

up. 0 | 


And thoſe Plains or Superficies, which are here ſaid to conft's 
tute a Solid, are to be underſtood 7»finitely thin; yer io, as that 
their depths or thickneſſes (which are hereafter alſo call 4 Lines) 
being all taken together, muſt be equal to the height of the pro- 
pos'd Solid. 

Now, in order to render this Hypot he ſis as eaſie for a Learner 
to underſtand as I can, I ſhall here propoſe a very plain and fami- 
liar Example; | | 

Viz. Let us Suppoſe any Book to be compos'd (or made up) of 
100, 200, 300 (more or leſs ) Leaves of fine Paper; ſuch a Book 
being cloſe put together, will have length, breadth, and depth or 
thickneſs, and therefore may (not improperly) be call d a S974 ; 
and each of irs Edges (being even'y cut) will be a Su perſicics 
compos'd of a Series of ſmall Parallelograms, every one of their 
breadths being only the Edge of a ſiugle Leaf of Paper; and if 
we conceive the Thickneſs of every oy of thoſe Leaves to be 

F A. vi- 


* 
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divided into 10, or 100, or 19090, (9c. they will then become ſuch 
a Series of ite. ſinal! Lines as are (y the Hypotheſis ) ſaid 
to compoſe or fill up a Superficies. 

And all the Superficies of thoſe mnfinitely-thin or divided 
Leaves of Paper, will become ſuch a Series of Plains, or Su per. 
ficies, as are ſaid to conſtitute a Solid, viz. ſuch a Solid as the 
Ligneſs and Figure of that Book. 


Now according to this Lea of Lines, Superficies, and Solid; 
one may, without the leaſt Prejudice to any Demonſtration, admit 
of the following Definitions and Theorems. 


Definitions. 


J. The Area sof Squares, and all other Parallelograms, are com. 
pos'd or fill'd up with an ite Series of equal Right-lines. 


II. The Area of every plain Niang e is compos'd of an inf. 
it? Series of Right-Ires parallel ro its Baſe, and equally decrea. 
ſing until they terminate in a Point at the Vertical Ange. 


III. The Area of a Circle may be compos d either of an infinite 
Series of concentrick or parallel Circle's, or of an infinite deries 01 
of CHord-iinè s parallel to its Diameter, or of an innumerable mul- al 
titude of Sectors. at 


IV. The Area of an Ellip ſis may be c Psd either of an in- i © 
finite Series of Ordinates rightly apply dy, or of an infinite Se: » 
ries of Right-lines paralle] to its Tranſverſ® Diameter. 

V. The Area's of the Parabola and Hyperbola are compos d 


of an i»finite Series of Grdinates ; or may alſo be compos d of 
Kight-iines parallel to its Axis, Ge. 

VI. A Priſm is 2 ſolid Fody contain d or inclnded within ſeve- a 
ral equal Parallelegrams, having its Baſes or F:ds equal, and 


elite; and its generally nam'd according to the Figure of its . 
£ aſe: : hat is, 
VIE. A Cube (or Solid like a Tyr) is a Priſm bounded or in. 
Gnged within Six equal ſquare Plains. 
VIII. A Parallelepipedon is a Priſm that hath its Sides bounded . | 


cr incloded within four equal Parallelegrams and two ſquare Baſes 
er F:ds. «x 
3”. A Cylinder (or Solid, Tile a Rolling. ſtone in a Garden) 18 
cn a rand P/ iſau, having its aſes or Eads a perfect ircle. 
X. I 


2 


W — — » — — 
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X. The So/idity of every * . is compos d of an te ſe- 
ries of equal Plains, parallel and alike to that of its Baſe. | 

XI. A Pyramid is a Solid bounded or included within ſeveral 
plain Tiangles ſet ußon any Polyg»nous Baſe, having their 22rti- 
ul Ang'es all meeting together in a Point, call'd the Vertex, and 
rakes its Name from the Figure of its Baſe, viz. if it has a Square 
Bak, tis call'd a ſquare Pyramid; if a triangular Baſe, tis call d a 
triangular Pyramid, &c. 5 "WS 

XII. A Cone is only a round Pyramid, which hath been alrcady 
defined in Page 355, &c, 


XIII. The Solidity of every Pyramid is compos'd or conſtituted 
of an infinite ſeries of Plains, parallel and alike to that of irs Bate, 
equally decreaſing until they terminate in a Point at the Vertex. 


XIV. A Sphere or Globe (viz. a Ball) is a Solid bounded or 
included withia one Regular Superticies, being form'd or genera- 
ted by the Rotation of a Semi- circle about its Diameter, (call d 
the Axis of a Sphere, ) and its Solidity is compos d or conſtituted 
of an infinite ſeries of Concentrick Circles, whoſe Diameters are 
the Chords of that Circle by which it was form'd. ; 


XV. A Spheroid (or Egg like Figure) is a Solid bounded with 
one Regular Superficies, form'd by the Rotation of a Semi-ellip ſis 
about its Tranſverſe Diameter, (call'd the Axis of the Sph-roid) 
and its Solidity is conſtituted of an 7nfinite ſeries of Concerntrick 
Circles, whole Diameters are the Ordinates of that Ellipſis by 
which it was form'd. 


XVI. There is another ſort of Solid call'd an Ohlate Spheroid, 
being form'd by the Rotation of an Elipfis about its Conjugate 
Diameter, and is like a flat Turnep. 


XVII. If a Semi-paratola be turn'd about its Axis, twill form 
2 Solid call'd a Parabola Conoid, being compos d or confiruted of 
an infinite * of Circles, whoſe Diame ters are the Ordinates 
of a Parabola. 


m_— 


XVIII. If a Parabola be turn'd about its Ba 15 or greateſt Ordi- 


vate, twill form a Solid call'd a Pyramidoid, but moſt commonly 


a Parabolic Spindle, which will be conſtituted of an infinite ſe- 
ries of Circles, whoſe Diameters are Right- liues payallel ro the 
Parabola's Axis. Bf 


XIX. If an Hyperbola be turn d about its Axis, "twill form a 
Solid call d an Hyperbolick Conoid, being conſtituted of an 7fi- 
rite ſeries of Circles whoſe Diameters are the Ordinate s of tho 
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XX. The Curve Superficies of all Circular Solids (viz. Cylin. 


ders, Cones, Spheres, &c.) are compos d of an infinite Series of 
the Pexripherjes of thoſe Circles which conſtitute their Solidities, 


S 
Upon theſe Defin7tions are grounded all the following Theo. 
rems ; and therefore, if they were diligently compar'd with their 
reſpective Figures, it miſt needs be of great Help to the Learner, 
and would rezzder all that follows very eafie ; wherein I ſhall be. 
gin with what hath been already demonſtrated, by way of introdu- 
ciug the reſt, 


THEOREM l. 
The Area of every Right-ang'ed Farallelogram is obtair'd by 
multipiying the Length into its Breadth, 


That is, B DFB = the Area of the Parallelogram B DF, 
by Lemma 1, compar'd with D- F. G 
finition 1. 


Example. | 8 —_ 


Suppoſe BD = 26, and EB F— 
Then 25 X 9 — 234 the Area. — — 
See Prob. 1, Pag. 339. B 


THEOREM IL 


The Area of every plain Triangle is equal to half the Area of 
ts Circumſcribing Parallelogram. 


BD X CA 
= 


That is, 
Figure. 


= the Area of A BCD, in the following 


Demonſtration. 


Suppoſe the Perpendicular C A to be divided into an infinite 
number of equal Parts, as at the 


Þoints a, a, a, Kc. and through E 2 2275 
thoſe Points rhere were drawn __ d 5 
Right lines parallel to che Baſe A 

5B D, (viz. bad, bad,b ad, &c.) 4) 4 1 
i en will thoſe Lines be a Series 5 [ 225 
of T-rms in Arithmetick Progreſ- B =——_— =p 


ſton, beginning at the Point C, (viz. 


o, 64, 2 d, 3 & d, &c. as is evident by the Figure, wherein BD x 


:$ rhe greateſt Tm = L, and C A the Number of Terms = - 
| U 


\ 


=} 


f 
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But ' NL ð, by Lemma 2. And $= the Tyiargle s Sos 
by Definition 2. Q. E. D. | 


Example. Let B D 26, and C A=9 As above, 
Then 2x2 = 117. Or r X 9=117. Or thus 26X 2 = 117. 
the Area requir'd. See Problem 35 Page 330.] 


THEOREM III. 


The Peri pheries of Circles are in Proportion one to another 
| as their Diameters are. 


Demonttration. 


Let the Periphery of a Circle be divided into any Number of 
equal Arches by Right- lines drawn from 
the Centre, (viz, Radius s) ſuppoſe em 
8, as in the annex'd Figure, wherein 
AB is one of them; Then, if thro any 
Point in the Radius there be drawn a 
concentrick or parallel Czyrcle, its Peri- 
phery will alſo be devided into 8 equal 
Arches by thoſe Radius s, one whereof 
will be a , and the A Ca þ will be like 
to AC AB. | 

Therefore Ca:ab::CA:AB. Or Ca: CA:: ab: 4 
Conſequently 2 Ca: 20 f:: 845: 843. 

But * a —=d a the Diameter of the Circle, whoſe Periphery is 
a b. 
And 2 C A =D A, the Diameter of the Circle, whoſe Periphery 
is 8 A B. Therefore, Sc. as by Theorem. Q. E. D. 


Example. 


In Chapter 6, Part III, it was found, that if the Diameter of a 
Circle be 2, its Periphery will be 6, 283 1853, &c. 
Ergo, 2 2 6,2831853, &c. ::1: 3,14159205, &Cc. the Peri- 
phery of the Circle whoſe Diameter is 1. 


Corollary. 


Hence it follows, that becauſe Unity, or 1, may be made the 


firſt Term in the Proportion, therefore 3,14159265, &c. may be 
made a conſtant or ſettled Factor; which being multiply'd into 
any propos'd Diameter, will produce the Periphery of that Circle. 
Note, ſtead of 3,14159265, &c. it may be fuſficient to take 
only 3,1416. 5 
1 
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WR, Or, in whole Numbers the Proportion may be, 

As 7: 22: : Diam . : Periphery theſe Numbers may ſerve, 

Or 1133 355 1 Diew.1 Paid} Land are of ten uſed in com- 
mon Practice. 

THEOREM IV. 


The Area of any Sector of a Circle is equal to half the Reftangl 
| of the Radius into its Arch. 
That ts, ELX 48 = the Area f AC B 


Demonſtration. 


Suppoſe the Radius C A to be divided into an i»finite ſeries of 
Equidiftant Points, as a, e, y, &c. and | 


through thoſe Points there were drawn con- 2 
eertrick or parallel Arches, as ab, e d, yf, &c. N 

Then they will be a Series of Arches in 4 * 
Arithmetick Progreſſion, beginning at the / N 
Point C, (viz. O, 1, 2, 3, Sc.) as plainly ap- ed 
pears by the Figure, wherein the greateſt ; JEL 3 ” 
Termis AB == L, and Number of Terms is 7 


C4— NM. But; NL=6 the Sum of all N 
the Series, by Lemma 2, and 8 = the Sector's . 
Area, by Definition 3. Q. E. D. 


Example. 
Let the Radius C A = 12. And the Arch AB=8. 


Then IX? on 48. Or K 8 48. Or 1 1288 
the Area of the Sector A C B. 
THEOREM V. 


The Area of every Circle is equal to half the Rectangle of the 
Radius z-to its Periphery. 

That 26, according to Archimedes, a Circle is equal to a Right 
argled Triangle, whoſe Sides containing the Right. angle are 
equal, one to the Radius, and the other to the Perimeter of that 
Circle. Pro. 1. de Dimenſione Circuli. 

The Truth of this Theorem may be eaſily deduced from the 
aſt thus; It we tuppoſe the laſt Se gor to be one Eighth-part of a 
Circle, then it follows, that : 2 2X 2 
the Area of the whole Circle. * ) 

But 4.4 B = half the Circle's Periphery, and C 4 — half its 
Diameter; Therefore, G. As per Theorem Q. E. D. 

* 3 8 AS an 


——=44BX CA vil be 
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n 


Example. 


If the Diameter be Unity, cr 1, the Periphery will be 3,14159265 
&c. by Theorem 3. | Wo 


Then ——— 205 X + = 0,78539816, &c. (or 0,7854 for com- 
non Uſe ) will be the Area of that Circle. | 


Scholium. 


From hence naturally flous the following Proportion between 
the Square and its inſcrib'd Circle. 


As the Perimeter (viz. the Sum of the Four Sides) 
Ppopoztion. of any Square : is To its Area:: ſo is the Peri- 
phery of the Inſcribd Circle : to its Area. 
That is, ſuppoſing A B = D = the Side of the Square, and 
the Diameter of its Inſcribd Circle; * 
Then 4 D = the Perimeter, D D = the B 
Area of the Square, and 3,1416 D = the | 
Periphery of the Circle, by Theorem 3. 
But 40: DD:: 3,1416D-: 0,7854 DD 


the Circle's Aren. 


Aae . D =13 Then 4D ud 
DD==1X1=1: and the Periphery 3 > 

will be 3,1416. | A 
Then 4: 1::1 : 0,7854 &c. As in the Example above. 


And from hence may be eaſily deduced the following Theorems. 


THEOREM VI. 


The Area's of all Circles are in Proportion one to aonther as the 
Squares of their Diameters. (2. e. 12.) 


For if D — the Diameter of one Circle, and 4 = the Diame- 
ter of another Circle, 
Then will 0,7854 D D be the Area of one Circle, and 0,7854 dd 
will be the Area of the. other Circle ; as above. 
But 0,7854 DD : 0,7854 dd: : DD: 4d. Or thus, ; 
Let D = the Diameter, and P = the e of one Circle; 
4 — the Diameter, and p == the Periphery of another Circle; 
Thenq 11+DX\PÞ—= iD P= A the Area of one Circle. 
And] 21 % Xi p=4 dp =athe Area of the other Circle. 


—— 


1 


aw ng oo oo reR—_ 


- - 


—  — - 


I X 4 3 DP=4 4 | (per loft Theorem. 
2 X 4| 4j4P =44 
e 


— <-— * 2 2 B = 4 — 


* 
* 0 
— S>- 0 Gy — 1 * — — = 
- — —Ü— —— — KG 4 
nad. —— — — 1 — 
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4 = 4% = 
| But] 7 P: p:: D: d, per Theorem 3. 
4 A , 44 
5, 6, 7 81D:4: i= Ko | 
8 -©<*] o[4DDa=4ddA. That is, DDA AAA 
9, Analogy\101DD: A:: dd: a. Or A: 4: : DPA 
e — — a Q. E. D. 
7 
Corollary. 
5 


Hence it follows, that becauſe the Square of 1 is 1, (vis. 
IXI=1) and o, 78539816, Sc. or o, 7854 is the Area of the 
Circle whoſe Diameter is 1, (as before) therefore it will be 
I : 0,7854 : : ſo is the Square of any Circle's Diameter: to its 
Area. And becauſe 1 is the firſt Term in the Proportion, there. 
fore 0,7854 may be made a conſtant Factor; which being mul. 
tiply d into the Square of any propos d Diameter, will produce the 
Area of that Circle. | 

Note, The Four laft Theorems do plainly ſhew the Reaſon of 
all the common or practical Problems about a Circle, which, for 
the Learner's farther ſatisfattion, I have here inſerted together. 
Suppoſing as before, 

D = the Diameter 
55 = the Periphnye of any propoſed Circle ; 
CA = the Area. e 

| Probl. 1. D being given, To find P. 

T|1:3,1416::D:Þ per Theorem 3. 
3,1416D =P 
4 uppoſe D==32. Then 3,1416 K 32 = 100,5312 

the Periphery. 


Ms 


That 


Probl. 2. D 17 given, To find A. 

I :0,7854 :: DD: A per Theorem 6. | 

0,7854 D D = A 

Suppoſe D = 32, (as before) | 

DD = 32 X 32 = 1024 

(2:7854 X 1024 = 804,2496 the Area requir'd. 

| i Prohl.3. Þ being given, To find P. 
I P & Or becauſe rern — 0,3183 ; 

1 Li fine: 3,1416 13 o, 3183 Þ =D. 

This being only Converſe to the firſt, needs no Exam. 


0 — — ͤ———— —U—ZUu—— 


2 @ 2 
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_ 
| Prob. 4. P, being given, Tb find 4, 
260 | 6 986965 DD = PP f / 
6 1 70 780905 Or o, 10132 DD 
— T8 D = 
4— 8 5850 Or 1,2732 14% 0D 
For [5773577 = 1, 2732 
; 3 ̃ Or o, 10132 PP =x 27324 
7, 8 9| 8695 conn nn” 0 
9 X &c.j10 126 4 Or l 
Prob. q. A being given, To find B. 
4 
8 w 2 [11 = V 567 D =o 1,2732.4 , 
Prob. 6. A being given, to find P. 
1 | 7 
10 X &. 12 PP = 12,5664 4 Or PP = 5797 
n Te Hs 0 ON. 
Theſe Six Problems contain all the Parzety that can be pro- 
poſed about finding the Periphery, Diameter, and Area of any 


Circle, | 


nut if it be requir'd to find the Area of ane S-gmert, or Part 
of a Circle cut off by a Chord, that Work will require a farther 


Conſideration. 


Firſt, As to the Data, there muſt always be given thr Diame- 
ter; or, either the Periphery or Area of the Circle, in order to 


find the Diameter. | 


Secondly, There muſt alſo be given, either the Chord, which 
is the Baſe of the Segment, or the verſed Sine, which is the 


Height of the Segment. 


* 


be given, that ſo the Area of the A B C G may 
Then it's evident, (by the Figure) that if the 
A BCG be taken from the Area of the Sector C 


That is, either B G, or A E, in the following $ch-472, muſt 


be found. 
Area of the 
B 4 G, the 


Remainder will be the Aren of the Segment B A G. 
And if the Area of the Segment B AG be taken from the 


whole Area of the Circle, the Remainder will be 
the other Segment D B G 


Ggg 


the Area of 


Exam- 
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— Ow 
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% 


Example in Numbers. 2 
Let there be given DA = 32. as in Prob. 1. c 
And the verſed Sine AF — 6. t 
Then ; DAS BCS CA 16. 8 
And CA— AF = CF = 10. e. ( 
But 35 C - UF = UU BF. fol 4 
Conſequently 4/ OB C— ECF BF t 
Viz. 156 = 12,49 = BF. : | ( 
Then by the Doctrine of plain Tri- | 
angles, the Arch B A = L BC A may be 
found in Degrees and Decimal Parts. 
Thus BC: Radius:: B F: Sine < BC F = 519, 31 Degrees, 
And then it will always hold in this Proportion; : 
in equal Parts (according to the Dimenſions taken) :: 


So ts the Arch in Degrees (viz. L BC A) : To the ſane 
75 Arch in Equal Parts. 
That is, 360: 100, 5312 :: 51? ,31 2: 14,3284 = B A. 
T hen VER X 16 = 229,2544 the Area of the Sector BC AG. 
And 12,49 X 10 = 124,9 the Area of the AB CG. = 
Their Difference 104,3544 == the Area of the Segm. B AC. 
Or the Area of any Segment may be otherwiſe found ( as moſt 
uſually it is) by a Table of the Segments of a Circle, whoſe Arta 
is Unity, or 1. The Conſtrution or making of ſuch a Tile is 
very well laid down in Mr. Darie's Book of Gauging, Chap. 9. 
which he performs in this Problem. 


| As the Circle's Periphery in Degrees: is to its Periphery 
Fi ; 


kk 


a Y mn 


PROBLEM. | 


Ir a Circle whoſe Area is Unity, and its Diameter cut by Chor 
Lines into 1900 Equal Parts, To find the Segment to an) ver- 
ſed Sine propos'd, uot exceeding 509 of thoſe Equal Parts. 


1. Multiply the verſed Sine propos'd by 0,002, and Subſtra# 
the Produtt from an Unit or 1. 
2. This Remaindzr you ſhall ſeek in the Common Table of Na- 


tural Sines, (th? Arch being Divided into Degrees and Cente- 
fima's ) which being found, let its Co-arch be doubled, and call'd 4. 


z. You muſt find the correſpondent Sine to A; which Sine be 
ing found, you may call S, and then it holds 


6,2831853) 50174532925 A — 8 ( the Segment W ; 
% 
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Now this Segment being thus found, if you Sabduct it from 
an Unit, you have the Co- en &c. 8 

Note, Notwithſtanding what has been ſaid in the ſecond Pre- 
cept of this Problem, it very often falls ont that th? Remainder 
there ſpoken of cannot be truly found in the Table of Natural 
Sines ; therefore in this Caſe my Advice is, that you make Two 
Operations, one with a Sine the next Greater, and one with 
a Sine the next Leſs ; and in ſo doing you will be ſure to have 
the Segment requird bounded between the Reſuits of thoſe Two 
Operations. 


Example, Let it be propoſed to find the Correſpondent Segment 
to the verſed Sine 263. 


Firſt, 263 X 0,002 = 0,526, and 1 — , 526 = 0,474, its 
Arch is 28®, 29 being Leſs than juſt; its Complement is 61,71 
which being doubled, is 123,42 = 4. 

Then ,0174533 A = 2,154085285 
= 0,8346556 = S The Sine of A. 


6,2831853) 1,319430686 (0,209993 the Segmert. 
| ow 1 make a ſecond Work. 
263 being Multi plied with 0,002 is 526. and I—526 = 0,474 
its Arch is 289,30 being greater than juſt; and its Complemevt is 
01:70 ; which being doubled is 123,4 = 4 
hen 0,0174533 A = 2,1537372 | 
e t — the Sine of A 


6,2831853) 1,3188894 (9,29997 the Segment. 

So you ſee by theſe Two Operations that the Segment is bound- 
ed, and tis very probable it may be o, 2099 

But to abbreviate this Large Factor, ard this Large Diviſor, 

| ſhall here inſert Two Tables of them, which will be ready for 

Uſe, and Exact enough too. 


Diviſor. Þ Fatlor.| | Thus far, Mr. Darie, which I 
6,2832[1] [,0174533!1] have here inſerted ro ſhew the 
12,5664 | 2} 3490656 2] Learner how, by the Help of 
19,8495[3 10523599] 3 theſe two Tables, and a Table 
25513274] 06981324] of Natural Sines, he may eafily 
31541595] [8726655] make a Table of Segments, whoſe 
37,9916 [,1047197]6| Uſe ſhall be thewd farther on, 
43982317 122173047 2iz, when I come to treat of 
52,2655]8] , 13962638] Practical Gauging. In the mean 
56,5487 9} [,15707954Þ0] Time 1 ſhall here lay down ano- 


ther Method to find the Area of 
Ggg 2 any 


CG ergo — — — 
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any Segnent of a Circle ( very near) by a New Theorem, with 
out the Help either of a Table of Sizes or Segments, having the 
ſfime Data as before in Page 494. | 
R = the Radius, or Diameter of the given Circle. 
Viz. 1 d the Difference between the verſed Sine and Radius 
C = half the Chord of the S gment's Baſe. 
hebzem. — 2 cs, the Area of the Segy, 
Example, Suppoſe R = BC=16 4d = FC —10. and 
C = B#= 12,49. As before | 
Then 2 2 AR = 597.3333 11 22 7 2853333 ad = 100 


—_ 
— 313933535 1 


134K +4 34) 284,000 (8, 3529 | 
Laſtly, 8,3529 X 1249 == 104,3276 the Area of the Segment 
B AG, As before. 


THE OR EM VI.. 


As Squares are to the Area's of their Inſcrib'd Circles, So are Pa. 
rallelograms to the Area's of their Iuſcrib d Eli pſis. 


5 As the Square of the Diameter of any Circle: is to its 
That is, < Area : : So is the Rettangle of the Tranſverſe aud 
(Con jugate Diameters of any Ellipfis : to its Area. 


Demonſtration. 


Circumſcribe any Ellipſis with a Cirde ; and fuppoſe an [finite 
Nuaiber of Chord Lines drawn therein, all parallel to the Con- 
fugate Diameter; as thoſe in the annexed Figure ; then it wil 

"AS (D A) th? Diameter of the Circle: Is to (Nu) th? 
* 828 Diameter of the Elipſts :: So is (BA B) ay 
chord in the Circle: To (b a b) its reſpective Grdinate 
in the Ellipfes. T 
For according to the Property of the Circle 
riB]1[TS— Ta XTa S Ba 8 
And] by the Property of the Elipſi: 
it is 2 TT: MC: TS TuxTi MU > 
1, 213 UNT: M:: TGA: D- 
3. Hence 4 FC: NC::Ba:ba T 
Conſeq. & 2TC:2NC::2Ba:2ha XJ}. 
That is 6 DA: Nñ:: BAB: 54 b A. 
Fut 7D = 2 C, and d = 2 NC S 
I net48;D:4:;; Chord Bab: Ordi inte b a b, &c. 
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But the Sum of an infinite Series of ſuch Chords, as B a B, 
do conſtitute the Area of the Circle, by Definition 3. 
And the Sum of the like Series of their reſpective Ordinates, 
a+ 4 b, do conſtitute the Ellzpſts's Area, by Definition 4. 
Therefore D: :: Circle's Area: Elipſis s Area, by Lemma 6, 
But D: d:: DD; DA. Whence it tollows, 
That D D: Circles Area: : Dd: Ellipfis's Area. Q. E. D. 
Conſequently, As 1: is to o, 7854 :: ſo is the Rectangle, or 
Product of the Tranſverſe, and Conjugate Diameters of any El- 
lipfis : To its Area. 
xample, Suppoſe T$ = 36. and N2z=16. Then 36 * 16 =576. 
And 576 x 0%78 54 = 452,3994 the Area ot the Ellipſis. 


Corollaries. 


. 


1. Hence it is eaſy to conceive, that the Square Roof of the 
Rectangle or Product of the Tranſverſe, and Conjugate Diame- 
ters, will be the Diameter of a Circle whoſe Area will be Equal to 
the Ellipfis's Aren. | 

Viz. / 575 = 24 the. Diameter of a Circle = to the Elipſis. 

2. All Segments of an Ellipſis and its Circumferibing-Czrcle, 
(whoſe Baſes are parallel to the Congugate Diameter, and of the 
ſane Height ) are in Proportion one to another, as their Baſes are. 
That is, BAB: bab:: Area Seginent BNB: Area Segment bNb; 
OrTS: Na :: Area Segment BNB: Area Segment b Nb, 


THEOREM VIII. 


The Area of every Ellipſis, is a mean Proportional betw2en the 
Area's of its Circumſcribing, and Inſcrib' d Circle's 


The Truth of this Theorem may be eaſily deduced from the 
Laſt; for ſuppoſing D = S, and 
 'd—= Ns, as before. Then it is al- ALIA 
ready prov'd, that D O: Dd: : Cir- 3 
— Circles Area : Ellipſis's . 
rea. ; "BE Ld. 
But D D: Dd:: Dd: & d. . | | I, 
Therefore Ellipſis's Area: Inſeribs x F & 
Circle's Area:: Dd: dd. NE. > 
By Theorem 6. WER yo 8 


Example, Let TS =D = 36. and N = 5 LR 
Then D D = 12961 A ad = 256. (OR RE 
1 5 5 Wn; They 
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a 1296 X 0,7854 = 1017, 8784 the great Circle's Ar 

Then will ; 256 X 0,854 = Ar 8 2 
Suppoſe I = the Ellipfis's Area. Then, according to the They. 

rem, it will be, 1017, 8784: A:: A: 201,0624. 

Ergo AA = 1017, 8784 X : 201,624 = 204657, 7401216. 
Conſequently, / 204657, 7401216 = 452,3994 = A, the 

Area of the Elli pſis, As before in the Laſt Example. 


Corollary. 


From hence it follows, that all Segments of an Ellipſis and 
its Inſcribd Circle, whoſe Baſes are parallel to the Tranſverſe 
Diameter, aud have the ſame Height, are in Proportion one to 
another as the Area's of the F!lipfis and Circle are. 

Thar is, Area of Circle: Area of Elipſis:: Segment HM]: 
Segment BN B. 

Or, Nx: TS :: Area Segment h Nb: Area Segment B NB, 


THEOREM IX. 


The Solid Content of any Priſm (what Figure ſoever its Baſe is 

2 1 obtain'd by multiplying the Area of its Baſe into its 

teht. | 

F 3 a Parallelopipedon (or Square Priſm) is conſti- 
tuted of an Infinite Series of Equal Squares; 5 
that of its Baſe B A being ane of the Terms, ws 
and its Height D B, or G 4, tne Number of all 
the Terms. 

Conſequently, the Area of EABaX DB = 
the Sum of all the Series (by Lemma 1.) which 
is the Solidity of the Parallelopipedon D B GA, 3 
by De fiuition 10. | e 


Eramploe, Suppoſe the Side of the Baſe B A = 16 8 
a d the Height D B = 42. : 

Ihen will 16 X 16 =: 256 be the Area of the : n 
Baſe, And 259 X 42 == 10752 the Solid Con- d en 
tet of the Parallelo pi pedon D BE G A. 


I: this Manner you may find the Solidity of all regular Po'y- 
2 0 Priſns, whoſe baſes (or Euds) are parallel and alike, 


what Form ſoever they are of, 


T'hac is, Whether their baſes are Triang'es, Pentogons, He xa- 


OA e r TL 17 9 
375 4 OA ng9%s, e. 


T H E Or 
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THEOREM X. 


Every Pyramid is the Third Part of the Priſm, that bath the 
ſame Baſe and Height with it. (7. e. 12) | 


That is, the Solid Content of the Pyramid B A, (in the © 
loſt Figure) is one Third of its circumſcribing Priſm E B G A. 


Demonſtration. 


For every Pyramid that hath a ſquare Baſe (as B A ba, inthe 
lft Figure) is conſtituted of an Tifnite Series of Squares, whoſe 
Sides or Roots are continually excreaſing in Arithmetick Progreſ- 
fon, beginning at the Vertex or Point “ (Sce Theor. 2) its Baſe 
B 4b a, being the Greateſt Term, (= LL) and its perpendicular 


or D B, 18 the Number of all the Terms (= N $ but WE 


the Sum of all the Series, by Lemma 3. and S S the Solid Con- 
tent of the Pyramid BY A, By Definition 13. 


Example, Suppoſe the Side of a Pyramid's Baſe be B A = 16. 
and its Height be C 42. Then 16 K 16 = 256 the Area 


and its Baſe B Aa. And __ 3584. Or 359 X42==3584 
Or thus, 256 X *2 = 3584, is the Solidity of that Pyramid BV A. 
Corollary. 


From hence it will be Eaſy to conceive, that every Pyramid 
is of its Circumſcribing Priſm, what Form ſoever its Baſe is 
of, viz. whether it be a Square, Triangle, Pentagon, &c. 


THEOREM XI. 


The Solid Content of every (Minder, is obtain'd by Multiplying 
the Area of its Boſe into its Height. 


For every Right Cylinder is only a round Df, C 
Priſm, being conſtituted of an 7»ftnite Seri-s eee 
of equal Circles; that of its Baſe or End be- 
ing one of tht Terms, and its Height B D is 
the Number of all the Terms. Therefore the 
Area of its Baſe B A being mutiplyd into 
D B, will be its Solidity, by Lemma 1. Viz. 
Let D B 4, and HS G A. 

Then 90,7854 DD A H = its Solidity. 


5 


Example. 
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. Example, Let the Diameter of its Baſe be D == 19, and it 
Height H — 42. 
Ihen 1 :0,7854 2:16 K 16 == 256: 201,0624 the Area c 


its — | 
And 201,0624 X 42 = 8444,6208 the Solid Content ot tha 
Cylinder DB G A. | 

Corollary. 


Hence it is evident, that every Square Parallelopi pedon is to 
its Ixſcribd Cylinder, As 1 : is to 0,7854. Or in whole Nun. 
bers, as 452 : to 355 very near. 

And that all Priſms are in Proportion to their Iaſcrib d Cylin. 
ders, as the Area's of their Baſes are. | 


THEOREM XIL 


The Curve Superſi ies of every Right Cylinder is Equal to the 
Rectangle made of its Height into the Periphery of its Baſe, 


That is, DB multi phy d into the Periphery of the Diame- 
ter B A, will produce the Curve Superficies of the Laſt Cylinder 
D BG A. | 

For the (Minder is conſtituted of an Infinite Series of Equil 
Circles ( according to the laſt Theorem.) Therefore its Curve 
Superficies is compos'd of the Peripheries of thoſe Circles, by 
Definition 20. But the Periphery of its Baſe B A is one of the 
Terms, and its Height D B is the Number of Terms. Therefore, 
Oc. As by Lemma 1. 

To which, if there be Added the Area's of both its Ends, 
(or Baſes ) the Sum will be the Superficzes of the whole Cylinders 


Example. Suppoſe the Diameter of its Baſe to be B A = 16, 
and its Height DB = 42; As before, 
Then 1: 3,1416: : 16: 50, 2656 the Periphery of its Baſe. 
Again, 1: 0,7854 : : 16 X 16 = 256 : 201,0624 the 4rea 
of each End or Baſe. 
Then $8-2656 X 42 = 2111,1552 the Curve Su perficies. 
To which Add 201,0264 X 2 402, 1248 both the end Areas. 


The Sum =. 25 13, 2800 is the Superſicies of 
the whole Cylinder. 0 F 


THEOREM XIE 


Every Cone is the Third Part of a 2 Minder, Having the ſame 
Baſe with it, and their Altitudes Equal, (10. e, 12.) 
| Demon 


= = 


a a ac vos MA fas A. =» 


ws # 
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Demonftration. 


The Truth of this Theorem may be eaſily conceiv'd by only 
confidering, that a Core is but a round Pyramid, and therefore ir 
muſt needs have the ſame tio to its circumſcribiyg Cylinder as 
the Square Pyramid hath to its circumſcribing Parallelopipedon, 
7iz. a$1:to2, However, to make it yet clearer, let it be far- 
ther conſider d, that | 

Every Right Cove is conſtituted of an in- 
nite Series of Circles, whoſe Diameters do 
continually encreaſe in Arithmetick Progreſſion 
Deng at the Vertex or Point V, the Area 
of its Baſe B A being the greateſt Term, and 
its perpendicular Height / C the Number of 
all the Terms ; therefore the Area cf the Cir- 
cle BAX3V/Cwill be the Sum of all the Se- 
ri2s, by Lemma 3, which is the Core's Solidity. 


Example. Let the Diameter of its Baſe be 
B A = 16, and its Height / C 42; 
Then 1 : 0,7854 :: 16 K 15 = 256 : 201,9624 the Arra of the 


Baſe. And 2 — 281 4,8736 the Solidi ty of che (one 
* | 
BA. Ortaus, 201, 524 K 7 = 2814, 8736, Sc. 


E orollary. 


Hence it follows that every ſquare Pyramid is to its Iyſcrib d. 
Cone as 1: C7854. (Or as 452: 355) Conſequently, that all 
Pyramids have the fame Katio to their inſcrib'd Cores as the Area's 
of their Baſes have. | 


THEOREM WV. 


The Curve Superfi-ies of every Right Cone is equal to bulf the 
Rectangle of the Periphery af its Baſe into the length of its 


C 
Side. 


The Truth of this Theorem is ſelf evident from the Heffvitio 2 
of a Cone, Chap. 1, Part IV, where it appears that the Carve 
Si per fici es of every Right Cone (as BVA is equal to the Area 
of a Hector of that Circle whoſe Radius is the Side of the Cone 


2 


Vz) and its Arch equal to the Peri phj of the Cones Vale 


(5 4). But the Area of any Sector is equal to half the ReGtang'e 


7 22, ee f 1 - 
0: he Radius into its Arch, by 7. heorem 4. Therefore, Oc. 
1h h Eram- 


» "IN 
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Example. Suppoſe the Length of the Cone's Side to be 73 

or A 42, 7551. 

And the Diameter of its Baſe, viz. B A == 16, (As before) 

| Then will 50,2656 be tlie Periphery of its Baſe, 


And Wess 56 40551 = 197455535 Se. the Curve of th 


Super ficies. 
To which if there be added the Area of its Baſe, the Sum will 
be the Super ficies of the whole (viz. all the) Cone. 
That is 1074,5553 
| + 201, 624 the Area of the Baſe. 


Sum 1275,6177 is the total Superficies, &c. 0 
Note, The Truth of this Theorem may be prov'd from th: P 
con fideration of the laſt Theorem, and Definition 20. 


fo 
| Scholium. th 
From the 10th and 13th Th-orems may be eaſily deduced ſeve- F 

ral Theorems for finding the ſolid Content of any Fruſtum or Part 
either of. a Pyramid or Cone, cut by a Plain parallel to its Faſe. F 
7 w 
Suppoſe a ſquare Pyramid, as 5 VA, to be 25 ol 
eu t by a Plain at a b, parallel to its Baſe B 4, 5 it 
and it were requir'd to find the Solidit y of the #75 1 
 Fruſium or Part ab A B; Let there be gi- , 5 : 
ven ; 

D — B Athe Side of the Greater Baſe, 
ha the Side of rhe Leſſer Baſe, 7 n 
H — CP the perpendicular Height. B J 1 1 
Then! 2 5 DD „ = the whole Pyramid B / A. 8 
2 
By Theorem 10. | | 
And 3% x ( = the Pyramid a) þ cut off. | 
6¹ 2 222 whole Pyramid B V A: | 
17. 1,2 # n yvrami * 


ddd 


And 1, 3 | 5] WE = the Pyramid a] 5. 


; DDDH- Add H . 
4 — 51 6 Som 75 — 7. = the Fruſtum a 5 AB. 
„Rc alt. DD Dd bk dd H the Fruſtum ab AB. 


"hich in Words gives this f:llow;ng Theorem. 


— A oo 
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LAG * 


22p1yd to Superficies ad Solids. 
THOREM XV, 


To the ReRanele of the Sides of the two Baſes, add the Sum of 
their Squares; that Sum Feing mult;ply'd into One Third of 
the Fruſtum's Height, will give its Solidit). | 


Example. Suppoſe the Side of the greater Baſe B A = 16 
And the Side of the leſler Baſe (or Top) a 5 = 12 
The Height C Þ = 9. | 
Then 16 K 12 = 192. 16 X 16 = 256. and 12 X 12 = 144» 


Next 192 - 256 + 144 = 592. and — * = 1776 
Or 592X ? = 1776 the Content of the Fruſium of a Square 


Pyramid. 

And if it were the like Fruſtum of a Right Cone, it may be 
found by the ſame Theorem. Suppoſing D — the Diameter cf 
the greater Baſe, q = the Diameter of rhe leſſer, and H = the 
Height of the Fruſtum ; | 

Then being the Sum of all the Squares which conſtitute the 
Fuſtum of a Square Pyramid, are to the Sum of all the Circles 
which conſtitute the like Fruſtum of a right Cone, in the Ratio 
of x : to 0,7854 (or of 452: to 355) Therefore 
it will be x : 0,7854::D D+ PA +44 X H: 0,7854 DD 
+ 0,7854 D d + 0,7854 4d X 3 H = the Cone's Fuſtum. 

That 1s, in the laſt 8 I : 0,7854 : : 1776: 1394, 8704 
the like Fruſtum of a right Cone. 

Or, becauſe „5 = 1,273236, Sc. Therefore it may be 
made 1,273236) DD+ Dd AM,; H (== the ſame Fruſtum; 
Thar is, 1,273236) 1776 (1 394/87; Sc. As before. 

Aud if you — the Triple of this Diviſor, viz. 1, 273 236 N 3 
it will be 3,8 197) DD Dd + 41: Xx H( = the Fruſtum, &c, 


Again, 
Suppoſeſ 1 | =D —d. And F the Fruſtum 


Then] 21D DA DA + dd = 727 by the 7th Step of the Ja 
I & 21 3|jzx DD - 2DA ＋ dd 
2 — 3 4 b If — xx 


— 


4 = 3 e e Or Dd +1 xx = 


K H a = © the Fiafun ah 43. | 
Hence we have another Eaſie Theorem for finding c firms: 


Pruſtum. 
H h h 2 T 1 £ 0 


Briton of this Boot. 
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THEOREM XVI. 6 
To the Rectangle of the Sides of th: two Baſes, add one thi di 
Part of th» Square of their Difference; that Sum being multi. WM 70 
plyd into the Height, will produce the Eolidity. 


Example. Let D =16. d= 1. and H = 9. As before; 
Then Pd = 192. D—_=4 = x XX —4 — 553333. 


And 192 + 6,3333 = 197.3333. | 

Laſtly 197,3333 — eee Solidity of the Fru ſtum 
of the ſquare Pyramid. As bef re. 5 | 
And 3, 81908) 1775,9997 (1393,87, Sc. the like Fruſtum of 
' Righr Cone. As before, 5 

Eithec of the two laſt Th-orems (being rightly "pply 40) wil 
produce the true Solid Cortert of all Fruſtums of any kind of Py. 
ramids, that are intercepted between two parallel and alike Plains 
or baſes ; As above. od 

Bur if ſuch Frufiums are cut through the Extremities of both 
Baſes by a Diagonal Plain (as Ah in the 
annexed Figur?) into two Parts, A 4 7 
and 4 Bb, calld Hoofs ; then the Soli- 
dity of thoſe Hoofs is uſually found by 
dividig the middle Term Da of the 

Fquation D D + D4 + 4d into Two 
Farts, and adding one of thoſe Parts to the / 
Square of each Baſe. | A 
Thus, DD +4 Dd :x; H -= the Great Hoof A Bb. 

And dd + Dd: ; H = the Leſſer Hoof A ab of the 
Fruſtum of any ſquare Pyranud. 

Then 3,8197) DD +; Dd : XH (the Greater Hoof of a Cone. 

And 3, 819% 4d + 1 Da: x HI (the Loſſer Hoof, &c. 

Theſe are the Theoreins made uſe of by Mr. Dare, in his Book 
of Cage, and are pretty near the Truth, but not exaQly ſo; for 
they give ine Soſidity of the upper Hoof 4 2 ha ſmall matter too 
big, ad the jower Hoof A B þ as much too little. 

Now, in order to rectifie that ſmall Error, I thall here propoſe 


the two — Theorems, which come very near the Truth, 
and are more eaſily perform d than thoſe propos'd in the firſt In- 


Firſt, 


27 plyd to Superficies 22 Solids, 421 


Für, DD DAT DA, H vill be the Solidity of 
the Greater Hoof A Bb. 1 | 

Secondly, 44 E Dd +4—D: „H will give the £o/i- 
dity of the L. Hoof A a b, of the Fruſtum of any ſquare Py- 


ramid. 


And for the like Haofs of the Fruſtum of any Right Cone, it 
will be | 


Thus, 3,8 197% DD +: Dd D-: x 3 H (the greater Hoof. 
And 3, 8197) d d +; Dad +4—D: x ; H(=the leſſer Hoof. 


Note, In order to avoid many Words in th? following Demon- 
firations, Ie: Y ſigviſiꝰ any Circle in general; and if any two Let- 
ters be joyv'd to it, thus, © B A, &c. it then denotes th? Area 
of ſuch 2 Circle as thoſe two Letters repreſent 1h2 Radius of. 


THEOREM XVII 


The gu per ficies of erery Sphere (or Globe) is equal to four times 
the Area of its Greateſt Circle. 


That is, of a Circle whoſe Diameter is the Axis of the Sphere. 


- Demonſtration. 


IF any Semicirclè (as TAS) be turn'd or mov'd about its 
Diameter (TS) it u ill deſcribe a ſolid Body call'd a Sphere, which 
will be conſtituted of an infinite Series 
of concentrick or parallel Circles, 
whoſe Diameters are Chords, viz. © 
ab, « ed, © ef, &c. by Definition 14. 

Conſequently, the Super ficies of the 
Sphere will be compos'd of the Perz- 
pheries of thoſe Circles which conſti- 
ture its Solidity. By Definition 20. 

Let D—TS, the Axis of any 
Sphere. Then, according fo the Pro- 
perty of a Circle, ir | 

will bei DTI XT S ab 

That is, |21DXT2»— NT = 425 

Therefore 3 


5D XTF Sy 7, &c. 
Hence 


— 
— — — — ——— — By - _ _ — — — * 
— of k — — — - — - 
——— — K — — — Py = 
——— _ * LO — —— — — 2 — - - 
2 — — ——— —— — - —— 


DXILY 41. For ADY NT NAT 


— — — 
— * 
— 
— 


— — 
— 
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Hence tis evident, that the Series M47, De, Oy. © 
are in the ſame Ratio with T5, Ta, Tf, &c. viz. in Arith- | 
pretick Progreſſion : Whence it follows, that the +»; a T the Viz. 
Sum of all the Circle's Per;pheries between J and b, 

And © e T=the Sum of all the Circle's Peripheries between T 
Tand 4, &c. the + 
Conſequently, that the © A F= the Sum of all the Circles 
Peripheries included between T and C; that is, » A T = the 
Superficies of the Semi- fphere. 

And becauſe AC UTC = UA ͤ and AC = Tc. 
Therefore » AT'=2 · AC is the Superficirs of the Hemi-ſphere. 
Conſequently, 4 © A C will be the Superſicies of the whole 
Sphere, Q. E. D. | 


Example. Suppoſe the Axis TS = DP = 16. Then DD == 256, 
Ard 1: 0,7854. : : 256: 201,0624 = © 4 C. For }, D — 4. 
Then 201,9624 x 4 = 8242496, the Swperficies of the whole 
Sphere. l 
| 12 becauſe 3, 1416 is four times o, 7854, therefore it will al- In 
ways be 1: 3.1416 :: DD: 3,1416 D the Super ficies of the ch 
2 (as before); and it is equal to the Curve Super ficies of the of 
Nie Cylinger, whoſe Diameter and Height are each = D the wy 
Axis of the Sphere. . 

For 3, 14160 == the Feri phery of the Cylinder's Baſe, and that 


multiply d with D its Height, will be 3, 1416 0 D the Curve Su- 0 
perficies of the Cylinder, by Theorem 12. C 
And if to this chere be added the Area of its two Baſes, (ot Y 


Ends) viz. 1,5708 DD, then 'tis evident, that the whole Super. 
* F:2es of the Cylinder will be to that of the Sphere in the Propor- t 
tion of 3 to 2. | | 


E Scholium. 


From the Method here uſed in proving the laſt Theorem *twill 
pe eaſie ro find the curve Superficies of any Se gment or Part of a 
Sphere that is cut off by a Right- line or Plain, viz. ſuch as the 
Segment a Tm in the laſt Scheme, whoſe curve Superficies is 
© aT(as above ). Therefore (becauſe [Ja þ TY = QaT) 
it will be „ a> + + Th = the curve Superficies of that Seg- 
ont. | 
But if the Axis TS, and Height Ts, of the Segment are given, 
then will it be TS „ TÞ UA T; as in the Third Step above. 
V: hich gives this Proportion or Theorem; 


Vi 


e Superficies and Solids. 42x 
* „ Sphere : Is to the whole Superficies of | 
Viz 


the Sphere :: So is the Height of any Segment: To its 
Curd Superfictes, . 
To which if there be added the Area of the Segment's Baſe; 
the Sum will be the Superficres of the whole Segment. 


THEOREM XVII. | 
Every Sphere is equal to two Thirds of its circumſcribing CylindeF: 


That is, of a Cylinder whoſe Height and Diameter of its Bae 
are each equal to the Axis of the Sphere. e 


Demonſtration. 
According to the Work in the laſt Theorem it appears, that 
@ab, e ed, @ yF, &c. do conſtitute the 
Solidity of the Sphere; and that U à T, 
Je T. On yr, &c. are a Series of Terms 
in Arithm?tick Progreſſion, QA being 
the greateſt Term, and TC the Number 
of Terms: Therefore G ATK TC 
—the Sum of all the Series, per Lem- 
ma 2. 
And becauſe 4 T UT D 4, . 
r- UTA Ne, YT TF + 
nyd GAT Fe = Q-4C, &. : 
wherein Tü, Td, Q Tf, &. are Series of Squares whoſe 
Roots T, Ta, Ty, are in A:itimetick Progreſſion, J T C being 
the greateſt Term, and TC the Number of Terms ; Therefore 
© TC x }TC = the Sum of all chat Series, per Lemma 3. 
Conſequently, © AT }TC:— » TC x Trg the Sun 
of the Series / ab, th ed, w ½ Kc. which conſtitute the Solid:ry 
of the half-Sphere 4 TG. Put D = 2 T C the Axis of the Sphere; 
Then + D = TC, and D =} TC. And becauſe [75 4 T== 2 TC; 
therefore AT 24 TC 1,5708 0D. Aud 1,5708 DD x i, 
o, 39270 DD. 3 
Again, TC « TC = 0,7854DD x» 4 DS DDD. 
Then 9,3927DDD — 041399DDD = 0,2618DDD the Salidity of 
the WE TOY ATG. | | 
Conſequently, 0,2618DDD » 2 = 0,3236DDD will be the ſolid 
Content of the whole Sphere, which is equal to two Thirds ef 
the Cylinder whoſe Diameter of its Baſe and Height — D. 
For 9,7854DDD - the Solidity of the Cylinder, by Torem 11, 
bat 2 of 0,7854DDD = 0,5235DDD:;; as before. 
Therefore, Sc. as by Thor. 


E - 


-- 
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Example. Suppoſe the Axis D = 16, then DDD = 4096, and 
1:0, 5236: 2 4996 : £144,6656 the ſolid Content of that Sphere, 


Corollaries: 


1. Hence it appears, that the Solid Content of every Sphere is 
equal to its Superficies mulciply'd into one ſixth Fart of its Axis, 
For its Soperhcies is 3,1416 DD, by Theorem 17. 
But 3,1416 x 4 D =0,5236 DDD the ſolid Content, as before, 


2. And hence 'tis alſo evident, that there is the like Ratio ot 
Habitude between the cube and its i»ſerib'd Sphere, as is betwix 
the Square and its 7nſcrib'd Circle; and that is, As the Superfs 
cies of any Cube: Ii to the Superficies of its Inſcrib'd Sphere: : 
So is the Solid Content of that Cube: To the Solid Content of 
the Sphere, [See the Circle's Proportion, page 407.] 

For if D = the Side of the Cube, then 6 D D = its Superficies, 
and DDD = its Solidity ; and 3, 1416 DD = the Sphere's Super- 


ficies. But 6DD: 3,1416 DD:: DDD: 0,5236 DDD the Solidity 
of the Sphere ; as above, | 


5 ge holium 


From the Proof of this Theorem twill be eaſie to deduce ot 
raiſe Theorems for finding the Solid Content of any Fruſtum or 
Segment of a Sphere; as a Tm in the laſt Figure. | 

or we there ſuppoſe the Segment a Tm to be conſtituted of an 
infinite Series of Circles, which have the ſame Ratio with all thoſe 
Circles that conſtitute the Semi-ſphere. _ 

Therefore it follows, that C a tx $TÞ:—©&T x I vil 
be the Sum of all the Circles intercepted between Tand 5. Cone 
ſequently *ewill be the Solidity of that Segment. | 

And becauſe Gab + NAT DO aT: Therefore 

CaSO Th ITI: — e Thy 4 b the ſame Solidity. 


Let c = ab half the Segmert's Baſe; þ T its Height; and 
S= the Solidity of the Segment or Fruſium : | 
Then @ a $ =3,1416c, and. TB - 3,1416bh. 


Conſequently, 35141605 - 31416555 * YO 
which being reduced, will become 3045 + hbh Xx 0, 5236 = 8. 


Or 1, 909855) 2«þ = Hh (= S. For o, 5236) 1,9000 (1, 09855 
which is one Theorem for tinding the Fruſtum s Solidity. 


Note, 


S S028 


2e. dees 


, 


avply'd to Suynerficies and So is. 425 
Note, Here we ſuppoſe the Height of the Segmeiit, and the 

Diameter of irs Baſe to be given ; but if the Axis of the Sphere, 

and the Height of the Segment be given, then putting D = the 

Sphere's Axis, þ = the Segments Height, and & as before, twill 

de D- HMH =cc, viz. Dh HE >. 

Therefore 3 D hh -—- 2 bhh:=3cch + hhh. _. ts 

Conſeq. 32D þþ = 2b hh X , 5236 & the Fruſtum's Solidity. 

Or 1,99985) 2 Db þ 25% % (S. As before, 

Which is a ſecond Theorem tor finding the ſame Fruſtum a Tin. 


And if it be requir'd to find the middle Part a N, uſually 
call'd the middle Zone of a Sphere, then "7 
becauſe tis ſuppoſed that am NAM, or 
which is all one, that Y — CB, there- 
fore it is plain, that if twice the Segment 
a Tm be taken from the Solidity ot the 
whole Sphere, there will remain the mid- 
dle Zone a m MK © 
But becauſe that Work is a little trou- 
bleſome, I ſhall here ſtiew how to raile a 
Theorem for the doing it. | BY. 
| Firſt, Becauſe AC —yC=eC=aCc=TC, Therefore it 
will be Ac - Q CFA. UAC - CAS Ne. 
een, . | „ 
Here becauſe AC. AC. 4 C, &c. are a Series of E. 
guals, and C B the Number of all the Terms, therefore (75 ACXCh 
= the Sum of all that Series, by Lemma 1. | 2 
And CF. CA. C B. &c. being a Series of Squares whoſe 
Roots are in Arithmetick Progreſſion, beginning at the Centre or 
Point C, viz. o, C f, Cd, C B, &c. wherein the f. Term is 
OCz, and Number of Terms is C 5. Ergo HAHA C the 
Sum of all the Series, by Lemma 3. | „ 
Conſequently, the & ACN h: - (ce the Sum 
of al the Serie” e 77e . . 4, Kc. which do config 
the Solidity of the þalf-Zone a m A G. | 5 
And becauſe NA — cab. Ego C Sar c. 
OS ea: e „ ALE. og 
Conſ. OAC c: — =2@A4C-Eab: x ;Cþ 


*- 4. - 


$4 + 
will be the Solidity of the Half Zoze. 


Put DACH AC aun. and H= H 2. 
Then O AC = 854 DD. G = 0,7854 x x. Ang if 
we turn the common Fagtor 0,78 1 into tue Divſſor 1 2732 

4 > as 
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and then take triple of that Diviſor, viz. 3,8197 (as before in F 
the Fruſtums of Pyramids) the Reſult of the precedent Work and 


will produce this following I heorem. ? 
: Sp 

„ IM xx the middle Zone 7 

o G „ ms er » H — 80 

THE OR. XIX. 4 5 ras 4 ani Wo 


THEOREM XX. 


Spheres are in Proportion one to another as the Cubes of thei Fo 
Diame fers. (18. e. 12.) 


Demonſttration. 
S:ppoſe D — the Diameter or Axis of any Sphere, and d S the 
Di meter of another Sphere, either greater or I. r. 
Then is o, 5236 DDD the Solidity of one Sphere, and 
o, 5 2z6,jjP the Solidity of the other Sphere, by Theorem 18; 
but DDD: ddd: : O, 5230 DDD: 0,5236ddd. Q. E. D. 


THEOREM XXI. 


The ſolid Content of every Spheroid 7s ng to two Thirds of it; 
| eircumſcriting Cylinder. 


Demonttration. c 


Suppoſe the Figure NTA S N, in the annex d Scheme, to re- 0 
preſent a SpHeroid, form'd by the Rotation of the Semi E ipſis 
TN, ab ut its Tranſverſe Axis TS, (as by Definition 15.) 1 

Let D = Ts, the Length of the Spheroid, and the Axis of its | 
circumſeribirg Sphere : aud d = N 1, the Diameter of the greateſt 
Circle of the pheroid. | 
Then becauſe T: N:: UAH: ab, by Step 3 in Theor. 7, | 
Therefore it will be DPD: d:: U Abb: ab:: GA: ay at, &c. 

But the Sum of an [»forite Series of T 
joch Circles as @ 4 , (whoſe Diameters 
ar? Chords) do conſtitute the Solidity of 
the Sphere, (as before at Theorem 18) 
aud the Sum of an infinite Series of ſuch 
Circles as © a+ (viz whoſe Diameters 
are rdinates of the Fllipfis) do conſti- 

tre the Solidity of the Sphroid, by De- 
tinition 15. | 
Ego DP: da:: 5,5256DDD:0,5 22644D 
=s che Solidity of the S Hod, by Lemma 6. 


applyd to Superfictes ard Solids. 427 


But 0,5236ddD = } of the Cylinder whoſe Diameter is d, 
and Height = D, by Theorem 11, | Q. E. D. 


Now from this Proportion between the here and its iuſcril d 
Spheroid, twill. be very eaſie to deduce Theorem for finding the 
Solid Content either of the Segment or Middle 8 of any Sphe- . 
roid, having the fame Height with that of the Sphere, | 


the whole Spheroid : : So is any Part of the Sphere: To 


As the Solidity of the whole Sphere: Is to the Solidity of 
For 
1 2 like Part of the Spheroid, by Converſe to Lemma 6. 


As for inſtance; Suppoſe it were requir'd to find the Middle 
Zone of any Spheroid : h | 

Let D=TS, and 4 = Na, as above; and HSB. AH, 
as in Theorem 19, and let c = a m. I £27 


DDA x X H = the Middle Zone of the Sphere. Aud 


Then — 
Wa” DD | daXH d x H 
2 XX „r. 244% x * 
0,5 236D DD: o, q 236d 58197 XH 38197 17 
= the Middle Zone of the Spheroid, | 3 
4 A4 


Again, DDP: dd :: xĩů xö cc. Therefore S = 
xxd d H | | - 
Conſequently, D * 578197 THT XH. Which being 
Mee IN: 
taken inſtead of 77157555 780 will ariſe this PO | 
| 2 19 _ the nid Zone 
THEOREM XI. J E= Ahe pet, 


being the very ſame with Theorem 19. 


Note, In the fame. manner you may raiſe Theorems for findi g 
the Segment of a Spheroid, cut off either of its Ends, &c. 


THEOREM XXIll. 


The Area of every Parabola is Equal to Two Thirds of its 
Circumſeribing Parallelogram. | 


Demonſtration. 


Let the Figure $44 B repreſent half a Parabola ; make DB 
parallel to the Axis $ A, and 8d parallel to the Semi-Ordi- 
nate A B, And ſuppoſe S d to be divided into an 72fi-te 

3 l lii 2 Series 
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Series of Equidjſtant Points, as F, g, h, &c. and from thoſe Point, 

imagine a Series of parallel Lines, viz. fm, gn, h p. &c. to 

touch the Curve of the Parabola, and meet the Semi-ordinate, 

ma,ne, y p, &. | 

Then, according to the Property of the Parabdla, it will 

5 1184: AB:: Sa: I an | 
e 


2 71 AB:: Se: Gen 
4 31684: 048:: 59: 0 &c. 
2 5 
But Sa = fm. Se 7 0 Sy 23 SA ＋α B 
9 Therefore alternately it will be 
3, 4 AB3:4B:: Oypibp 
25 5 8 43. 4 3 0 272 5 
1, 6\1OQAB:dB::nO am:fm, &c. 8 x 


In theſe Proportions Jan, Ue s, U &c. are Aa Series - 
of Squares woke Roots Sf, Sg, S b, "of 8 in Arithmetick 1 
Progreſſion, beginning at the Point S. And becauſe rhe Lines K 
4 P, g , fm, &c. have the ſame Ratio, therefore they are as | 


ſoch a Series of Squares, wherein d B is the Greateft Term, and 
Sd the Number of Terms. 5 : 
IBIS 


Conſequently — = the Sum of all thoſe Lines, by Lemma 3, 


8 
F 


But SAA BAN . Therefore 1X 4B — the zn 


of all that Series of Lines; but all thoſe Lines do conſtitute the 
Area of the $-11i Parabola's Complement, viz. the Area of what 
Half the Parabola wants of compleating or filling up the Paralle- 
logram Sd 4 B. 5 

rk SAN 


| Wherefore SAXAB: — 184 AB — = 2 will be the 


Area of half the Parabola 8 4 B. 


Conſequently, 8 ANB will be the Area of the whole 
Parabola z 8 B. Q. E. D. . 


Example. Suppoſe the Baſe, or greateft Ordinate, of a Part 
Zola to be h B 24, and its intercepted Diameter (or Axis) be 
$4 32; Then 28A X BE 66 X 24 = 1584 . and 3) 1584 


( 328 the Area of that Parabola. 


THEOREM XXIV. 


Every Parabolick Conoid is equal to one Half of its C ircumſcri. 
e Ving Cylinder, © 


Demon⸗ 


— ———— ͤ Böůĩꝝͤ ͤ—ÿP— 
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Demonftration. 


If any Semi-Parabola (as B S A) be tutn'd or mov'd about its 
Axis, (S 4) 'twill form a Solid Parabolick Conoid, conſtituted of 
an i» finite Series of Circles, viz. & ba, © fe, D 9, Kc. by 
Defin. 17. | bs | 

acl according to the Property of every Parabola, it will be, 


S4:AB:t: 486: =I. the Latus Rectum. 


SAN L=O5Sa 

ren, XL UI. 
 CSyXL= 0 Ke. 
Here SaXL, Se N ; al Sy3XL, &c. are 
2 Series of Terms in Arithmetick Progr ſſion; 
Therefore q , Mfe, Og y, &c. are 
alſo a Series of Terms in the 1ame Progreſ- 
fon. beginning at the Point S, wherein UAB 5A 
is the greateſt Term, and $ A the Number ot | 
all the Terms. Therefore 1. AB X 15 A= the Sum of all the 

Series, by Lemma 2. 


Conſequently, © ANS A= the Sum of all the Series of 


- ba, Fe, ©8 , &c. which do conſtitute the Solidity of the 
Conoid. | 
And putting D =2 AB, and H= 8 4, 

Then o,7854 DD X 3: H= o, 927 DD H will be the Solid 
Content of the Conoid; which is juſt half the Cylinder whoſe 
Baſe = D and Height = H. [See Theorem 11.]J Q. E. D. 

This being underſtood, twill be eaſy to raiſe a Theorem for 


finding the lower Fruſtum of any Parabolick Conoid. 
For, ſuppoſing h = a A the Height of the Fruſtum, and p = S 


the Height of the Part 5 8 cut off; Then þ + p = 8 4, the 


Height of the whole Conozd. 


Conſequently, N e Solidity of the whole 
Conoid. d 


And . * 2 = the Solidity of the Part cut off. * 
| ia +@ 4BX p— ba = Sf 


2 
the Solidity of the Fuſtum. 
20 +P:QO AB::P: Ua 
35 +p:© AB::P:- ba 
4@oABXP=&taXh+gbaxp 


25 


But 
Conſeq. 
3 


- 
—— — — — , 
IPs — 
> — 


* 
0 4 Y 
- COIs 2 — —-—»——ů— —Se . — a 
5 D 
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4— GR E ü— NP Be 4 
1 X 2 6I@ ABY b:+ AB XP: 2 
6 — 571 AB Xh=2F:—ObaXb 

7 ＋ @#F2Xh 8]o AB HH: e la N BS 2F 


» i 
8 = 2 — 1 2 * h = F the Truſtum's Solidity, 11 


1 D=— AB, as before; and 4 2 2 5a, the Diameter of the 
Part cut off; Then we thall have this following | | 


0,3927 DD+0,3927dd : X h = the 
"I. XV. 45 : Solidity of the Fruſtum requir'd, 
Or ID 


9,546 "3a = the Fruſtum; for 3927) 1,0000 (25,5464 


And becauſe 255464 = — 60 = 3581963 Therefore it may 
be made 3,8196) DD + dd: 15 (S the ſame Fruſtum, &c. 


Note, he Se why T have reduced this Theorem to have 
the ſame Diviſor with thoſe at the Fruſtums wa Pyra- l 
mids, &c. will beft appear farther on, viz. when they \ 
all come to be apply'd to Prattjce ix Gauging, 


THEOREM XXVI. 


Every Parabolick Spindle (ar Pyramidoid) is Equal to Fight 
Fi,. Fecaths of its Pn) Cylinder. 


Demonſtration. 


If any Acute Parabola, as 58 B, be turn'd or mov'd about its 
greateſt Ordinate 4 4 =, it will Ferm a Solid call d a Parabolirk 
Spindle, conſtituted of an infinite ſeries of & m a, ne, 5p. 
&c. by Deſinition 18. 

Let us ſuppoſe the Line 8 4 parallel to 4 B, & c. (as at T heo- 
rem 22) then it hath already been prov'd, that the Lines f m, 
gn, h p, &c. area Series of Squares whoſe Roots are in Avith- 
metick Progreſſzon : Conſequently their Squares, viz. U f 
Og: Uf, &c. will be a Series 

. 


of Eiquadrats, whoſe. Roots will be 
in Arithmetick Progreſſion : Mhich 
being premis'd, we may proceed thus, 


P 
f 84 —-Fn = u 
a SA —gn=ne 'F& 
SA — 5 2 20% &e, 


— —mnnmntemmammmhmnd bh 

he Superficies and Solids, 431 
2140 SA 284 A Uu Un 5 
& 258084 284 „82 Tg U 
@& 26610 8A 28A „ bp +Obp=0Pp)y, &. 

1. In theſe Zquations the S 4, U 5 4, NS 4 being a Series 

of Equals, and A R the Number of all the Terms; therefore it 
will be S A « AB = the dum of the Series, by Lemma 1, 


2. Becauſe F m, g 1, h p, &. are as a Series of Squares where- 
in SA is the greateſt Term. and AB the Number of all the Terms; 


92 1 we 


Therefore 222 SEM — — will be the Sum of 


all that Series, by Lemma 3. 


3. And the Fm. Og. Up, %c. will be a Series of 
Terms in the Ratio of Biquadrates, as above, d 8 0 8A 
being the greateſt Term, and A B the Number of all the Terms ; 


therefore it will be ES — the Sum of all the Series, by 
Lemma 5. 
Whence it follows, that SA x AB 


3 
== the Sum of all the Series of U m a, U e, O Þ y, &c. 
That is, 8 . = 


De. Op. UAB Ls 

| Conſequently, Ges . 2 
Oma. ze. Spy &c. which do conſtitute the Solidity of half 
the Spindle, viz. of S A B. 

Therefore putting D 28 4, and H=2 4B, (viz, b A B) 
it will be 0,41888DDH == the Solidity of the whole Parabolict 
Spindle h S B, being 3 of E. 5. the Solidity of its Cir- 
cumſcribing C Minder. ; E. D. | 


20154 v 4b SA AB 


— — 


= the Sum of all the Series of UM a. 


From hence we may alſo raiſe a Theorem for finding the Fu- 
ftum S 4 p y of the laſt Figure. 


For © $A being the greateſt Term, © P y the leaſt Term, and 
4 the Number of all the Terms or Circles included between 4 


and y, 

3 2SAxbp , Ohbp 
Therefore | 1 5 OSA — - N Ay =z the Sum 
of all the Series USA, O ma, Ogn, 0 fy. 


1X3] 2]3 084-28 4 1 «Ay = 32 


2 4J 


= the Sum of all the Series of 


10 
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2 
. 
4 % 
- 
a 
: 
4 . * 
= 
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* 


Fruſtum S Ap y. 


1 2 ud "In 


——. Mt. Ml er es. th 


—— — Pu — 
41 Ie Arithmetick / Jnfinites Fart y 


2 = Ay 3 3OS4— 284 xbp+ EP. : 
But| 4 ORE SET us P- By 6th Step, 
3 — 4| 2884 e 


5 + &c, 1 97952 06 p=H 


Canſeq. | 7[2 ©SA + ©py=} @bp:X! 4) A, the 
Sew of a the Series of ® 4: "pi 97 „ Phich 
do conſtitute the Soliaity of the Fruſtum S A p y. Therefr 
putting D 284 (as before) C = 2p y, x= 2 hf, and H= 
it will be 1,53708DD+0,7854. CC —0,31416xx:X { H = the 
y. And if we make L 2, 

Then 1,5708 DD + 0,7854 CC — 0,31416xx : „ L the 
Double of that Fru/um, being the middle Zore. And by turns 
ing theſe Factors into one common Divifor, as in the Fruftum of 
the Conoid at Theorem 25, Page 430, there will ariſe this folloy. 
ing Theorem. 


THEOREM XXVII. 


5 3,8196) 2DD þCC— o4xx: L (= 
the middle Zone of x Parabolick Spindle, 


It may be here expected that I ſhould now proceed to ſhew how 
the Area of any Hyperbola, and the Contents of ſuch Solids as 


may be form d by the Rotation of that Figure about its Axis, &c. 


may be found; but becauſe thofe Things cannot be exactly per- 
form'd by any certain or ſettled Theorems, as theſe of the Circle, 
Elipſis, and Parabola have been, I have therefore omitted them, 
and refer the Reader to Dr. Walliss Algebra, Chap. go, &c. or to 
the Ph;loſoph. Tranſatt. Numb. 34, wherein he may find the 
Method of forming Infinite Series relating to the ſquaring of an 
Hyperbola, &c. which are too tedious to be fully explain d and 
demonſtrated in this ſmall Jad, it being only intended as an I. 
troauction, the which I ſhall here — 


FIN ISC. 


9 433 


— 


JaPPENDIX 
Practical Gauging, 


HE Art of Gauging is that Branch of the Mathematicks 
call'd Stereometry, or the Meaſuring of Solids, becauſe the 
Capacities or Contents of all Sorts of Ye/els uſed for Li- 
quors, &c. are computed as tho they were really ſoli4 Bodies; 
which any one that hath made himſelf Maſter of the *foregoing 
Parts of this Treatiſe may eafily underſtand, without any farther 
Directions. | | 
However, becauſe 'tis not to be ſuppos'd that every one who 


. to under: ake the Office or Imployment of a Gauger, hath 
made ſo great a Progreſs in Mathematical Learning, 1 have there- 


fore preſented the young Gauger with this Appendiæ, wherein I 


have only inſerted ſuch Rules as are uſeful in Gauging, and have 
been already demonſtrated in this Treatiſe. But herein, I pre- 
ſuppeſe that he hath acquir'd (or if not, tis very neceſſary he 
ſhould acquire) a competent Knowledge both in Arithmetick and 
Geometry : That is, 3 | 

I. In Arithmetick he ſhould underſtand the principal Rules very 
well, eſpecially Multiplication and Diviſion, both in whole Num- 
bers and Decimal parts, (which may be eaſily learnt out of the 
24, 34, and 5th Chapters of Part 1.) that ſo he may be ready at 
computing the Contents of any Veſſel, and caſting up his Gauges 
by the Pen only, viz. without the Help of thoſe Lines of Num- 
bers upon Sliding Rules, ſo much applauded, and but too much 
practis'd, which at beſt do but help to G e at the Truth: I mean 


ſuch Pocket. Rules as are but nine Inches (or a Foot) long, whole + 


Radius of the Double Line of Numbers is nor fix Inches; and 
therefore the Graduations or Diviſions of thoſe Lines are ſo very 
cloſe, that they cannot be well diſtinguiſh'd. Tis true, when the 
Rules are made Two or Three Foot long, (Thad one of [ix Foct) 
then they may be of ſome Uſe, eſpecially in ſmall Numbers; al- 
tho' even then the Operations may be much better (and almoſt as 
ſoon) done by the Pen: For Indeed, the chief Uſe of Sliding - 


Rules is only in taking of Dimenſions, and for that purpoſe they 


are very convenient. 


K k K II. In 
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IL. In Geometry the Gauger ſhould underitand not only how to 
take Dimenſions, (which is beſt learnt hy Practice) but alſo how 
todivide anyirregu ar Figure or Superficies, as Brewers Backs or 
Coolers, &c. into the eafieſt and feweſt regular Figures they will 
admit of, that fo their Area's may be truly computed with the 
lea Trouble. And this may be learn'd (vr a little Care and 
diligence) out of the xt, 2d, and 5th Chapters of Part III, which 
the Gauger ſhould be well acquainted with. Alſo he ought to have 
ſo much Skill in Solids, as to be able, even at fight, (but this muſt 
e acquir'd by Experience) to determine what Sort of Figure any 
Veſſel is of, (vg. any Tun, or cloſe Cask) or what Figures it may 
be beſt reduced to, ſo that its Dimenſions may be truly taken, 


n.. 


and the Content thereof computed with the leaſt Error. I ſay, 


avith the leaſt Error, becauſe 'tis very difficult, if not impoſſible, 
to doit exactly; for there is not any Tun, or Caſk, c. ſo regularly 
made, as by the Rules of Art tis requir'd to be. 

III. Befides the aforemention'd, the young Gauger muſt know, 
that all Dimen/7ons uſeful in Gauging are to be taken in Jaches, 
and Decimal parts of an Inch; and if they are taken in any other 
-Mealures, as Feet, Yards, &#c. thoſe Meaſures muſt be reduced to 
Inches, (ſes Sect. 4. pag. 42.) becauſe the Contents of all Sorts of 
Veſſels (taken notice of in Gauging) are computed by the Stan- 
dard Gallon of its Kind, whoſe Content is known to be a certain 
Number of Cubick Inches: That is, the Beer or Ale Gallon con- 
tains 282, the Vine 231, and the Corn Gallon 268,8 Cubick In- 
ches. [ See the five Tables, &c. in Pages 34, 35, 36, which There 
Suppoſe the Gauger to have learnt perſectiy, by heart.] Conſe- 
23 if either the Superficial or Solid Content of any Veſſel, as 

ack, Tun, Cask, &c. be once computed in Cubick Inches, twill 
be eaſie to know how many Gallons, either of Ale, Mine, or 
Corn, that Veſſel will hold. 

Note, | have here ſaid, the Superficial Content in Cubick Inches, 
which may ſeem to be very improper, according tothe Definition 
given of a Syperſicies in 3 279; but you muſt know, that in 
the Buſineſs of Gauging, all Syuperficies or Area's are always un- 
derſtood to be one Inch deep, otherwiſe it could not be ſaid (as 
in the Garger's Language it is) that the Area of ſuch a Back, or 
of ſuch a Circle, c. is ſo many Gallons. 

Theſe Thingsbeing very well underſtood, the young Gauger will 
be fitly prepar'd to underitand the following Problems, which are 
ſuch as have (moſt of them) been alread y propos'd in the *foregoing 
parts of this Treatiſe, and only are here apply d to Practice; and 


therefore I ſhall, for Brevity's ſake, often refer to thoſe Theorem: 
and Problems, Sect, 
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ect. i. Tofind the Area of any right-lined Superficies in Gallons. 


PROBLEM I. 


To find the Area of any ſquare Tun, Back, or Cooler, c. either 
in Ale, Wine, or Corn Gallons. 5 


Multiply the given Length or Breadth (being here equal) 
Rule. 5 


into itſelf, and the Product will be the Area in Tiches ; 
then divide that Area by 282, or 231, or 268,8 and 
the Quotient will be the Area requir'd. 


Example. Suppoſe the Side of a ſquare Tun, Back, or Cooler 
be 124,5 Inches, what will its Area be in Gallons? 


Firſt 124,5 X 124, 5 15500, 25 the Area in Inches. 

Then 282) 15500,25 ( 54,96, Sc. the Area in Ale Gallons. 
And 231) 15500,25 ( 76,10, Sc. the Area in Viue Gallons. 
Or 268,8) 15500,25 ( 57,66, c. the Area in Corn Gallons, 


Bur if any one would rather work by Multiplication than by Di- 
viſion, he may turn or change any Diviſor into a Multiplicator, if 
he divide Unity, or 1, by that Diviſor. (Vide Probl. 3, pag. 402.) 
Thus 282) 1,000000 (0,003 546 the Multiplicator for Ale Gallons. 
And 231) 1,000000 (0,004329 the Multiplicator for V. Gallons. 
Or 268, 8) 1,000000 (0,003722 the Multiplicator for C. Gallons. 


Conſequently 15506,25 X 0,003546 = 54,96, Sc. the Area in 
Ale Gallons ; as before. And fo on for the reſt, 


PROBLEM II. 


To find the Area of any Tun, Back, or Cooler in the form of 
aà Right-angled Parallelogram, in Ale Gallons, &c. 


See the Rule for finding its Mea in Inches, at Probl. 1, Pp. 339, 


then either 4:vide (or multiply) that Arca, as above, and you will 
have the Area in Gallons. 


Example. 5 nh the Length of a Brewer's Tun, Back, or 


Cooler be 217,5 Inqhes, and its Hreadth 85,6 Inches, what will 
its Area be in Alevor Beer Gallons, Cc? 


Firſt 217;5 x 85,6—=18648. Then 282) 18648 (66, 12, Cc. 
Or 18648 x 0,003546 66, 12, Oc. the Area requir'd, c. 
| K k k 2 PRO- 


D — — ——U— — — — rw re — — 
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5 PROBLEM II. 


To find the Area of any T1 riangular Tun, Back, or Cooler, 
| in Ale Gallons, &c. = 


| See the Rule for finding its Area in Inches at Prob. 3, p. 340. 


then divide (or multiply) that Area as before, and you will have 
the Area requir'd. 


_— 


OO ——_ﬀY 


# 


Example. If the Length of the Baſe of a Triangular Cooler 


be 86,4 Inches, and its perpendicular Breadth be 57 Inches, what 
will its Area be in Ale Gallons ? SEEN 


Firſt, 86,4 x © — 2462,4. Then 282) 2462,4 (8,73, Oc. 
Or 2462,4 x 0,003546==8,73,85c. the Area in Ale Gallons. 
Proceeding thus, you may eaſily find the Area of any Tun, Back, 
or Cooler, whether it be in the Form of a Rhombus, Rhomboiges, 
Zrafesium, or of any other Polygon, either regular or irregular, 
in Ale or Beer Gallons, Sc. if you firſt divide it into Triangles, 
and then find the Area's of thoſe Triangles; (as in the 24, ath, 
5th, and 6th Problems in Chap. 5, Part III.) the Sum of thoſe 
Area's being divided (or multiply'd) by its proper Diviſor (or Mul- 
tiplicator) as above, will give the Area requir'd. : 
Now, the Practical Way of dividing any Polygonous Tun, 


Back, Sc. into Tyiangles, is by help of a chalk'd Line, ſuch as the 


Carpenters uſe, and mayybe thus perform'd. 
_- Suppoſe any Brewer's Fun, Back, or Cooler, in the Form of the 
annex d Figure ABCD FG. Let one End of the Chalk'd Line 
be faſten'd with a Nail (or otherwiſe) in any Corner or Angle 
of the Back, as at 4; then ſtraining 
it to the Angle at C, ſtrike the Dia- 
gonal Line AC upon the Bottom of 
the Back; and ſtraining it again to 
the Angle D, ſtrike another Diagonal 
Line, as AD, and ſo on for the Dia- 
gonal Line G D, &c. Then havin 
mark'd out all the Diagonals, the Ferre lente may be thus 
found: Faſten (as beforè one End of the chalk'd Line in the 
Angle B, and then by moving it to and fro upon the ſtretch, 


find out the neareſt 'Diltance between the Angle at B and the 


Diagonal Line AC; there ſtrike a Line, and it will mark out 
the Perpendicular from 2 to the Line AC; and ſo on for the 
other Perpendiculars: Which being all mark'd out upon the Bot- 


tom of the Back, mraſurc them and each Diagonal by a Line of 


Inches, 


6 
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Inc hes, &c. and then the Area of that Back may be computed ; as 
directed above. 

And here, by the Way, it may be obſerv'd, that the Number of 
Triangles will 3 be leſs by Two, and the Number of the 
Diagenals leſs by Three, than the Number of the Sides of any 
Right-lin'd Figure that is ſo divided. | 

Having found (as above) the true Area of any Brewer's Back or 
Cooler, (which, according to the Laws of Exciſe, ought always 
to be fix*'d or immovable) the next thing will be to find out the 
true Dipping or Gauging Place in that Back, that fo the true 
Quantity of Worts may be computed (or cait up) at any Depth; 
which may be thus done. | | 


— 


1. When the Borrom of the Back is cover'd all over (of any 
Depth) either with Worts or Liquor, (viz. Vater) then dip it 
in Eight or Ten ſeveral places (more or leſs according to the 
Largeneſs of the Back) as reraote and equally diſtant one from 
another as you well can, noting down the Vet Inches and Deci- 
mal Parts of every Dip. V f 


2. Divide the Sum of all thoſe Dips or Met Inches by the N um- 
ber of Places you dipp'd in, and the Quotient will be the Mean 
Met of all thoſe Dips. 55 


3. Laſtly, find out ſuch a Place by the Side of the Back (;f you 
can) that juſt wets the ſame with that yearn Dip, and make a 
| Notch or Mark there, for the true and cehſtant Dipping- plucè of 
that Back. Then if any Quantity of Worts (which do cover the 
vhole Back) be dipp'd or gauged at that place, and the wet Inches 
ſo taken be multiply'd into the Area of the Back in Gallons, the 
Product will ſhew what Quanity (viz, how many Gallons) of 
Worts are in that Back at that time, provided the Sides of the 
Back do ſtand at Right-angles with its Bottom. 


TH Sc. 8 To 2 the Area of any Circular aua Elliptical g © 
fl” Superficies in Gallons. : 


I. I have demonſtrated in Chap. 6, Part III, and Theorem 3, 
5, 6. Part V. that the Periphery of the Circle whoſe Diameter is 
Unity, or 1, is 3,14159265,&c. (or for common uſe 3, 1416) and 
that its Area is 0,78539816,85c. (or.0,7854 fere.) | 

2. Alſo, that the Peripheries of all Circles are in Proportion 
one to another as their Diameters are; and their Area's are in 
Proportion to the Squares of the Diameters. Thar is, 

As 1: 3,1416: : the Diameter of any Circle: to its Periphery. 
And 1: 0,7854: ; the Square ofthe Diameter: to the makes 
| pon 
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Upon theſe Two Proportions depend the Solution of all the 
Common or Practical Queſtions about a Circle. [ See Pag. 408, 409. 


PROBLEM Iv. 


The Diameter of any Circle being given in Inches, To find 
the Periphery. ; 


1 3 Multiply the given Diameter with 3, 1416, and the Pro- 
Ru e. J duct will be the Peri phery reguir d. [See Prob. 1, P. 408.] 


Example. Suppoſe the Diameter of a Circle be 54, Inches, 
and it were requir'd to find its Periphery. 
Then 54, 5 x 3,1416 2171,12, Sc. Inches is the Periphery 


— 


requir'd. 
The Converſe of this is eaſie, viz. by having the Peripbery 
given, to find the Diameter. [See Prob. 3, page 408.] 


PROBLEM V. 


The Diameter of any Circle being given, (in Inches) to find 
its Area in Gallons. | 
C Aultiply the Square of the propos'd Diameter into 
0,78 54, and the Product will be the Area in Inches; 
Rule. J rfee Probl. 2, p. 408.] That Area being divided by 28, 
or 231, &c. the Quotient will be the Area requir d. 


Example. Suppoſe the given Diameter be 54,5 Inches, as above. 
Firſt 54,5 * 54.5 2970, 25. And 2970,25 X 0,7854 = 2332.83 
the Area in Inches: | 
Then 282) 2332,83 (8.2724 the Area in Ale or Beer Gallons, 
And 231) 2332,83 (10,0988 the Area in Mine Gallons. 

Or 268,8) 2332,83 ( 8,6788 the Area in Corn Gallons, 

But theſe Area's in Gallons may be much eaſier found, without 
knowing the Circle's Area in Inches, as above, by having the 
Square of the Diameter of that Circle whoſe Area is one Gallon ; 
which may be thus found, by Theorem 6, page 40). 


0,8 5398: 1: 282 : 359,05 the Square of the Diameter of 


the Circle whoſe Area is 282 cubick Inches, viz. one Ale Gallon» 


And from this Proportion will ariſe theſe following Diviſors; 
Vig. o, 785398) 282,0c0000 (359,05 will be a Diviſor for A. G. 
And 0,785398) 231,000c00 (294,12 will be a Diviſtr for V. G. 


Or 0,785398) 268,800000 (342,24 will be a Diviſor for C. 5 
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If the Syuare of the Diameter of any Circle be divided by any 
one of theſe conſtant or fixed Diviſors, the Quotient will ſhew that 
Circle's Area in their reſpective Gallons : As for inſtance, in the 
laſt Circle, whoſe Square of its Diameter is 290, 25. 


Then 359,05) 2970, 25 (8,2725 the Area in A. G. 

And 294,12) 2970,25 (10,0988 the Area in V. 485 before. 
Or 342,24) 2970, 25 (8,6788 the Area in C. G. | 
Now theſe Diviſors may be turn'd into Multiplicators by divi- 
ding Unity or 1, as in page 435: Or rather by dividing the Area 

in Inches of that Circle whoſe Diameter is 1, 

That is, 0,785398 by 282. Or by 231, Oc. 
Thus 282) 0,785398 (0,002785 the Multiplicator for Ale Gal. 
And 231) 0,785398 (0,003599 the Multiplicator for Wine Gal. 
Or 268,8) 0,785398 (0,002922 the Multiplicator for Corn Gal. 


Theſe Multiplicators are the reſpeQive Area's ofa Circle whoſe 
Diameter is 1; and therefore, if the Square of the Diameter of 
any Circle be multiply'd with any of theſe Numbers, the Product 
will be that Circle's Area in Gallons of the ſame Name: 


Viz. 2970,25 Xx 0,002785 =8,2725 the Area in A. G. as above. 
And 2990,25 * 0,003399 = 10,0988 the Area in IV. Gal. &c. 


Thus you ſee, that if the Diameter of any Circle be given in 
Inches, there are Three ſeveral Ways of finding its Area in Gal- 
lons, and all equally true; but that which is perform'd by the con- 
ſtant Diviſors is moſt generally practis'd. 


PROBLEM VI. 


The Tranſverſe (or longeſt Diameter) and the Conjugate (or ſhor- 
teſt Diameter) of any Elliptical Superficies being given, To find 
its Area in Gallons. 


Multiply the Tivo Diameters (viz. the Length and 
Breadth) together, and divide their Product by 359,05 
Rule. for Ale Gallons, or 294, 12 for Wine Gallons, Sc. the 
|} Qnotient will be the Arca requir'd. [See Theorem 7, 
Page 412.] | 
Example. Suppoſe the longeſt Diameter to be 73, 5 Inches, 
and the ſhorteſt Diameter to be 51, 6 Inches; What will the Area 
be in Ale Gallons? 
Firſt 73, 5 * 51,6==3792,6. Then 359,05) 3792,6 (10, 56 
the Area in Ale Gallons, Or 294, 12) 3792,6 (12,89 the Area 
in Niue Gallons, c. | Note, 
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Nore, The two laſt Problems are of great Uſe in gauging of 
Morts amongſt Country Victuallers, who generally brew but ſhort 
Lengths of Ale, (perhaps between 20 and 60 Gallons at a Brey. 
ing) and cool their Worts in ſeveral ſmall open Veſſels or Tubbs, 
wn 4 Baſes or Bottoms are either a Circle, or an Elligſis, having 
their Sides but low, and are moſt commonly ider at the Top 
than at the Bottom. | 

Now a practical Way of computing the Quantity of Wort 
that are at any time in one of thoſe oper Tubbs, is briefly thus; 
When the 7#ubb is ary, find the true Area of its Bottom according 
to its Figure, (as above) and either mark that Area on the out- 
fide of the Tubh, (which was the way I generally ns'd to order, 
becauſe the Victuallers did often lend their Cooling Tubbs one to 
another) or elſe number the Tubb, and enter its Area (and its 
Number) into the Stock- bock; then, when any of thoſe l. 
hath Worts in it, take the Diameter of the Surface or Top of the 
Worts, and find that Area, adding it and the Bottom Area toge- 
ther. If either the Half. Sum of thoſe two Area's be multiply'd with 
the Depth of the Worts, (taken as near the Middle of the Tub) 
as yor well can) or, if the Sum of thoſe two Area's be multiply'd 
with half the Depth (/o taken) the Product will ſhew the Quan. 
zity of thoſe Worts very near the Truth. 


PROBLEM VI. 


The Diameter of any Circle, and the verſed Sine vis. (the Height) 


of any Segment, being given, To find the Area of that Segment 
in Gallons. 


In the 410th and 412th Pages you have Two Ways (and their 
Examples) of finding the Area of any Segment of a Circle in 
Inches; then if that Area in Inches be divided by 282, or 231, 
Oc. the Quotient will be its Area in Gallons. But becaule the 
Area of any ſuch Segment may be readily found in Gallons (il. 
out finding its Area in Inches) by help of a Table of Segments, 
whoſe Conſtruction is laid down in the Problem, Page 411, &c. | 
have here inſerted a Compendium of ſuch a Table, which will 
ſerve very well for common Practice, not only to find the Arca ot 
any Segment of a Circle in Gallons, but alſo to find the Number 
of Gallons that are either Aran out, or remaining in any Gn. 
arick Vee lying along; or of any cloſe Cask, (being firſt redu- 
ced to a Cylinder) its Axis lying parallel to the Horizon, uſually 
call'd the Uilage of a Caſk; as ſhall be ſhew'd farther on. 


A Table 


. 
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A Table of the Seements of a Circle whoſe Area is Unity Or 1, 
the Diameter being divided by parallel Chord. Lines into 100 


equal Parts. 


. S. 


Segment 


| 


— 


1 0 


Segment C. Segment 1 . Sewer] 
1 | 0,0017 26 [o, 2066 510, 5127 7610, 8155 
2 0, 048 27 lo, 2178 152 0,5255 770, 8262 
30, o08) 28 [o, 2292 530, 5382 780, 8369 
4 ©,0134] | 29 0, 2407 1540, 5509 7919,9474. 
| 5 $0187] | 30 [912523 55 [09,5635 09,8576 
6 0,0245 31 |0,2640 56 [0,5762 8110,8677 
| 7 00308] | 22 [0,2759 57 o, 38888 820, 8776 
8 | 6,035 © 33 (o, 2878 580, 6014 830, 8873 
910, 446 340, 2998 59 10,6140 840, 8968 
| 10|0,0520] | 25 [0,3113 bo |0,6265] | 85]0,9059 
| 11 0,0598 36 10,3241 61 |0,6389 8610,9149 
12 |0,0680 35 10,3364 62 |0,6514 8710,9236 
| 13 |0,0764 38 |0,3486 63 10,6636 8810,9320 
14 0,08 51 39 o, 3611 6410,6759 8910, 9402 
15 ©,094T 40 0,3735 | 65 10,6881 90 0,9480 
16 o, 1032 41 10, 3860 66 o, 7002 9100,95 54 
17 (112) 42 [0,3986 670,122 9210, 9625 
18 0, 1224 43 0,4112 68 10,241 9310, 9692 
| 19]0,1323] [44,4238 69 [09,7360 9410,9755 
20 [0,1424] | 45 [0,43#5 79 12,7477] | 95[0,9813 
21 [o, 1526 | 46 [0,4491 71 10,7593 96]0,9866 | 
22 [o, 1631] | 47 [0,4618] 72 [0,7708 9710,9913 
] 23 |0,1738 48 o, 4745 7310,½822 9810,9952 
240, 1843 49 [o, 4873 74 |0,7934 9910,9983 
25 10,1955 I 50]0,5000| 75 o, 8045 100 1, o 
The Uſe of this Table of Segments depends upon the following 
Proportion, 5 


As the Diameter of any propos d Circle: J to 100 (the 
Diameter of the Tabular Circle): : So is the Height of any 
Segment of the propos d Circle : Toa verſed Sine in the Table. 


Then, ifthe Tabular Segment, which ſtands againſt that verſed 
Sine, be multiply'd into the Circle's Area, (either in Inches or 


Gallons) the Product will be the Area of the Segment requir'd, 


(of the ſame Name) viz. Ifthe Circle's Area be Inches, the Seg- 
ment will be Inches; if Gallons, the Segment will be Gallons. 
L1! 


Exam- 
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Example. Let the Diameter of the given Circle be D A—65 2,5 
Tuches, and the Height of the Segment | 
ſought be F A=20 Inches; What will 
its Area be in Ale Gallons ? | 

Firſt, the Area of the whole Circle 
will be 10,8793 Ale Gallons, (by Pro- 
blem 5.) and the Proportion will ſtand 
thus, 62,5 : 100 : : 20: 32 the ver- 
ſed Sine of the Table whoſe Segment is 
0,2759. : | 

Then, 10,8720 & o, 2759 = 3,0016 Ale Gallons, being the 
Area of the Segment B AG F, as was requir'd. The like may 
be done fot Wine Gallons, Corn Gallons, or Inches. 

And, upon occafion, the like Segments of any Elliꝑſis may be 
caſily found. See the Proportions in the Corollaries to the 7th 


and 8th T hcorems, page 412, &c. to which I here, for Erevitys 
ſake, refer the Reader. 


Sect. 3. To compute the Contents of ſuch Veſſels (viz. Tuns, Cc. 
as are in the Form of the following Solids, 


Note, Before the young Ganger proceeds to theſe Computi- 
tions, he ſhould be well acquainted with ſuch Solids as are defin'd 
in p. 402 & 403, and then he may eafily underſtand what Sort of 
Figures are meant in the following Problems, without the repe- 
tition of many Words, 


PROBLEM VIII. 


To find the Content of any Priſm «whoſe Sides are Parallelograms, 
hat Form ſocver its Baſe is of. 


That is, to compute the Content (in Gallons) of any Tun, &c. 
whole Sides are Parallelograms which ſtand upright, or at Right- 
angles with its Bottom. | 

Firſt, find its ſolid Content in Inches, by Theorem 9, page 414; 
then divide that Content by 282, or 237, or by 268,8; the Quo- 
tient will ſhew the Content in their reſpective Gallons, viz. in Ale, 
TVine, or Cora Gallons. FO 

Or elſe multiply the Content in Inches with 0,003 546, Ot 
O, gg, Ec. [See the Multiplicators, page 435] thoſe Pro- 
ducts will be the Content in their reſpective Gallons. 

Or otherwiſe thus: 

Find the true Area of the Tun's Baſe or Bottom, as directed in 
Seid. 1. 5. 435; that Area being multiply'd with the Tun's Height 
(viz. Depth within) will produce the Content in Gallons ; as be- 
tore. I take 


a. 
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I take the Work of this Problem to be ſo very eaſie, it needs 
no Example. | 


PROBLEM 1IX. 


To find the Content of any Pyramid (in Gallons) whoſe Baſe 
is bounded with Right. lines. 


Every Pyramid is one Third part of its circumſeribing Priſm ; 
by Theorem 10, Fage 415. Therefore, 

If the Area of the Baſe of any Pyramid, in Gallons, be multi- 
ply'd into one Third of its perpendicular Height; or if one Third 
of that Area be multiply'd with the whole Height, cither of thoſe 
Products will be the A of the Pyramid in Gallons, Oc. 


But the Content of any ſqyare Pyramid may be eaſily found in 
Gallons by this Rule: 


Square the Side of its Baſe, and multiply that Square 
with the perpendicular Height ; then divide that Pro- 
Rule. 44 by 846=28: x 3 for Ale Gallons, or by 693=231 
x 3 for Wine Gallons, or by $06,4—268,8 x 3 for Corn 
Gallons, the Quotient will be the Content requir'd. 
Or, if you multiply the ſaid Product with 0,001182 for J. E. 
or with 0,001443 for . G. or, laſtly, with o, 01241 for C. G. 
the Reſult will be the Content requir'd ; As before. 


PROBLEM. X. 


To find the Content (in Gallons) of the Fruſtum of any ſquare 
Pyramid, cut off by a Plain parallel to its Baſe. 


Firſt, Either by Theorem 15, Page 419. Theorem 16, p. 420, 
find the propos'd Fruſtum's Solidity in Cubick Inches; then di- 
vide that Content in Cubick Inches by 2$2.or 231, c. and the 


Quotient will be the Content of the Fruſtum in their reſpective 
Gallons. 


But, from the aforeſaid Theorem 15; there may be eaſily dedu- 
ced the following General Rule for finding the Content of the like 
Fruſtum of any Pyramid, what Form ſoever its Baſes arc of, (Hip- 
Poſing them to be parallel) whether they are alike or unlike. 


Firſt, find the Area of each Baſe, (viz. the top and bot- 
tom Areg's of the propos'd Fryſtum) ; then fad a Geo- 
Rule metrical Mean between thoſe two Area's, (by Lemma x, 
' Jpage 83) the Sum of thoſe two Area's and their Mean. 
being multiply'd into one Third of the Fruſtum's Height, 
Cab produce the Content requir d. 
Lll 2 Fram- 
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Example. Suppoſe a Tun in the Form of the lower Fruſtum 
of a Pyramid, whoſe Baſes are Zquilateral Triangles : Let the 
Side of the o be 42 Inches, the Side of the Borrom be 63,4 In- 
ches, and its Height [via. Depth) be 33 Inches; What will the 
Content of that Tun be in Ale Gallons. 
Ficſt, find the Area of that Baſe in Inches, by Probl. 7, p. 344; 
then find what thoſe Area's are in Ale Gallons, by Probl. 3, p. 436, 
Multiply thoſe two Area's together, the ſquare Root of theix 
Product will be the Mean Area, &c. As in this Example: 


The Area of the Top is 2,71 A 
Example, 3 The Area of the Bottom is 6, 12 2 Gallons, 
The Mean Area will be 4,07 


Their Sum is 12,90 


Then 12,9 x = = 141,9. Or —- * 33 = 141,9 the Con- 
tent requir'd. 


PROBLEM XI. 


To find the Content of any Right Cylinder in Gallons. 
That is, to compute the Content of any round Tun, &c. whoſe 
Diameters at Top and Bottom are equal, and at Right-angles with 
its S14es. | 
The Content of ſuch a Tun may be found by Theorem 11, 
Page 415; or otherwiſe by the following Rule. 
Multiply the Square of the Diameter into the Height, 
Rule Cd cds the Product by 359,05 (or multiply with 
üle. (ens) Sc. as in Page 439, that Quotient (or 
Product) ill be the Content requir d. 


Exam. Suppoſe the Diameter be 42,5 and the Height 31, 5 Tuches. 
Firſt 42,5 Xx 42, 5 1806, 25. And 1806, 2) x 31,5 = 56896,875. 
Then 359,05) 56896, 875 (158,46 the Content in Ale Gal. &c. 


PROBLEM XI. 


To find the Content of any Cone or round Pyramid in Gallons. 


Becauſe every Cone is one Third of its circumſeribing Cylin- 
der, ¶ See Theorem x3. page 416] therefore its Content may be 
truly found by the following Rule. . 

Multiply the Square of the Diameter of its Baſe into 

 Vehe perpendicular Height, then divide their Prodult 
ule. 3% 1077,15 = 359,05 „ 3 for Ale Gallons, or I» 
882,36 == 294,12 Xx 3 for Wine Gallons, &c. and the 
Ruonent will, he the Content requir'd. 


Or 
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0,002785 


Or if the ſaid Product be multiply'd with 0,000928 — 


or with 0,001133 =— » thoſe Products will be the Content 
in their reſpective Gallons, * 8 

Example. Suppoſe the Diameter of the Naſe be 42,5, and the 

rpendicular Height be 31,5 Inches, What will the Content bo 
in Ale Gallons ? (as before. 
Firſt 42,5 Xx 42,5 —= 1$06,25. And 1806,25 x 31,5 = 56896,87 5 
Then 1077,15) 56898,875 (52,82. Or 56896, 25 x 0,000928 
—52,82 the Content in Ale Gallons: And ſo on for Wize or 
Corn Gallons. . 


PROBLEM XIII. 
To find the Content of the lower Fruſtum of any Cone in Gallons. 


That is, to compute the Content of any round Tun, &c. whoſe 
Diameters at Top and Bottom are parallel, but unequal. 

The Content of ſuch a Tun may be found by the Rule at Pro- 
blem 10; but from Theorem 16, page 420. twill be eaſie to de- 
duce this following Rule. 


To the triple Produt of the top and bottom Diameters, 
the Square of their Difference; e that Sum 
Rule. J#=70 the Height (or Depth): Then divide the laſt Pro- 
| duct by 107, 15 for Ale Gallons, or by 882, 36 for Wine 
Gallons, he Quotient will be the Content requir'd. 
Exgmple. Suppoſe the Diameter at the Top to be 52,4 Iuches, 
the Diameter at the Bottom 45,6, and the Height 30 Inches. 
Firſt, 52, 4 X 44,6=2337,04- And 2337, 4 x 327011, 12 > Add 
Alſo, 52,4—446= 7,8 And 7,8 & 8—60,84 
Th 4 The Height 30 x 7071,96=212158,8. 
en 10, 15) 212158,8 (196,96? ,1 f 
G in e N 4 the Content in Ale Gall. 
And ſo on for either J/ine or Corn Gallons, as occafion requires. 
But if the Tun (or Vee!) be not truly circular, that is, if either 


its Top or Bottom (or both of em) be Elliptical, whether they 


are alike or unlike, it matters not, the Content of ſuch a T 
may be truly found by the General Rule at Problem 10. 
PROBLEM XIV. 
The Axis or Diameter z any Sphere or Globe being given 
in Inches, To find its Content in Gallons. 22 
Every Sphere is Two thirds of its circumſcribing Cylinder, by 
Theor. 18, page 423 ; from whence and Theor. 20, page 426, 1 
, prov > 


— 
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rov'd, that if the Cube of the Avis of any Sphere (taken in 
Taches) be multiply'd into 0,5236, the Produtt will be the Con. 
tent of that Sphere in Inches. Conſequently, if that Content be 
divided by 282, or by 231, Cc. the Buotient will be the Content 
in Gallons. | | 
But thoſe two Works of multiplying with o, 5236, and then 
dividing by 282, or by 231, Cc. may be contracted into one, 
Thus 0,5236 (0,001856 will be a Multiplicat. for A. G. 
And 231) 0,5236 R. will be a Multiplicat. for V. G. 
Or 0, 5236) 282 (538,57 will be a D:zwiſor for Ale Gallons, 
And 0,5236) 231 (441,17 will bea Diviſor for Wine Gallons, 


From hence ariſes this following Rule. 


If the Cube of the Axis of any Sphere be divided ly 
538,57 (or multiply'd with 0,001856) or divided by 

Aule. 3447, ), (or elſe multiply'd with 0,002266) rhe Quo- 
tient (or Product) will be the Sphere's Content in 
their reſpective Gallons. 


Example. Suppoſe the Axis or Diameter of a Sphere or Globe 
be 22 Inches, how many Ale Gallons may it hold? 
Then 22 x 22 X 22210648. And 538,57) 10648 (19,76 A. G. 
Or 10645 x 0,001856=19,76 Ale Gal. the Content required. 
And ſo for either Vine or Corn Gallons, as Occaſion requires. 


PROBLEM XV. 


To find the Content of a Segment of a Sphere in Gallons. 
In the Scholium, P. 424, there are two T heorems for reſolving 
this Problem according to the Data. - 
1. If the Diameter of the Segment's Baſe, and its Height are 
given, the Content may be found by the firſt of thoſe 7 heorems, 
which gives this Rule: 


To the triple Square of half the Diameter add the 
Rule 1. 3 


"  ——— 


Square of the Height; then multiply that Sum into 
the Height, and divide the Product by 538,57 „er 
A. G. or by 441,17 for V. G. &c. as above. 


2. But if the Avis of the Sphere, and the Height of the Sep. 
ment are given, the Content may be found by the ſecond of thoſo 
Theorems. | 


From the triple Product of the Axis into the Height, 

Rule 2 fubſtra&t twice the Square of the Height; then mul- 
ute Yriply the Remainder into the Height, and divide 
that Product by 538,57, &c. as in the laſt 1 

| ither 


ä 
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Either of theſe Rules will produce the Contentof the Segment 
in Gallons. 


Example. Suppoſe the Diameter of the Segment's Baſe be 28 
Inches, and its Height be 8 Inches, what hiny It contain in Ale 
Gallons. - 


Firſt 2) 28 (14. Then (by Rule 1.) 14 x 14 „ 3 — 588. 
And 6x6==36. Next 588 ＋ 36=624. Again 624 x 6= 3744. 
Laſtly, 538,57) 3744 (6,95 the Content requir'd. 


Note, This Problem may be of Uſe in Gauging the Crowns of 
Brewers Coppers, Ec. 


Sec. 4. The practical Method of Gauging any fix'd Tun or Cop- 
per, and making a Table to ſhew what it will hold at every 
Inch deep, uſually call Inching of a Tun, &c. 


Firſt, you muſt know, that moſt (if not all) Brewers Tuns 
are ſo fix'd as to lean a little for Conveniency of cleanſing their 
Drink, which is uſually call'd the Drip or Fall of the Tun. Now 
this Drip or Fall of any Tun is the Hoof of ſuch a Solid as that 
Tun is ſuppos'd to repreſent, and under that Conſideration it may 
be found, as in Theor. 16, p. 420: But the practical (and indeed 
the beſt) Way is, to meaſure into the Tun (auhen tis dry) ſo much 
Liquor as will juſt cover its Bottom; for by that means you do not 
only find the true Fall, but alſo a true horizontal or level Plain o- 
ver the Bottom of the Tun; from which ifthe Depth of the Tun 
(viz the neareſt Diſtance from the Top of the Tun to the Surface 
of rhe Liquor) be ſet off upon every one of its Sides, you will then 
have a true parallel Plain at the toy of the Tun to that of the Li- 

uor. Then, if the Sides of the Tin are ſtreight from the Top to 
the Bottom, take as many Dimenſions in the aforeſaid two Plains 
as are needful to find the true Area of each; and by thoſe 2 
Area's and the aforeſaid Depth find ſo much of the Tun's Con- 
tent (by the General Rule at Problem X.) as is betwixt thoſe 
two Plains. 

Next, to Inch that Tun, divide the Difference between the top 
and borrom Area's by the aforeſaid Depth, and.the Quotient will 
be an Addend or fix'd Number; which being added to the leſſer 
Area, the Sum will be the Area of the next Inch; and being ad- 
ded to that Area, their Sum will be the Area of the Third Inch; 
and ſo on from Inch to Inch, until the Area of every ſingle Inch 
be found; the Sum of thoſe Area's (if the Work be true) will 
amount (or be equal) to the Content found, as above. And 15 
| tne 
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the Tun's Drip or Fall be added to the Sum of all thoſe Area's, 
that Sum will be the whole or full Content of that Tum. 
Nov, from hence it muſt needs be eaſie to conceive, that if 
I. 2. 3. or any Number of thoſe Area's accounted from the Pot. 
tom, be added to the Fall, that Sum will ſhew the Quantity of 
Liquor or Drink that is in the Tum, to ſuch a Number of wet In- 
ches from the Hottom as there were Area's added together. 

Or, it the Sum of any Number of thoſe Area's (being accoun- 
ted from the Top) be ſubſtracted from the Tun's whole Content the 
Remainder will ſhew what Quantity of Liquor or Drink is in the 
Tun, when there is ſuch a Number of 4ry Inches from the Top as 
there were Area's ſubſtracted. 

This being well conſider'd, it will be eaſie to make a Table 
either to every wet or 4ry Inch of any Regular Tun, (viz. whoſe 
Sides are ſtreight from Top to Bottom) what Form ſoever its Baſes 
are of, and whether it ſtand upon the greater or lefler Baſe. 

But if the Sides of the Tun are irregular, (viz. not ſtreig ht from 
its Top to the Bottom) then the beſt and eaſieſt Way will be to 
divide or part the Tun into ſeveral Fruſtum}, each of ten Inches 
deep; and finding the Content of every fingle Fruſtum, by taking 
the Diameters in the Middle of every one of thoſe ten Inches, 
(that is, the firſt Diameter at 5 Inches from the Top; the ſecond 
Diameter at 15 Inches from the Top, &c.) and multiplying their 
reſpective Area's with 10, (which is done by on mw the 
Separating Comma's one place forward to the right Hand) it the 
Sum of all thole Fruſtums be added to the Fall, (as before); that 
Sum will be the whole Content of the Tun. 


| Note, If you take the Height of the *foreſaid ten Inch Fruſtums 
in the Side of the Tun, you muſt allow for the Difference between 
the flaunt Height and the perpendicular Height in every Fruſtum. 


Laſtly, If from the whole Content of the Tun you ſubſtract the 
Mean Area of the ſirſt Fruſtum ten times, and from the Remain- 
der ſubſtract the Mean Area of the ſecond Fruſtum ten times, and 
from the laſt Remainder ſubſtrat the Mean Area of the thitd 
Fruſtum, &c. until there remain nothing but the Fall or Hoof of 
the Tun, you will then by that means have a Table that will ſhew 
what Quantity of Drink is in the Tun to any Number of 4ry Inches. 
And this is alſo the Method of Gariging and Inching Brewers 
Coppers, vis. by firſt meaſuring into the Copper fo much Liquor 
as will juſt cover its Croꝛem, and then dividing its perpendicular 
Height into Fruſtums, and its Sides into four equal parts, that ſo 
croſs Diameters may be taken in the Middle of each . 
u 


| 


> wa i. > co A =» 


— — — — —— 
Of Pzactical Gauging. 449 
but if the Copper be much wider at the Top than at the Borrom, 
and its Sides ſpheroidal or arching, as generally all Large Cop- 
ers are; then, inſtead of taking thoſe Mean Diameters in 1 
middle of every ten Inches, as above, you muſt take them in the 
middle of every Six Inches, and proceed on as before. | 
Now the Quantity of Liquor that would cover the Crown of 
che Copper, may be found without Meaſuring it, as above. In 
order to that, I do ſuppoſe the Crown to be the Segment of a 
Sphere, and the Lower Part of the Copper wherein the Crow: 
2riſeth, to be the Fruſtum of a parabolick Conoid; then, if the 
Diameter at the Top of the Crown, and its Perpendicular Height 
are given, the Quantity of Liguor may be found by this fol- 
lowing Rule: | | N | 
From the Area of the Plain at the Top of the Crown, 
Subſtraft £ 1 of the Area of the Crown's Height ; the 
Rule. IRemainder being Multiply's into half the Height of 
| the Crown, will produce the Quantity or Number of 
| Gallons that will cover the Crown. YT Regt 
This Rule is deduced from Scholium, Page, 424, and Theorem 
15. Page 430. | 
Sect. 5. To compute the Content of any cloſe Cask in Gallons, viz 
| of any Butt, Pipe, Hogſhead, Barrel, &c. © 


In order to perform this difficult Part of Ganging, the Three 


n_ 


following Dimenſions of the propos'd Cask mult be truly taken in 


Inches, and Decimal Parts of an Inch. 
_ 15 Bulge or Bung Diameter within the Cask. 
72. 


Either of the Head Diameters, ſuppoſing them both Zqual. 


And the Length of the ask within. 
Note, In taking of theſe Dimenſions, it muſt be carefully obſerv'd, 
1. That the Bung-hole be in the Middle of the Cask; alſo 


that the Bung-ſtaff, and the Staff over-againſt the Bung- hole, 
are both regular or even within. 8 N 
2. That the Heads of the Cask are equal and truly circular; 
if ſo, the Diſtance between the Inſide of the Chine to the 
Outſide of its oppefite Staff, will be the Head Diameter with- 
jn the Caſk, very near. | 


3. With a fliding Pair of Calipers, (made on purpoſe ſor that. 


Uſe) take the ſhorteſt Diſtance at Length between the Outſides 
of the Two Heads; (ſuppoſing them even) from that Length 
ſubſtract 14 Inch (more, or leſs, according to the Largeneſs of the 

M mm Cask) 


«. - 
: / 
/ 


4 


. 
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. 
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| Cask) for the Thickneſs of the two Heads, the Remainder will 
be the Length of the Caſk within. | 


* 


Now, by theſe Dimen/ions, one would ſuppoſe the Content of 
the Cask were perfectly limitted; but it will be eaſy to per- 
ceive, by the following Figure, that the Diamerers (above aid) 
and the Length of one Cask may be Equal to thoſe of another, 
and yet one of thoſe Casks may contain or hold ſeveral Gallons 
more than the other. | 

As for Inſtance, ſuppoſe the Annex'd Figure A C DG F, to 
repreſent a Cask ; then it is plain, that - © Th 

if the Outward curv'd Lines ABC, * 
and FG D are the Bounds or Staves 4 5 
f.the Caſk, it muſt needs hold more | 
than if the Iuuer Streigbt or prick'd 7, 
Lines were its Bounds or Stayes; and LS 
yet the Bung Diameter B G, Head Dia- F | 
meter CD and AF, and the Length 
Z. H, are the ſame in both thoſe Casks. 


Whence it plainly appears, that no one certain or general 
Rule can be preſcrib'd to find the true Content of all Sorts of 


Cass, and therefore Gaugers do uſually ſuppoſe every Cask to 
be in the Form of ſome one of theſe following Solid "Raf 


$ I. The middle Zone or Fruſtum of a Spheroid. 


Viz, “II. The middle Zone or Fruſtum of a Parabolick Spindle. 
III. The lower Fruſtums of two equal Parabolick Convids. 
IV. The lower Priiſtums of two equal Cones. | 


Now the Way of Gue/ing at the Cask's Form, and computing 
its Content, according to its ſuppos'd Form, I ſhall here ſhew in 
their Order, 15 e | 

I. If the Saves of the Cask are very curved or Arching, (as 
the outward Lines of the laſt Figure) then the Cask is ſuppos d 
to be in the Form of the middle Zone or Fruſtum of a Spheroid, 


| Whoſe Content may be computed, by Theorem 22. Page 42). 
which gives theſe two Rules. 7 | | 


To Twice the Square of the Bung Diameter add th 

| N&quareof the Head Diameter; multiply that Sum in- 

Rule 1. Io the Length, and divide the Product by 10,13. 
Via. 3, 819% x 282 for Ale Gallons; and by 882, 36. 

Viz. 3, 819 x 231 for Fine Gallons. Or 5 1 | 

: N . 0 0 1 Y if 4 
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D Twice the Area of the Bung Circle, add the Avea 
Rule 2. } 


of the Head Circle; _ their Sum into one 
Third of the Length, and the Product will be the 
Content in their reſpective Gallons. 


Example 1. Suppoſe a Cask in the Form of the middle Zone 
of a Spheroid, whoſe Bung Diameter is 31,5, Head Diameter 
24,5, and its Length 42 Iaches. e 


Firſt 31,5 X 31,5 X 2 = 1984, 5. And 24,5 X 24,5 = C,; 57 
= on 1984,54 600,2 5==2 584,75. And 2584,75 x 42=1085 59,5" 
Then 1077,15) 108559,5 (10c,78 the Content in Ale Gallons. 
And 882,35) 108559,5 (123,03 the Content in V. Gallons: 


Or thus, by the Second Rule. 


Bung Diameter 31,5 Twice its Circle's Area is 3,527 
Head Diameter 24,5 its Circle's Area is 1,6718 


The Length 42 divided by 3 is 14. 7,1988—=their Sum. 
Then 7, 1988 x 14 = 100 78, the Content in A. Gallons; as before. 
And ſo the Content in Vine Gallons may be found. 3» 


II. If the Staves of the Cask are not quite ſo much curved ot 
Arching, as was ſuppos'd before, the Cask is then taken for the 
middle Fruſtum of a parabolick Spinale, and its Content is com- 
puted, as by Theorem 25: Page 432. Which gives this Rule. 


To Twice the Square of the Bung Diameter, add the 
Square of the Head Diameter; Fm their Difference 
 Jiulſtratt four Tenths of the Square of the Difference 
Rule: of the Diameters; multiply the Remainaer into the 
Length, and divide the Product by 1077,15, &c. 
As above. | | 


Example 2. Suppoſe the Dimenſſons the ſame as before. Then 
31,5 X 31,5 K 2: ＋ 24,5 X 24,5 2 2384,75. And 31,5 — 24, =7 
Again j X 7 X 0,4 = 19,6. And 2584,75—16,6: & 42 = 1077368 
Then 107 7,15) 10536, 3 (100,01 the Corr. in A. G, Ec. for V. G. 


III. When the Staves of the Cask are but very little curved of 
Arc bing, then it's ſuppos'd to be in the Form of the Fruſtums of 

Two equal Saraboliok Conoids, abutting or joining together upon 
one common Zaſe at the Bulge, and the Content may be found 


Rule 


© —_— 


by Theorem 23. Page 430. which gives theſe Rules. 
Mm m 2 
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b To the Square of the Bung Diameter add the Square || i 
« \ of che Head Diameter; multiply their Sum into the I p 
Rule 1. < Length, and Divide the Product by 118,08 fp 

| VIZ. 2,5464 X 282) for Ale Gallons: or by 588,22 1 

9 2,5464 * 231) for Wine Gallons. Or thus, ( 


Cirele add the Area of the 
Sum into half the Length, 
gc: requtr'd. F 


rea of the Brung 


—_—_— 2 

. And7 19,09) 66885 N 

Or 388,22) 113, the en 

IV. If the Habe N 2 LY 016 | 
Head, as rhe Inner prick NES 
Cask can be made) it is then taken fo MEI 
equal Cones, abutting or joining together upon dne common Baſe 
at the Bulge. And its Content may be computed as at Problem 

13. Page 445. or by Theorem 15. Page 419. Thus, 


To the Sum of the Squares of the Head and Jung Dia- 

Rule. meters add their Sroduct; then multiply that Sum in- 

| to the Length, and Divide the laſt Producł by 7075,13. | * 
Or by 882,36. The Quotient will be the Content, Ce. 


Example 4. With the ſame Dimenſions as before. 


Firſt 31,5 * 31,5: + 24,5 „ 24,5: + 31,5 * 24,5 2236425 
And 2364425 * 42 = 99298,5. Then 1077,15) 99298,5 (92, 78 
the Content in Ale Gallons, And ſo on for Wine Gallons. 


| Thus you have the Met hods of computing the true Contents of 
the four Solids, in whoſe Forms all Casks. | 
| are ſuppos d to be. And by the Eram- Ale Gallons. | Dj 
| ples itappears, that FourſuchCasks as have] I. 100,78 fer. 
| their Dimenſions all equal, and the ſame| II. 100,1 ©77 
[ with thoſe above-mention'd, their Cen- III. 93,01 _ 
Tents will be as in the Margin. | IV. 92,18 $3 


From the Diſproportion or Tnegnality of theſe Differences it 
will be caſy to pak; rok that 8 =o Y . 425 whoſe 
| Contents cannot be truly found, accor ing to the aforeſaid ſup- 
I pos'd Forms; and therefore, in order to reQify the ſaid Ineguali 

nes, ſome Authors (that have written upon this Subject have 
laid down Theorem: of their own Iavention; (and yet call a i 


5 
; 
1 
p 
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2375 3 * 0,6 == 28, 7 —— 2, 2941 * 42 = 96, 352, 36 


bay coma Content is Regular, and very near Equal; which plain- 
ly 
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* — 
by theſe Names) others have propos d Tables for the ſame Pur- 
ſe. But fince it is ſo, that we can only gueſi at the Turh, the 
Plaineſt and eaſieſt Way is to be preferr d in Practice; and that 
is, by finding ſuch a mean Diameter as will reduce the propos d 
Cak to a Cylinder. | 
Multiply the Difference between the Head and Bung 
Diamerers, with 0,7. or with 0,65. or with 6,6. or with 
0,55. according as the Staves of the Cakes = 
Leſs arching ; Ada the Prout 


8 = 
— 
_—_ Y _ 


' | 1 

%. . 4 =_ = = . 4 
| * 22 7 = * - 

a 1873 * 42 101, 100 VA. 

7 X 0,65 = 29,05 —-— 2, 3 504 * 42 = 98,712, 39 


1 
* 1 
* — a 
i 


7 * 0,55 = 28,35 —--— 24385 * 42 = 94, oa l2, 32 
From theſe it may be obſery'd, that the Difference between 


ews, that there is not ſo much Room left for Error this Way 
of computing their Contents, as was by the aforeſaid Forms. 

Now the Firſt of theſe four (viz. with 0,7) is very commonly 
uſed amongſt Gangers for all Sorts of Casks; but J did never 
Garige any Cask that would contain quite ſo much as that Rule 
did make it; and the Reaſon doth appear very plain from 
Theorem 22. Page 427. being compar'd with Theorem 19. Page 
426. and the laſt Figure, vis. that no Cask (being regularly 
made) can hold more than the middle Fruſtum of a Spheroid. But 
I always found by Experience, that if the Second and Third of 
thele Rules (viz. with 0,65 and 0,6) were duly Apply a, they 
would anſwer very near the Truth amongſt the common Sort of 
Casks; and the Fourth Rule (viz. with 0,55) will come pretty 
near the Truth in computing the Contents of Casks, whole Sraves 
are almoſt ſtrerghr betwixt the Head and Bung, viz. ſuch as 
Wine Pipes, &c. | £ 
Sect 6. To find what Quantity of Liquor is either Drazwn forth, 

or Remaining in, any. ſpbheroidal Cask, uſually call the Ullage 

of a Cask, hath two Caſes. 
Caſe 1. To find what Quantity of Liquor is in the Cask, when its 

Axis is perpendicular to the Horizon, viz. when it ſtands up- 

right upon one of its Heads. 1 
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In order to perform this the ea/Zeſt Way, it will be conye. 
nient to know how to calculate the Area of any Circle betwixt 
the Hung and Head, whoſe Diſtance from the Bung or Middle of 
the Cask is given, Now that may be done by this Proportion. 


C As the Square of half the Length of the Cask : is to the 

Difference between the Bung and Head Area's: : ſo is the 

Viz. YSquare of any Circles Diſtance from the Bung : to the Dif. 

— ference between the Bung Area, and the Area of the Circle, 
 >viz, the Area of the Liquor's Surface. 


E6»»»„%„ ] “) 


* * Demonſtration. ; ren 
H Half the Length of the Cask „5 
Let } D=Half the Bung Diameter, I 
d= Half the Head Diameter. 1 
P—=the Diſtance of any Circle from IR | 
And the >, ; P a 
a= Half the Diameter of that Circle. * 7 


Then according to the common Property of the Elligſis, Page 
368, it will be, | | | * 
BB : DD:: 55 — HH: dd. And BY: D:: BB — PP: aa. 


DDHH | DDPP | 
Erg SBB. And 4 — — = BB. 
DD — A4 DD —aa © 


DD HH DD — aa 


DD—d4 UM DDPP 


This Z£quation being brought out of the Frafions, will 
become DDHH — an HH DDS — dd PP. 
Which * this Analogy HH: DD — 4d: : PP: DD — aa. 
Then DD — aa being ſubſtrafte# from DD, will leave aa. 
But Circles Area's are in Proportion to the Squares of their Diame- 
ters, by Theorem 6. Page 407. Therefore, Qc. Q. E. D. 

Then, from the Bung Area ſubſt ract one Third Part of the 
aforeſaid Difference, viz. between the Bunge Area and the Area 
of the Ziguor's Surface ; multiply the Remainder with the Li- 
guor's Diſtance from the Bung, and the Product will ſhew what 
2 of Liquor is either Above or Under half the Content of 
the Cask. 


Example. Let us ſuppoſe a Cask of the ſame Dimenſions with 
that in the firſt Example, Page 451. and let it be requir'd to 
find what Quantity of Liquor is in it, (of Ale Meaſure) when 
there is but 9 Inches wet. Here half the Length of the * 1 11 

ches, 


Conſequently, 3 


*I 


| : - 


— EEE EE———— - | 
| a Of P2actical Gauging. 455 
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at — — — — 
Inches, whoſe Square is 44r, and the Liquor's Diſtance from 
cl the Bung is 21 — 9 2 12. Its Square is 144. The Difference 
between the Bung, and Head Area's is 1,0917 (=2,1635 — 
1,6718.) Then 441: 1,0917 :: 144: 0,3564. 
And 2,7635 — 0,3564 = 2, 40% the Area of the Ziquor's 
Surface. | 
Again 3) 0,3564 (90,1188. And 2,7635 — 0,1188 = 2,6447 
Then 2,6447 X 12 =31,7364, what the Cas wants of being 
half full. Conſequently 50,39 — 31,73 = 18,66- will be the 
N Quantity of Liquor in the Cask at 9 Inches wet in Ale Gallons. 
' And if the Cask had wanted but 9 Inches of being full; 
I then 50,39 . 31,73 = g2,12 would have been the Quantity 
of Liquor in the Cask. 
| Note, Becauſe the Two firſt Terms (viz. 441 and 1.0913) 
| in the Proportion are i d, viz. continue the ſame for any Di- 
ſtance, will be very eaſy to calculate the Area's of all the Circles 
betwixt the Bung and Head to every Inch, and by that Means 
to make a Table that will ſhew what Quantity of Liquor is either 
drawn Ont, or Remaining in the Cask at any Depth. 


. Caſe 2. To find what Quantity Liquor is in any Cask, when its 
Axis is Parallel to the Horizon, viz. when it lies along. 


There are Variety of Tables to be found in Books of Gauging 
for this Purpoſe; but I always obſerv'd, that the following 
Method of computing the Ullage, by a Table of the Segments of 
a Circle, came very near the Truth in all Sorts of Casks, which is 
thus perform d. | 

U 1. By the Bung and Head Diameters, find ſuch a mean Diame- 
ter as you judge will Reduce the propos'd Caſk to a Cylinder, by 
1. | the Method laid down in Page 453. And then find its full Con- 
1. || tent, as in thoſe Examples. 8 
-- | 2. From the Bung Diameter Subſtract the mean Diameter, 
). and half Difference, (viz. divide it by 2.) 
0 3. From the Wet Inches of the propos d Village, Subſtract the » 
a | faid half Difference, and call it æ; then obſerve this Proportion 
- C As the mean Diameter: is to 100 (the Diameter of 
it Vis. | the Tabular Circle) :: ſo is the laſt Difference (viz. ) 
to a verſed Sine in the Table, (Page 441.) 
Then if the Tabular Segment, which ſtands againſt that Ver- 
he Sine, be multiply d into the Content of the Cask, the Product 
0 Þ will ſhew the Ullage, viz. what Quantity of Liquor is either in 
che Cask, or drawn forth, * 1 
; ba : : : | * * Example 
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"Example Let the Caſk be that of the ſecond Sort, in 


* 


A Page 45 . viz. whoſe Hung Diameter is 31,5 Inches, mean Dia. 
meter 53 and Content 98,1 Ae Gallons, and ſup fo 
tere were 10,5 Tuches Met in it, it is requir'd to find the Vet, 
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Dry Gallons? 


=: 4 a -_— 


Here 31,5—29,05=2,45 its half is 1,12, And 10,5—1,22=9,:3 


Then 29,05 : 100: 3 9,28: 0,319=V. Sine; its Segm. is o, 2548 
And 98, 71 x . 48 = 7,12 the Number of wet Gallons. 


Again 3,3 — 10, r the dry Inches; and 21 — T, 22 1908 


Then 29,05 : 100: : 19,78: o, 68; its Segment is o, 241 
And 98,71 x o, 241 = 71,48 the Number of dry Gallons. 


Proof 11,48 + 27,12==98,6 the Contents of the Caſk very near; 
which plainly ſhews the Truth of this Method. 


Thus far may ſuffice concerning Gauging of Backs or Coolers, 


Tuns, - Coppers, and Caſks, Cc. To which I ſhall only add, 
That as the Contents of all Brewers Itenſils are to be computed 
by the Ale Gallons, ſo the Contents of all Diſtillers Utenſils 


© (iz. all their Waſh-Backs, Stills, and Caſks, £9c.) muſt be com- 


puted by the Wine Gallon. 


And in gauging of Malt (upon which there is now a Duty of 
Ed Shillings per Buſhel) you muſt obſerve, That a — or 


Malt-Buſhel doth contain 2150, 42 cubick Inches ; (See Page 42.) 
and therefore in Gauging of Malt-Cifterns, or other Veſſels, 


21 50,42 will be a conſtant or fix'd Divi 


for finding the Area's 


of Right-lin'd Figures in Buſhels at one Inch deep, and 2738 


* 
x 


Hill be a conſtant or 


- . 4 


fix d Diviſor for finding the Area's of Circu- 


I baye omitted the Buſineſs of gauging Maſh-Tuns, and ta- 
King an Account of the Goods or Grains, in order to Eſtimate 


what Quantity of Worts were 8 from them, Ec. becauſe 
J could never find (by all my Obſervations) any Certainty there- 


ia; nor is it poſſible there ſhould be any, by Reaſon of the 
_ Great Difference that is in Malt, (and its grinding ioo) for the 
_ beſt Malt (well ground) will yield or produce the moſt Worte, 


and leaſt ins; on the contrary, bad Malt 


| being ill ground) 
yields the leaft F/orrs and moſt Grains. ( * id he 


| 
| 


